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Preface 


Wave Physics aims to provide a thorough, but 
also interesting, grounding in the essential 
features of oscillations, waves, light and sound, 
together with an introduction to the application 
of wave ideas to the structure of matter. It 
covers the full range of material in A-level 
courses and also a number of advanced topics, 
and is thus suitable for students in school and 
for those in the first year of further or higher 
education. 

In writing the book I have tried to show the 
experimental basis for the concepts introduced, 
to explain phenomena in terms of their physical 
mechanism, and to show the mathematical links 
between ideas where appropriate. Basic ideas 
are explained with care and throughout the 
book the particular properties of light, sound 
and matter waves continue to relate to the gen- 
eral properties of oscillations and waves estab- 
lished in the early chapters. 

The approach adopted allows ample scope 
for the study of applications, so that the student 
is encouraged to see physics as a study of the 
real world and not just as a laboratory 
experience. To this end I have included an 
unusually large number of photographs, in addi- 
tion to the many diagrams which assist the 
development of the student’s understanding. 

All too often the links between theory and 
experiment are made to seem so certain it is 
difficult for the student to appreciate the cut 
and thrust of scientific debate, or the boldness 
of the scientist who publishes a new theory. A 
particular feature of Wave Physics is the 
inclusion of historical material, often from 
original sources, which demonstrates the way 
in which key ideas have developed and the inter- 
dependence of theoretical progress and experi- 
mental work. 

Questions are included in the text to ensure 
that a student understands each point as it is 
developed. There is also a large and varied 


selection of questions at the back of the book 
taken mainly from examination papers; these 
questions are divided into A, B and C categories 
to indicate different levels of difficulty. Answers 
are given to all numerical questions in the text 
but only to odd-numbered questions at the back 
of the book; in this way teachers can set exer- 
cises where students do not have access to the 
answers, but students working on their own can 
check their work as they progress. In selecting 
suitable questions preference has been given to 
those which test or develop the student's ability 
to apply ideas to a wide range of situations. 

Throughout the book advanced sections are 
clearly set apart in smaller print so that they 
may conveniently be omitted at a first reading. 
Thus I hope that the book will be suitable for 
students of a wide range of abilities—taking 
those to whom ideas are unfamiliar or difficult 
at a careful pace whilst providing able or more 
experienced students with additional material 
which is both challenging and interesting. To 
provide further stimulus each chapter, or group 
of chapters, has a detailed bibliography includ- 
ing both books which can consolidate as well as 
those which can extend. 

In conclusion I hope that Wave Physics will 
provide the student who continues with physics 
with a good grounding in this important subject, 
on which a more detailed study can then be 
based. On the other hand the range of applica- 
tions, and the tracing of the development of 
wave theory, should enable students who com- 
plete their study of physics at this point to take 
away with them a clear picture both of the 
importance of waves in the world around them 
and of their fundamental position in physics as 
a whole. 


Ian Newton 
January 1989 
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Part 1 


The nature of waves 


1 


Oscillations 
1.1 Introduction 


The basic theme of this book is wave physics, 
and its applicability to phenomena as diverse 
as earthquakes, the propagation of light and 
the structure of the atom. Our understanding 
of the general properties of waves will enable 
to study topics such as these in depth and to 
appreciate their common nature. 

Waves are propagated along a stretched 
spring by moving the end of it up and down; 
the cone of a loudspeaker moves alternately in 
and out when emitting sound waves. A repeti- 
tive motion, such as these, is known as an 
oscillation or vibration; most waves are caused 
by oscillations and we shall, therefore, begin 
by studying them in this chapter. 

However, the study of oscillations is itself of 
importance. The oscillations of bridges or build- 
ings can hazard their safety, and vibrations in 
a moving car may cause discomfort to the 
occupants, The oscillation of balance wheels, 
or quartz crystals, provide methods for the 
measurement of time, and much of our under- 
Standing of the structure of substances is based 
on an analysis of atomic vibrations. 

A motion that is repeated exactly at equal 
lime intervals is said to be periodic; the time 
taken for a complete cycle is called one period, 
T. In Fig. 1.1 we see a graph showing how the 
displacement of an object from its rest position 
varies with time in a particular oscillation; the 
maximum displacement is called the amplitude. 


E 

5 EETA 
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Period 
Fig. 1.1 

The number of oscillations in one second is 
called the frequency, f, where 
f=1/T (1.1) 


Frequency is measured in hertz (Hz), a unit 
named after the first man to transmit elec- 
tromagnetic waves, as described in Section 
10.1. 


Q 11 
Write down the frequencies of oscillations which 
have the following periods: 


(a) 1s (b) O.1s 
(c) 10s (d) 50s 


Write down the periods of oscillations which have 
the following frequencies: 


(e) 1Hz (f) 0.2 Hz 
(g) 25 Hz (h) 50 Hz 


Galileo is recorded as the first person to 
observe that the period of a pendulum does not 
depend on the amplitude of its swing, provided 
that the latter is not too large; he realized this 
first in 1538 whilst watching a swinging lamp 
during a service in the Cathedral of Pisa. Any 
oscillation in which the period does not depend 
on amplitude is said to be isochronous ; in order 
that a clock shall continue to keep good time 
whilst it is running down, it is important that 
its balance wheel or pendulum undergoes iso- 
chronous oscillations. 

We must be careful not to assume that all 
oscillations are isochronous. If a length of cur- 
tain rail is bent into a V-ramp, with a sharp 
curve at the bottom, then a marble rolling back- 
wards and forwards on it will oscillate with 
shorter and shorter period as the amplitude 
decreases (Fig. 1.2(a)). By contrast, a ball 
placed on a length curved into a circular arc 
will oscillate almost isochronously until it comes 
to rest; the speed at which the ball moves 
decreases at the same rate as its amplitude (Fig. 
1.2(6)). 

Some oscillations, of course, are completely 
irregular and a displacement-time graph of one 
such is shown in Fig. 1.2(c); this might represent 
a blade of grass, blowing in the wind. Unless 
otherwise stated we shall restrict our discussion 
to regular isochronous oscillations. 


4 Oscillations 


Si NG 


(b) 


g€ 


Displacement 


Time 


(c) 


Fig. 1.2 (a) A marble rolling on a V-ramp. (b) A marble 
rolling on a circular arc. (c) An irregular, non-isochronous 
motion, 


Q 12 
Draw graphs of distance against time to show: 


(a) the motion of a ball-bearing rolling from rest 
down a uniform frictionless slope; 

(b) the motion of a ball-bearing oscillating under 
frictionless conditions in a V-ramp; 

(c) the motion of a ball-bearing oscillating in a V- 
ramp with reducing amplitude. 


Standards of time 


Historically the standard of time was provided 
by the rotation of the earth — once per day. 
The day was divided into smaller units and a 
second, the unit used in scientific work, was 
defined as 1/86 400 part of a mean solar day. 
Oscillating systems, such as the pendulum or 
watch balance wheel, kept track of the number 
of seconds or days elapsed. 

However, different types of clocks could be 
shown to disagree with each other, Improve- 
ments to the accuracy of clocks were made, 
especially by Harrison in the eighteenth cen- 
tury, because of their importance in navigation 
at sea. Sunrise and sunset both occur later as 
a ship travels to the west and accurate observa- 
tions of the sun’s position, and the time at which 
it is due south, enable both latitude and longi- 
tude to be determined. However, improvements 
to traditional clocks could never provide a sys- 
tem of measuring time to a greater accuracy 
than a small fraction of a second. 


Recently, the oscillations of crystals have 
been used as the basis for standard clocks. 
Vibrations of quartz crystals can be maintained 
electrically and, if the temperature is kept con- 
stant, they provide a time standard with an 
accuracy of about 1 part in 10°. The frequency 
is of the order of 10° Hz, providing measure- 
ments accurate to 10s, a great improvement 
upon pendulum clocks. Although quartz clocks 
become less accurate over a prolonged period 
of time, they were sufficiently stable to provide 
the first evidence of the effect of tides on the 
rate of the earth’s rotation. 

The most modern atomic clocks use as a 
standard the frequency of a certain radiation 
from caesium atoms; this frequency is about 
9 GHz (9x 10° Hz). Measurements accurate to 
10°'°s can be made with such systems, and 
they are consistent to 1 part in 10'° over long 
periods of time. Since January 1972 Universal 
Time, which is the same as Greenwich Mean 
Time, has been based on a caesium clock and 
the second defined as 9 192 631770 periods 
of a specified radiation from an atom of 
caesium-133. 

Such clocks are now used as the fundamental 
standard of time, against which chronometers 
and other clocks can be compared. The Rugby 
School clock, for instance, shown in Fig. 1.3, is 
compared regularly with radio signals derived 
from a master clock at Rugby ratio station. It 
has been found that even the length of the day 
varies, becoming as many as 86 430 seconds at 
the end of the year; this is a consequence of the 
elliptical shape of the earth’s orbit round the 
sun. 


1.2 The motion of an oscillator 


In the first section we saw that the simplest type 
of oscillator is an isochronous one. What type 
of oscillator is likely to be isochronous? 

Any mechanical oscillating system must con- 
sist of a mass which is displaced, and a force 
which will act so as to return the mass to its 
equilibrium position. In the case of a pendulum 
this force is provided by gravity and in the case 
of the balance wheel of a watch by the balance 
spring. 

Let us consider an isochronous oscillation 
whose amplitude is doubled without change in 


Clock mechanism 


Radio — used to receive 
time signals derived from 
caesium master clock and 

broadcast continually throughout 

Europe by Rugby Radio Station. These 
signals are compared daily with standard 
clocks elsewhere, and are also used to 
correct ships’ chronometers, and the 
Rugby school clock. 


Adjustment mass — to make 
small alterations to period 
of pendulum 


Motor for operating 
hour-chime mechanism 


Winding motor 


Spring — part of hour- 
chime mechanism 


Driving mass — wound 
up by electric motor 
every ten minutes 


Pendulum 


Fig. 1.3 School House Clock, Rugby School. 


period. The mass must now travel twice as far 
in the same time, and thus its average velocity 
is twice as large as before. This means that 
the increase in velocity in a quarter of a cycle 
from zero to maximum is doubled and, since 
it occurs in the same time as before, the accel- 
eration of the mass is now twice as great. 
Hence, for isochronous motions we have shown 
that: 

acceleration œ —displacement (1.2) 


The minus sign denotes that the acceleration is 


The motion of an oscillator 


directed back towards the equilibrium point. 
Motion in which the acceleration is propor- 
tional to the amplitude, and directed back 
towards the equilibrium position, is always iso- 
chronous and is known as simple harmonic 
motion (SHM); a graph of this type of motion 
is shown in Fig. 1.4(a). It is important because 
it is common, simple to describe mathemati- 
cally, and because more complex periodic 
motions can be expressed as the sum of a num- 
ber of simple harmonic motions, as discussed 
in Section 1.7. 
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Acceleration/m s~? 


Displacement/m 
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T 
| 
| 
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(a) Simple harmonic motion 


Fig. 1.4 


The displacement referred to may be a linear 
displacement, as in the case of a mass oscillating 
on the end of a spring, or an angular one, as 
in the case of a balance wheel; oscillations of 
currents in electrical circuits can be treated in 
a similar way. 
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Write out an argument, similar to that above, 
starting from the assumption that 


acceleration © -displacement 


and showing that if this is so, then the period of 
an oscillation is independent of the amplitude. 


The realization of simple harmonic motion 


Newton’s Second Law states that, for constant 
mass, the acceleration of an object is propor- 
tional to the applied force. 

Now for SHM: 


acceleration force (1.3) 
acceleration -displacement  - (1.2) 


Hence force x —displacement (1.4) 


The simplest example of this relationship occurs 
in a stretched spring, since Hooke’s Law states 
that 


F=-ks (1.5) 


where F is the tension in the spring, s the 
extension and k the force constant, or stiffness; 
the stiffness is the restoring force per unit dis- 
placement. 


0000000 I — 0000000000 
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(b) A tethered mass 


A convenient method of observing sim is 
therefore to mount a trolley between two 
springs as shown in Fig. 1.4(b); alternatively a 
linear air track vehicle may be used, in which 
case there is less friction. 

Let us suppose that the trolley is initially at 
rest with both springs unstretched. If it is now 
moved a distance s to the right, the left-hand 
spring is stretched a distance s and the tension 
in the spring is proportional to this distance, as 
shown in Equation (1.5). Thus, the acceleration 
of the trolley back towards its equilibrium posi- 
tion will be proportional to the displacement, 
which satisfies our definition of simple harmonic 
motion. We assume that there is no force due 
to the compression of the right-hand spring. 

However, it is as well to see experimentally 
whether the acceleration really is proportional 
to the displacement and to do this we must 
investigate the way in which the position of the 
trolley varies with time. A convenient method 
of observing this is to attach tickertape to the 
trolley and allow the trolley to move through 
half a cycle, from one extreme to the other. As 
the dots on the tickertape are made every 
1/50 s, they provide a record of the position, 
and hence velocity, of the trolley. The velocity 
can be worked out either from the separation 
of the dots, or from the slope of the displace- 
ment-time graph. The acceleration can then be 
calculated from the slope of the velocity-time 
graph. 

Note that when the trolley passes through its 
central, equilibrium position its velocity is a 


num; because the velocity is momentarily 
ant the acceleration is zero. At each 
mity the direction of motion of the trolley 
rsed and the velocity is momentarily zero; 
city is reversing rapidly and the acceler- 
is a maximum. 

n be seen by comparison of the displace- 
ment-time and acceleration-time graphs in Fig. 
1.5 that: 


acceleration œ —displacement (1.2) 


> 
Time, t/s 


Time, t/s 


The analysis of a length of ticker-tape, showing 
the characteristics of simple harmonic motion. 


and thus the trolley carries out sHM. Values of 
a taken from the bottom graph can be plotted 
against the corresponding values of s from the 
top graph, giving a graph such as that shown 
in Fig. 1.4(a). 

Similar methods may be used to show that 
the motion of a pendulum is simple harmonic. 
Strobe photographs taken at equal time inter- 
vals as shown in Fig. 1.6 can be used as a basis 
for this analysis. 


The motion of an oscillator 


@0000000008 


Fig. 1.6 A strobe photograph of a simple pendulum. 
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Use a protractor to measure the angular 
displacements shown in the strobe photograph, 
and hence show that angular acceleration is 
proportional to angular displacement by drawing 
suitable graphs. 


The mathematics of simple harmonic motion 


In the previous section we defined simple har- 
monic motion by the proportionality: 


acceleration œ -displacement a2) 


The constant of proportionality will depend on 
factors such as the mass and restoring force. 
We shall now derive an equation describing the 
displacement of the object as a function of time. 

A suitable equation is suggested by the 
demonstration shown in Fig. 1.7. The turntable 
rotates with constant angular velocity and a 


Pendulum suspended 
over centre of turntable 


Screen 


A 


Shadow of pendulum 
Shadow of rod 


Path of pendulum 


Path of rod 


Rotation of 
turntable 


Parallel light from a distant source 


(a) The experimental arrangement 


Fig. 1.7 


vertical rod mounted on it is illuminated so that 
a shadow of its top is cast on a screen; the rod 
will appear to oscillate from side to side. A 
pendulum or an oscillating trolley, known to 
exhibit SHM, is mounted just above the centre 
of the turntable so that its shadow is also cast 
upon the screen. The rate of rotation of the 
turntable is adjusted until the time taken for 
one complete revolution is exactly equal to the 
period of oscillation of the pendulum. The two 
shadows are then seen to correspond exactly in 
position throughout the motion. The projection 
of the rod thus undergoes simple harmonic 
motion, just like the oscillating trolley or pen- 
dulum. 

Now let us consider the geometry of the 
situation as shown in Fig. 1.7(b); R is the rod 
mounted on the rotating turntable, and P the 
swinging pendulum. In the experiment the 
incident light, which is at right angles to AB, 


Screen 


Light 


(6) Plan of arrangement 


casts almost coincident shadows of rod and 
pendulum on the screen at S, and thus the 
pendulum bob must always be just above the 
foot of the perpendicular from R to AB as 
shown; this is called the projection of R on to 
AB. We will assume in this discussion that the 
pendulum always follows the projection 
exactly. 

The pendulum undergoes sHM and its posi- 
tion is always at the projection of R, R being 
a point that is moving at a constant speed round 
a circle; this circle is known as the reference 
circle. We will use our knowledge of the position 
of R to derive a mathematical expression for 
the position of P. 

R is moving at a constant speed. Suppose 
that one complete revolution takes a time T. 
Then, if time ¢ is measured from the instant at 
which R passes B, the angle @ is given by 


6). lt 
360 T 
ie 0 = 7360 


If @ is measured in radians we have 
0 : x2 
=> X2rm 
F 


since there are 2m radians in 360°. Radian 
measure is discussed in Appendix 1. 
Now we saw in Equation (1.1) that 


f=1/T 


where f is the frequency of the rotating turn- 
table measured in hertz. 
Hence 


0=2nft (1.6) 


Equation (1.6) defines the position of R as a 
function of time. The position of P is defined 
from that of R by the equation 


s=rcosé 


s =r cos 2nft from (1.6) 


and hence 


As the maximum displacement, or amplitude, 
A, of P occurs when it is at B, a distance r from 
O, we may rewrite this equation in the form: 


s =A cos 2aft (1.7) 
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It will be seen that this describes the graph of 
displacement against time in Fig. 1.5, which is 
a cosine graph. 
The acceleration towards the centre of the 
circle of the point R is given by: 
2 


£ v 
acceleration = —— 
r 


where v=(2ar)f 
Therefore: 
acceleration = -(2nf)r 
=-(27f)A since A=r 


Now the acceleration, a, of the point P is the 
horizontal component of the acceleration of the 
point R, and hence: 


a =—(27f} A cos 2rft (1.8) 
Thus, from (1.7): 
a=-(2nf)’s (1.9) 
This is an equation of the form: 
accelerationcc—displacement (1.2) 


and hence the motion of P is simple harmonic. 

It is often convenient to think of the analysis 
of a simple harmonic motion in terms of the 
projection of an imaginary point moving round 
a reference circle with constant speed, and the 
frequency of the oscillation is, of course, equal 
to that of the motion of the imaginary point. 

An alternative derivation of Equation (1.9), 
using the calculus, enables us to derive an 
equation for the velocity of point P: 


s =A cos 2zft (4:7). 
v =E=-Orf)A sin 2ft (1.10) 


a =P -2rfA cos2mft (1.8) 
i.e. a=-(2rf) s (1.9) 
This equation may also be written: 


a=-()'s (1.11) 


Q 15 
Suppose that, in the above analysis, the point P 
had an amplitude of 10 cm and the rod R made 
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one complete revolution in 2s. Derive expressions 
for: 


(a) the displacement, s, of the point P as a 
function of t; 

(b) the velocity, v, of the point P as a function of 
t; 

(c) the acceleration, a, of the point P as a 
function of t; 

(d) the acceleration, a, of the point P as a 
function of s. 


A mathematical summary 


Thus far, we have derived the following 
equations, each of which describes simple har- 
monic motion, but from a different viewpoint: 


s=Acos2aft (1.7) 
v=—(27f)A sin 2aft (1.10) 
a =—(2nf)’A cos 2zft (1.8) 
ie. a=—(2nf)’s (1.9) 


The last equation can be written in the form 
2 


aa 
a =-d’s/dr* 


—(2nf)*s (1.12) 


since 


It is then known as the differential equation for 
SHM. 

We have introduced experimental evidence 
above to show that Equations (1.7) and (1.9), 
in particular, describe isochronous, oscillatory 
motion. Now it is a standard trigonometrical 
result, that 


sin? 6 =1— cos? 0 


Table 1.1 For a simple harmonic motion withs=Aatt=0 


and thus Equation (1.10) can be rewritten: 
v =—2nfAvV(1—cos 2zft) 


2 
= -2nfA\|(1 -=) from (1.7) 
v =-2nfv(A?—s”) 


As a square root can be taken to be either 
positive or negative, this should be written: 


v =+2nfV(A?—s?) (1.13) 


We see from this equation that the velocity is 
zero at each extremity of the oscillation, when 
s =+A, and that it is maximum when the object 
passes through the undisplaced position at 
s=0. This agrees with the second graph in Fig. 
LS: 

Thus, we may summarize the results as shown 
in Table 1.1, expressing both acceleration and 
velocity in terms of either the displacement, s, 
or the time ¢. 


te: 
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A particle undergoes SHM of amplitude 20 cm and 
frequency 0.5 Hz. Calculate the following: 


(a) the velocity when the displacement is 10 cm: 

(b) the maximum velocity; 

(c) the acceleration 0.25 s after leaving one end 

(d) the acceleration when the displacement is 
5cm. 


Angular frequency, w 


We saw above that the motion of a pendulum, 
or other object P, undergoing sHM could be 
described as the projection of a rod R, moving 
in a circle at constant speed, along the direction 


Variation Variation Maximum Minimum 
with s with ¢ numerical value numerical value 
s — s =A cos 27ft Smax = ŁA Smin = 0 
at t=0,T/2,T at 1=T7/4,37/4 
v=ds/dt v =+2afV(A2—s5?) v =—2nfA sin 27ft Umax =+27fA 
at s=0 
t=T/4,3T/4 
a=8s/d? a= —(2af)?s =~(2nf)?A cos Raft amax=+(27f) A 
at s=+A 
t=O T/T t=T/4,3T/4 


NB: Dependence on the time t can be understood more easily by putting f = 1/ T. The reader is advised to check that 


he or she fully understands the maximum and minimum numerical values by 


working them out. 


in which P is moving. In the equations we have 
derived above, the quantity (2af) appears 
frequently and we can use the idea of the refer- 
ence circle to understand its significance. 

f is the frequency both of P and of R. Each 
time the point R moves round the reference 
circle the line OR must ‘sweep out’ an angle of 
2m, and thus, in one second, it sweeps out an 
angle of 27f which is, therefore, the angular 
speed of the point R on the reference circle; it 
is not the angular speed of the pendulum. We 
define the angular frequency, or pulsatance, w, 
of the pendulum as equal to 27f; it is measured 
in radians per second. 


o =2nf (1.14) 


For example, a wheel rotating at 1 Hz has an 
angular frequency of 2m rads ', and a pen- 
dulum swinging with a frequency of 1 Hz has 
an angular frequency of 27 rads ’ also. 

Each of the equations given previously can 
be rewritten using angular frequency instead of 
frequency: 
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We see that the period of the motion, T, is 
related to the angular frequency, w, by the 
equation: 


w =2nf 
ait (1.20) 
i 
ie. Pe (1.21) 
Ww 


Q 17 
Calculate the angular frequency of the following 
oscillations: 


(a) frequency 6 Hz; 

(b) period 2s. 

(c) What is the frequency and the period of an 
oscillation of angular frequency 67? 


Phase 


Let us consider again the reference circle that 


(1.7) s =A cos wt (1.15) was described above. In Fig. 1.8 the position 
(1.10) v=—Aw sinet (1.16) of a trolley, P, is shown at f = 0 and ¢ = 7/8 for 
4.13 E V(A2=5?) (1.17) motion described by Equation (1.7). 

2} PEA K $ : The graph shows that the motion is begun, 
(1.8) a=—Aw’ cos wt (1.18) as is often the case, by releasing the object, P, 
(1.9) a=-w’s (1.19) at its extreme position, and thus s = A at r=0. 

sim # 
B P 
——— {Reference ___ £50 ; + 
A\circle o a T t/s 
8 


[ 
l 


Trolley 1 P = 
mie 
he #0 
e a> 


Fig. 1.8 


s =A cos 2nft 
* t 
A cos2 m} 
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The reference circle can be used to find the 
position of the trolley after an eighth of a period 
has elapsed, for the line OR must have rotated 
through one eighth of a revolution, which is 45° 
or 7/4 radians. Thus the angle BOR is equal 
to 45° and hence: 


2ft =45° 
= 17/4 rad 
Since cos 45°= 1/V2 
we have s =A cos 2zft 
=A/V2 


Now, the quantity 2mft represents an angle; 
this can be seen more easily if we put f= 1/T 
and obtain 27t/T. 27 is the number of radians 
in one complete cycle and t/T represents the 
fraction of the cycle that has elapsed. The quan- 
tity 277ft is called the phase or phase angle; the 
rotating line OR is called a phasor. 

Let us consider a similar oscillation of a trol- 
ley P’ which starts at a time ¢’ earlier, as shown 
in Fig. 1.9. This motion will always be ‘ahead’ 
of the previous one since an extra time ¢’ has 
elapsed. Its motion will be described by the 
equation 


8 =A cos 2nf(t+r') (1.22) 


This equation could also be written in the form 
s =A cos (2nft+o) 


(1.23) 


$ =2nft' (1,24) 


In Equation (1.23) the angle ¢ represents the 
extra angle swept out by the line OR’ because 
the motion started ¢’ earlier. We say that there 
is a phase difference of ¢ between the two 
motions described in Figs 1.8 and 1.9. 

Finally, let us consider the motion of a trolley, 
P”, starting a quarter of a period later than the 
original oscillation, at £ = 7/4; this is shown in 
Fig. 1.10. The displacement of P", at a given 
time f, is the same as the displacement of P was 
at a time 7/4 earlier, so the motion of P” is 
described by substituting (t—T/4) in the 
equation for P; the elapsed time is 7/4 less. 
Hence 


where 


s =A cos 2nf(t— 7/4) 


There are 27 radians in a complete cycle, and 
hence 7/2 in a quarter cycle, and this equation 
might, therefore, be written 


s =A cos (2aft—7/2) 


The phase difference between P and P" is 7/2 
radians, or 90°. It is a standard result in 
trigonometry, that 


(1.25) 


cos (9 —7/2)=sin 0 
and hence Equation (1.25) may be written 


S=A sin 27ft (1.26) 


s/ma 


Trolley _ 


Fig. 1.9 


Reference 


| 
| 
| 
i 
| 
| 
| 
| 
i 
| 
olay a 1 eee 
7 
4 
Fig. 1.10 


It can be seen that the graph of P” in Fig. 1.10 
is a sine graph with the first quarter cycle 
missing. 

Now, the motions of P” and P are identical 
except for the difference in starting time. If P” 
had been set moving to the right from the 
equilibrium position at ¢ = 0, it would not have 
reached the extremity until t= 7/4 and its 
future motion would have been predicted by 
the graph in Fig. 1.10 and by the equation 


s =A sin 27ft 
P, however, was set moving by releasing it at 
t=0 from an extremity and its motion was 


described by the graph in Fig. 1.8 and by the 
equation 


s =A cos 27ft 
The sine equation for P” can be shown to satisfy 


the defining equation for sHM as demonstrated 
below: 


s =A sin 2nft 

v =2nfA cos 2rft 

a=—(2nf)A sin 2xft 
ie. a=—(2nf)’s (1.9) 
This satisfies the defining equation for SHM, 
Equation (1.2). 

In fact, P and P” could be the same oscillation. 

P is viewed with the clock started when the 
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s/m 


object is at an extremity and the equation is a 
cosine one; P” is viewed with the clock started 
when the object passes to the right through the 
central point, and a sine equation is derived. 
Thus, if the starting conditions are not relevant, 
either form of the equation may be used to 
describe a given oscillation and we shall use 
whichever is more convenient. 
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Draw distance-time graphs on one set of axes for 
the following oscillations. Label each graph 
clearly. 

(a) s=0.1 cos 47t; 

(b) s =0.2 cos (4at + 17/2); 

(c) s=0.3 sin 47t; 

(d) s =0.15 cos 4r (t + T/6). 


1.3 Examples of simple 
harmonic motion 


We have already looked in some detail at the 
theory of simple harmonic motion and we shall 
now examine a number of situations in which 
it can be observed. The reader will recall the 
conditions describing its occurrence: 


acceleration = —(27f)° x displacement (1.9) 
and either s = A cos 27ft (1.7) 
or s =A sin 2aft (1.26) 
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Acceleration/m s~2 


A Displacement/m 
—- res 

l 

l 


Amplitude —> 


(a) 
Fig. 1.11 A tethered mass, 


Equation (1.7) is used when the object is at 
the extremity of its motion at t=0, and 
Equation (1.26) when it is at its equilibrium 
point at that time. Different equations are used 
in other conditions. 

In this section we shall consider the forces 
acting on objects undergoing simple harmonic 
motion and derive relationships for the periods 
of their oscillations. 


Tethered mass 


Fig. 1.11 shows again a trolley tethered between 
two springs. Suppose that when the trolley is 
at rest as shown in the top diagram there is no 
tension in either spring. If the trolley is now 
moved a distance s to the tight, the left-hand 
spring will be extended and the trolley will 
experience a restoring force, F, whose magni- 
tude is given by Hooke’s law: 


F=-ks 


where k is the restoring force per unit displace- 
ment, or force constant, of the Stretched spring. 
But the restoring force is related to the acceler- 
ation of the trolley by Newton’s second law: 


F=ma 
Hence i=» (1.27) 
m 


where m is the mass of the trolley. We have 
assumed that the springs are of negligible mass, 
and that the wheels are of negligible moment 
of inertia. As this €quation is of the general 


u O 2000000000 
2 — 

s 
2202000 20 DN 


(b) 
form given in Equation (1.9), simple har monic 
motion will occur. The differential equation for 
simple harmonic motion is 
d’s 
~z =a=-(2nf)*s 1.9) 
dt“ f 


and therefore, from Equation (1.27), we have 


aK 
(27f) a 
1 k 
=—,/— (1.28) 
f 24 Vm 
and Fame (1.29) 


k 


Therefore, stiffer springs would increase the 
frequency whilst larger masses would reduce it. 
If the springs also exert forces when in com- 
Pression, k becomes the force constant of both 
springs taken together. 

The equation for the motion of the trolley is 
hence: 


s =A cos 2nft 


ice. S=A cos ( /~); 
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A trolley of mass 3 kg is mounted between springs 
of total force constant 30 N m=. Calculate the 
period, frequency and angular frequency of its 
oscillation. 


(1.30) 


The frequency of atomic oscillations 


In the above analysis we derived an equation 
for the frequency of an object oscillating 
between two springs: 


ie Hke 
2r 


f= (1.28) 


This result can be applied to the oscillation of 
ions in a sodium chloride crystal. The ions 
experience forces of attraction and repulsion 
due to the electrostatic forces between them, 
and their mean separation is such that they are 
in equilibrium. They oscillate about that posi- 
tion in a way analogous to a trolley mounted 
between two springs. 

A study of ionic crystals shows that the force 
constant of an ionic bond is about 100 N m`’; 
the average mass. of sodium and chlorine atoms 
is about 5x10 °° kg. Therefore 


100 
5x10 A 


ss Hi (2x 10”) 
2r 
=10"° Hz 


The accuracy of this calculation is limited 
theoretically because we have not considered 
effects due to the relative motion of different 
10ns. 

If light of this frequency were to shine on a 
sodium chloride crystal, the ions might be 
stimulated to oscillate and much of the light 
energy absorbed; this is explained in more 


Cross-section A 
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detail in Section 1.6 on resonance. The 
wavelength of the light would be given by: 


AIG 


3x 108 
“108 
=3x10°m 
This wavelength is in the infrared and | absorp- 
tion does indeed occur at about 6 x 107% m; thus 


our simple analysis yields a result of the right 
order of magnitude. 


Oscillating hydrometer 


An example of simple harmonic motion in 
which gravity is involved is that of a floating 
object, such as a hydrometer. 

Let us consider a tube of uniform cross- 
section, A, floating with its axis vertical, and 
with a length A submerged, in a liquid of density 
p, as shown in Fig. 1.12. 


weight of tube = mg 
By Archimedes’ Principle: 
upthrust = weight of liquid displaced 
= Ahpg 


By Newton’s second law, since the floating tube 
has no acceleration: 


resultant force = mass X resuitant acceleration 
mg —Ahpg =0 
ie: mg = Ahpg 


Positive 
direction 


Liquid, 
density p 


[Pisoacement s 


(a) Stationary equilibrium position 


Fig. 1.12 An oscillating hydrometer. 


[Displacement s 


(b) Displaced position 
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Now suppose that the tube is displaced a 
distance s downwards, thus displacing an addi- 
tional volume sA of liquid: 

weight of tube = mg 
upthrust = A (h +s )pg 
By Newton’s second law, the acceleration, a, 
can be calculated from 
mg —A(h+s)pg = ma 
mg —Ahpg — Aspg = ma 


But mg = Ahpg 

and hence —Aspg =ma 

ie. au -(48), (1.31) 
m 


This is an equation of the form 
acceleration oc —displacement 


and hence the tube describes simple harmonic 
motion. The frequency and period are given by 
the equations 


=) [Aes 

t-> y% (1.32) 
m 

and T =27,/— (1.33) 
Apg 


The equation giving the displacement as a func- 
tion of time is: 


S=A cos ( £28), 


restoring force = additional upthrust 
= (Apg)s 


Apg = restoring force per unit 
displacement 


(1.34) 
Now 


Therefore 


and hence 


mass 
T=2mr Sa RE ERE. LAE A 
/ restoring force per unit 
displacement 
This equation is of the same form as Equation 
(1.29) derived for the trolley mounted between 
two springs. 

In practice, the motion will not be exactly 
simple harmonic because of the viscosity of the 
liquid and the oscillations of the liquid caused 
by the moving tube. 
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A tanker has a draught of 20 m and almost 
rectangular cross-section. One of its modes of 
vibration occurs when the whole ship pitches up 
and down together, and the draught increases and 
decreases. Use the analysis of an oscillating 
hydrometer to show that the period of the pitching 
depends only upon the draught and hence 
calculate a probable value of the period of this 
motion. Take g = 10 m s™°. 


Simple pendulum 


The simple pendulum provides our first 
example of a system where the displacement is 
angular rather than linear, and the motion is 
then only truly simple harmonic for small dis- 
placements. A simple pendulum is considered 
to consist of a point mass m at the end of a 
light string of length /. 

Fig. 1.13 shows the forces acting on a suspen- 
ded bob that has swung to an angle @ from the 
vertical. T is the tension in the string and mg 
the weight of the bob. From diagram (b) we 
see that 


0=s/l 


where @ is measured in radians, and s is the 
length of the arc. Now the bob can move only 
at right angles to the string and if we resolve 
in this direction we have, by Newton's second 
law: 


where d’s/d?? is the acceleration along the arc. 
For small angles sin 9 ~@ provided that @ is 
measured in radians 


and hence sin 0 =s/l 

Therefore mgr= -m$ (1.35) 
2 

Therefore e = = š (1.36) 


which is a differential equation representing 
simple harmonic motion. It follows that 


ees 
lao T (1.37) 
l 
T =20,/— (1.38 
ar : 


mg 


T 
mg sin 0 
BNG mg cos 0 
v 


Fig. 1.13 A simple pendulum. 


and s=A cos ( £): 


Equations (1.36) and (1.39) could be rewritten 
in terms of the angle @ instead of the displace- 
ment, s, along the arc. Note that the period 
ot depend on the mass of the pendulum. 
equation for the period is 


(1.39) 


= ji 
T=2m j+ (1.38) 
g 
which may be rewritten in the form 
T =20 = 
mg 
m 
= P ——— 
A mg/l 
d’s 
Now mg-=-m—z from (1.35) 
i dt 
= restoring force by Newton’s 
second law 
Hence ke restoring force 


l displacement 


Therefore, we have again 


mass 
T=2r SS CENE E 
restoring force per unit 


displacement 


The equations given above are only good 
approximations for angles less than 10°, and 
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+s a. Acceleration § 


(b) 


for larger amplitudes the motion is no longer 
approximately simple harmonic, and therefore 
not isochronous. 

Measurements of the periods of pendulums 
may be used as the basis for an accurate 
determination of g; a compound pendulum, 
with distributed mass, rather than point mass, 
is used. Nowadays, however, it is more usual 
to measure g directly, by accurate free-fall 
experiments. 
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A man’s leg with a heavy boot on the end is 
regarded as a simple pendulum of length 1 m. 
Calculate the frequency with which it will swing 
naturally and the speed of walking at this 
frequency, given that the amplitude is 20°. Will 
the speed increase or decrease if the man’s legs 
are longer? Explain. 


Torsional pendulum 


An angular situation which does not involve 
making trigonometrical approximations is that 
of the torsional pendulum, where an object on 
the end of a wire rotates first one way and then 
the other. The wire is twisted as shown in Fig. 
1.14. The analysis below will also apply to other 
situations, such as the balance wheel of a watch 
which is mounted on a hairspring. 

The dynamics of a rotating object are 
described by an equation similar to Newton’s 
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S 


Angular displacement 


x e couple 


x, 
S Undisplaced position 


Fig. 1.14 A torsional pendulum. 


second law: 


couple = moment of inertia 
xangular acceleration (1.40) 


instead of 


force = mass X acceleration 


The moment of inertia is a measure of how 
difficult it is to give an object angular acceler- 
ation; it depends not only upon the mass but 
upon its distribution relative to the axis of rota- 
tion. The further away the mass is from the 
axis, the greater is the moment of inertia; it is 
measured in kg m°. 
Now, over a considerable range of angles 


restoring couple = —c0 


where @ is the angle through which the wire 
has been twisted and c the torsion constant; 
that is, c is the restoring couple per unit angular 
displacement. Hence, if I represents the 
moment of inertia, we have: 

do 

—cé =I- 

dr? 
where @6/dt? is the angular acceleration. This 
can be written in the form 


aoe (1.41) 


which represents simple harmonic motion. In 
this case 


f ->s (1.42 
so a 7 (1.42) 
A J 
and period = dn (1.43) 
These oscillations will be simple harmonic, 


whatever the amplitude, provided that the 
restoring torque is proportional to the angular 
displacement. 
We see that Equation (1.43) is also of the 
form: 
moment of inertia 


T=2r [————— 
restoring couple per unit 
angular displacement 


As the motion is a rotation, mass is replaced by 
the moment of inertia in this equation. 

Torsional suspensions are used to support 
the coil in many moving-coil galvanometers. 
Torsional oscillations are also important in 
understanding the vibrations that can be set up 
in turbine blades. 


General results 


Considerable stress has been laid on the general 
result 


inertia factor 


Period = 2a /————_—_—""____ (1 44) 
restoring force or couple A 
per unit displacement 


where the ‘inertia factor’ may be the mass, 
moment of inertia or other inertial property, 
depending upon the type of oscillation. Under- 
standing it enables us to predict detailed 
equations more readily and also to see a pattern 
ina variety of results which may otherwise seem 
disconnected. It may be seen to be inevitable 
from the following analysis, based on the 
definition of sm. 

SHM is defined by the following relationship: 


acceleration oc —displacement 
ax-s 
We have seen that the constant of proportional- 
ity is (27f)° in Equation (1.9) and thus: 
a=-(2nf)’s 


However, if the object undergoing sHM is 
accelerating there must be a restoring force 
acting on it, whose size is given by Newton’s 
second law: 


F=ma 
2n\* 
= -m( =) s from above 
Therefore T?=—(27)* A 
m 
i. T=2 V 
k TN (-F/s) 


m is the inertia factor and (—F/s) the restoring 
force per unit displacement; the minus sign 
arises because the restoring force and displace- 
ment are in opposite directions. 


1.4 Energy 


Let us return to our first example of an oscilla- 
tion—that of a trolley tethered between two 
springs. Again we shall assume for simplicity 
that in the undisplaced position the springs are 
unstretched and that a force is exerted on the 
trolley only by the stretched spring, not by the 
compressed one; we shall also assume that the 
motion is frictionless so that the amplitude of 
the resulting oscillations remains constant. 

We have already noted, on page 7, that 
the velocity of the trolley is a maximum as it 
passes through the central point, and that it is 
zero when the direction of motion reverses at 
each extremity. Thus the kinetic energy is zero 
at each end and maximum in the middle. 

When the kinetic energy is less than 
maximum we would expect, by the Principle of 
Conservation of Energy, that the balance of the 
energy would be stored in some other form. As 
the spring becomes more stretched more energy 
is stored in it as spring potential energy. We 
will now examine the situation in more detail 
to show that the total energy, being the sum of 
kinetic and potential energies, remains constant 
throughout the period of the oscillation. 

Let us suppose that the trolley is displaced a 
distance s from its equilibrium position. The 
force exerted on it by the stretched spring at 
this displacement is given by: 


F=-ks (1.5) 
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During the displacement, the force exerted on 
the trolley by the spring increases from zero to 
F, and therefore the force exerted on the spring 
by the trolley must also increase from zero to 
F. Hence, the work done in stretching the spring 
is given by: 
work = average force x displacement 

=X maximum force x displacement 

=3xFXxs 

=}xks Xs 


i.e. work = 3ks* (1.45) 


The average force is one half the maximum 
force because, by Equation (1.5), the force 
increases linearly from zero to its maximum 
value as the spring is being extended. 

The potential energy stored in the spring, Ep, 
must equal the work done in stretching the 
spring, and hence: 


(1.46) 


Now, the velocity of an object undergoing 
simple harmonic motion was shown in Equation 
(1.13) to be given by: 


v =+2nfV(A?-s’) (1.13) 
where for a tethered trolley: 
1 pk 
=—1/— 1.28 
f Nm ( ) 
k 2 2 
Hence v=( £a s^) 
m 
k 
and v?=—(A*-s’) 
m 
Thus, the kinetic energy Ex is given by: 
E,=3mv" 
=m —(A?-s”) 
m 
=2kA*—3ks* (1.47) 


Therefore, from Equations (1.46) and (1.47) 
the total energy, E, at a particular moment in 
the cycle is given by: 


E=E,+Ey 
=3ks?+3kA*—3ks* 
i.e. E =3kA° (1.48) 
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The total energy is constant throughout the 
cycle, and is independent of s. It is important 
to note that it is proportional to the square of 
the amplitude. These results are shown 
diagrammatically in Fig. 1.15. 

Similar results can be derived for all types of 
simple harmonic oscillators. In each case, for 
undamped simple harmonic motion, the total 
energy can be shown to be constant throughout 
each cycle, and can be shown to be proportional 
to the square of the amplitude. In some cases, 
such as a mass hanging on a spring, we must 
allow for gravitational potential energy, as well 
as spring potential energy and kinetic energy. 


Q 112 

A trolley of mass 2 kg is held between springs of 
force constant 20 N m~', mounted so that at 
equilibrium the springs are unstretched; it is set 
into oscillation with amplitude 20 cm. Calculate 
the spring potential energy, and kinetic energy, 
when the displacement is 0 cm, 10 cm and 20 cm 
and show that the sum of spring potential energy 
and kinetic energy is constant. Assume that energy 
is stored in the springs only when they are 
extended. 


The energy of ions in a crystal 


We can use our understanding of the energy of 
oscillations to explain certain properties of ions 
in a crystal. Fig. 1.16 shows the variation of the 
potential energy of an ion in a sodium chloride 
crystal as a function of r, which is the spacing 
between neighbouring ions. In this case, the 
graph is asymmetrical about the equilibrium 
position. The zero of potential energy has not 
been chosen to be at the equilibrium separation, 
but to be the potential energy when the ions 
are at an infinite separation. However, there is 
an ionic separation, ro, at which the amount of 


potential energy stored in the ions is a 
minimum, Up; in order to increase or decrease 
the separation more energy must be supplied 
and thus ro is the equilibrium separation. If the 
total energy is Uo, the ion has its minimum 
possible total energy—consisting of potential 
energy Uo and zero kinetic energy—and this 
corresponds in a simple theory to the absolute 
zero of temperature. It is equivalent to a trolley 
stationary in its equilibrium position between 
two springs. 

Energy was supplied to the trolley system by 
pulling the trolley to one side, and thus storing 
potential energy in the spring. When the trolley 
was released this potential energy was conver- 
ted into kinetic energy, and back again, as the 
trolley oscillated about the equilibrium posi- 
tion. The energy of the crystal can be increased 
by heating it; let us suppose that the total energy 
increases from Uo to U;. There is now sufficient 
energy in the system for the separation to be 
anything from ri to r{. At ri and r all the 
energy must be stored as potential energy but 
at intermediate separations there can be up to 
(U, — Up) as kinetic energy. We usually associ- 
ate the heating of the crystal with this possible 
increase in kinetic energy. 

In the case of the trolley we assumed that it 
oscillated about a mean position mid-way 
between the extreme displacements, and this 
mean position was also the trolley’s undisplaced 
position. However, as noted earlier, the vari- 
ation of potential energy with separation is not 
symmetrical about ro, and hence the new mean 
position, rı, is at a greater separation than ro. 
It is this fact which accounts for the expansion 
of solids with an increase in temperature. 

The argument above contains the simplifying 
assumption that the atoms are stationary at 
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Fig.1.15 The potential and kinetic energies of an oscillating trolley. 
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Fig. 1.16 The potential energy of an ion in a sodium 
chloride crystal. 


absolute zero. In fact this is not so; they have 
a zero-point energy whose existence can only 
be proved by quantum mechanics, as discussed 
in Section 11.5. 


1.5 Damping 


At the beginning of the last section we assumed 
that the energy of the oscillating system 
remained constant; everyday observation, 
however, tells us that this is not the case. A 
simple pendulum will not swing indefinitely; a 
trolley mounted between two springs will stop 
oscillating in a fairly short time, although a 
similar arrangement using a linear air track will 
keep going for longer. In each case, the ampli- 
tude of the oscillation decreases as the energy 
decreases, because the energy is proportional 
to (amplitude)*. The energy of the oscillation 
decreases because work is done against dissipa- 
tive forces, which cause other forms of energy, 
such as potential and kinetic, to be transformed 
into heat. 

These dissipative forces may be due to air 
resistance, or friction; the dissipative forces in 
the case of a mass hanging on a spring are partly 
internal, preventing the spring from being per- 
fectly elastic, and warming it gradually as the 
oscillations decrease in amplitude. 

This loss of energy is called damping and the 
examples given above are of natural damping, 
where the damping is inevitable and perhaps a 
nuisance, Frequently, however, we choose to 
provide artificial damping to reduce an unwan- 
ted oscillation. For example, damping is pro- 
vided by the ‘shock absorber’ of a car to reduce 
its oscillation after running over a bump, and 
the panels of a car are often sprayed with a 
special compound to reduce vibration, and 
hence the noise produced, as the car goes along. 
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The motion of a loudspeaker diaphragm is 
damped because the loudspeaker radiates 
sound energy; here the damping is caused by the 
useful function of the loudspeaker. 

Artificial damping sometimes takes the form 
of electromagnetic damping. This is illustrated 
in Fig. 1.17(a) where an aluminium sheet is 
attached to a simple pendulum so that it swings 
between the poles of a magnet. The motion of 
the sheet through the magnetic field induces 
eddy currents in the sheet. The resistive heating 
effect of these currents causes energy to be lost 
from the system and thus the oscillations are 
damped. The currents due to the induced e.m.f. 
in the coil of a moving-coil galvanometer act 
similarly to reduce the oscillations. Eddy cur- 
rents are also used to damp the oscillations of 
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a top-pan balance. The decreasing motion in 
each case can also be regarded from the point 
of view of the ‘motor-effect’ forces exerted on 
the induced currents by the magnetic field; 
these forces will act in such a direction as to 
oppose the motion causing them. 


Types of damping 


Damping may be investigated by attaching an 
inked brush to the end of a vibrating lath and 
pulling a length of paper underneath. Fig. 
1.17(b) shows that in this case the amplitude 
would undergo exponential decay ; this type of 
damping would also occur in the case of the 
oscillating trolley described earlier. If the 
wheels were taken off the trolley, so that there 
was merely a wooden block sliding over a rough 
surface, the amplitude would decrease in a fash- 
ion that was more nearly linear, as shown in 
graph (c). 

Detailed examination of the graph (b) reveals 
two features: 


(i) the motion is still closely isochronous; 
(ii) the ratio of successive maxima is almost 
exactly constant. 


These two results can be shown, by more 
advanced mathematical methods, to follow 
from the fact that the dissipative force is propor- 
tional to the velocity of the oscillator. This is 
generally true where damping is due to air 
resistance, the viscosity of a liquid or elec- 
tromagnetic induction. 


The constant ratio between successive 
maxima means that the dotted line in graph (b) 
must represent exponential decay. We have 
40_41_ a2 


ô= 


a e (1.49) 


where ô is called the decrement. The logarithmic 
decrement (logdec), A, is defined by the 
equation: 
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(a) Light damping 
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Displacement falls very slowly to zero 


(b) Heavy damping 


s/m 


Displacement falls very rapidly 
to zero but never becomes negative 


(c) Critical damping 
Fig. 1.18 
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i.e. ane (1.51) 


This is the equation for exponential decay. By 
analogy with radioactive decay, which is also 
an example of exponential decay, we might 
define the half-life as being the number of 
oscillations required for the amplitude to fall 
to one-half of its original value; the half-life is 
independent of the initial amplitude. 


Q 1.13 


A loaded test-tube oscillating in water loses about 
16/25 of its energy in each cycle. Draw a graph 
showing how its amplitude changes with time. 

Calc e the value of its logarithmic decrement 
and ce calculate its amplitude after twenty 
cycles if the original amplitude was 10 cm, 


If the damping is very much increased then 
there may be no oscillations at all, merely a 
very slow return to the equilibrium position. 
The condition under which the displacement is 
reduced effectively to zero in the shortest time 
is called critical damping. This time is usually 
rather more than a quarter of the undamped 
period. These various possibilities are shown in 
Fig. 1.18. 
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1.6 Forced oscillations and 
resonance 


A child’s swing will usually swing naturally with 
a period of about two or three seconds. We 
may attempt to set it in motion by taking hold 
of the ropes or seat and pushing regularly. 
However, if we do so several times in a second, 
the resulting amplitude is very small; similarly, 
if we push only every ten seconds, the amplitude 
will again be small. As every child knows, in 
order to set it swinging with a large amplitude, 
we must push every two or three seconds—in 
other words, at the swing’s own frequency. 

These three situations are all examples of 
forced oscillations, where we are trying to make 
a system oscillate by applying an external peri- 
odic force. The frequency of this applied force 
is called the driver frequency, and the frequency 
with which the system will oscillate naturally is 
called the natural frequency. The largest ampli- 
tude of oscillation is produced when the driver 
frequency is made equal to the natural 
frequency; the system is then said to be in 
resonance. 


REMAINS OF THE SUSPENSION BRIDGE AT ANGERS, AFTER THE LATE ACCIDENT. 


Fig. 1.19 226 soldiers died in 1850, when marching in step across the Angers bridge. (Reproduced, with permission, from the 


Illustrated London News.) 
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Examples of resonance in everyday life are 
common. The shaking of car body panels— 
judged by the resultant noise— is usually worst 
at one particular car speed, when periodic 
forces from the engine or road have the same 
frequency as the natural frequency of the 
panels. In the United States in 1940 the Tacoma 
Narrows suspension bridge collapsed when 
forces set up by wind eddies developed at the 
same frequency as the natural torsional 
frequency of the bridge; the short film of this 
disaster, mentioned in the bibliography, shows 
the build-up of the oscillations very clearly. An 
earlier disaster, shown in Fig. 1.19, occurred in 
1850 when five hundred French infantry men 
marched in step across the Angers suspension 
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bridge; when the bridge collapsed the men were 
plunged into a ravine and two hundred and 
twenty-six of them were killed. Currents in 
circuits containing capacitance and inductance 
will oscillate only at certain frequencies deter- 
mined by the components in the circuit; they 
will respond to a narrow band of input signal 
frequencies and are thus used as tuned circuits 
in radio receivers. 

Barton’s pendulum is one simple arrange- 
ment for the observation of resonance effects, 
A series of paper cones are suspended by light 
threads of various lengths from a horizontal 
string from which a heavy driving pendulum is 
also suspended; the length of the driving, pen- 
dulum is made equal to that of one of the driven 
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Fig. 1.20 Barton’s Pendulum. 
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pendulums. The arrangement is shown in Fig. 
1,20; each of the paper cones is weighted by a 
copper ring to decrease the relative effect of 
air resistance by increasing the weight of the 
cones. We shall discuss the effect on damping 
of air resistance later. 

Pendulum C has the same length as the driver 
pendulum, and, therefore, the same natural 
frequency; it develops a large amplitude of 
oscillation. The other pendulums have different 
natural frequencies and thus, although they do 
swing, the amplitudes are small. The surprising 
observation, however, is that only pendulums 
A and B are in phase with the driver; pendulum 
C is a quarter of a period behind the driver and 
D and E are half a period behind. Each of the 
pendulums A to E is undergoing forced oscilla- 
tions; only pendulum C is in resonance. The 
amplitudes and phase relationships are shown 
in diagrams (6) and (c); it is usual to represent 
them by the variation in amplitude and phase 
difference as the driver frequency is altered. 


Damping and Barton’s pendulum 


The driven pendulums experience forces due 
to air resistance as well as their weight; in the 
experiment described previously, air resistance 
was made relatively less important by increasing 
the weight of the paper cones with copper rings. 

In order to investigate the effect of increased 
damping these rings are now removed, and the 
resonance is found to be less pronounced; there 
is a smaller response from the driven pendulums 
over a wide range of frequencies instead of a 
large response over a narrow range. These 
results are shown graphically in Fig. 1.21; we 
see that because damping reduces the effective 
restoring force, the resonant frequency is 
slightly aitered, 

The amount of damping, and hence the 
sharpness of the resonance, is measured by the 
quality factor, Q. It is defined by: 


energy stored in the system 
at resonance 


Q=27 (1.52) 


energy lost per oscillation 
It can be related to the log dec of the oscillation: 


resonant frequency 


= a (1.53) 
2 x logarithmic decrement 
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Fig. 1.21 Damping and resonance. 
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and also to the sharpness of the resonance peak: 


resonant frequency 


oe (1.54) 
width of resonant peak 


The way in which the width of the resonant 
peak is defined is shown in Fig. 1.21(c). 

Thus, if there is no damping, and no energy 
is lost from the system, the quality factor will 
be infinite and the resonance infinitesimally 
narrow. A simple pendulum may have a Q 
factor of about 500, an oscillating hydrometer 
in water a Q factor as low as 10 and a piano 
string a Q factor of over 1000. Ina radio tuner, 
circuits are used to select a particular broadcast 
frequency for amplification and the Q factor 
here is often about 100; it is determined by the 
resistance, capacitance and inductance of the 
circuit. 

If the driven system is to oscillate with con- 
stant amplitude, the energy input from the 
driver must equal the loss through damping in 
each cycle. Thus, the rate at which the energy 
must be supplied is determined by the damping. 
We have assumed above that the driver oscilla- 
tions are maintained by an external supply of 
energy; if they decrease, complex interactions 
between the driver and driven pendulums 
occur. 


Molecular vibration spectra 


Resonance can occur on an atomic scale, just 
as it can occur on a macroscopic scale. It can 
be used to investigate the natural frequencies 
of atomic and sub-atomic systems; we measure 
the frequency at which the largest amount of 
wave energy is absorbed from an incident beam. 
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Fig. 1.22 The formation of molecular vibration spectra. 
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Fig. 1.22 shows that when white light is 
incident on a gas such as hydrogen chloride, light 
at particular wavelengths will have the same 
frequencies as those at which the molecules 
vibrate, and will therefore be strongly absorbed. 
Although this energy will be subsequently re- 
emitted when the molecules cease to vibrate 
only part of it will be re-emitted in the original 
direction and the intensity in the transmitted 
beam at this frequency is thus reduced. The 
detector will show a drop in intensity at the 
various frequencies at which this process 
occurs; the lowest frequency at which this 
occurs is in the infrared. From measurements 
of the resonant frequency we can determine at 


what frequency the atoms vibrate, and hence 
by using 
E; 
= — 1.28 
f 2r Ym ; ) 


we can determine the restoring force per unit 
displacement of the bond. 

Let us assume that the heavier chlorine atom 
remains stationary whilst the hydrogen atom 
vibrates, as though it were attached to it by a 
spring. The lowest frequency that is absorbed 
by HCI is 8.7x 10" Hz, in the infrared. The 


mass of the hydrogen atom is 1.7 x10 "kg, 
Hence 
bik 
Ima Vin 
k=4r°f m 
=4r*(8.7° x 107)(1.7 x 10-2”) 
=508Nm! 


Frequency/Hz 


For comparison, a typical 10 N spring-balance 

has a restoring force per unit displacement of 

100Nm', and a thin steel rod, of cross- 
~ 2 

sectional area 1 mm“ and length 1m, has a 

restoring force per unit displacement of 

2100 N m ' in tension or compression. 


1.7 Addition of simple 
harmonic motions 


Lissajous’ figures 


It is sometimes the case that an object will be 
subject to two oscillations at once; we will con- 
sider here the example where these constituent 
oscillations are at right angles. In an arrange- 
ment known as Blackburn’s pendulum, a mass 
M swings at right angles to the plane of Fig. 
1.23(a) as a pendulum of length BM, and as a 
pendulum of length DM in the plane of the 
figure. The motion of M can be observed if it 
is a sand-filled funnel leaving a pattern in a 
large tray; in general, the pattern produced will 
have a number of loops and the arrangement 
of these depends upon the ratios of the frequen- 
cies of the two oscillations, as shown in Fig. 
1.23(b) 
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Fig. 1.23(c) shows the patterns obtained with 
identical constituent frequencies. In general, the 
shape is an ellipse but if the oscillations are in 
phase, or m radians (180°) out of phase, a 
straight line is produced. In the case where the 
oscillations are 7/2 radians (90°) out of phase, 
a circle is produged if the amplitudes of the 
oscillation are equal. 

It is possible to explain these results by apply- 
ing the idea of a reference circle that was used 
earlier; SHM along a straight line can be regar- 
ded as the projection onto a diameter of a point 
moving round a circle. A particle subject to two 
simultaneous sHMs must lie on the projection 
onto one line of points moving round two circles 
simultaneously. The technique is shown in Fig. 
1.24 and the reader is advised to study these 
diagrams carefully, and to construct others, as 
in the question below. 

Lissajous’ figures may be observed more con- 
veniently on a cathode ray oscilloscope. One 
frequency is connected across the X-plates and 
one frequency across the Y-plates, and the spot 
will then move in patterns such as those in Fig. 
1.23. This method can be used to compare 
electrical frequencies; a more detailed dis- 
cussion is given in Bennet, Electricity and Mag- 
netism, p. 232. 
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Q 1.14 
Construct a Lissajous’ figure for each of the 
following cases as shown below: 


(a) frequencies and amplitude identical: 90° out of 
phase; 

(b) frequency ratio 2:5, amplitude identical: 90° 
out of phase. 


Fourier synthesis 


It is important to remember, as was mentioned 
in the introduction, that there are many oscilla- 
tions that are not simple harmonic; a ball rolling 
on a V-ramp is one example. Fourier, a French 
mathematician, showed that any such complex 
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Fig. 1.24 The construction of Lissajous’ Figures. 
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oscillation could be considered as the sum of a 
whole series of oscillations, each of which was 
simple harmonic; in other words, any repetitive 
function can be represented by the sum of a 
series of components such as 
Aot+Ay cos 27ft+A2 cos 4aft 

+A,cos6aft+... 

+B, sin 2rft + B2 sin 4aft 

+B3sin 6rft+... 
The frequencies present are thus a fundamental 


frequency f, and its harmonics 2f, 3f, etc. Fig. 
1.25 shows the first three such trigonometric 
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Square wave A = Ao (sin 2nft + } sin 6rft+ 3 sin 10rft+ 


Fig. 1.25 The Fourier synthesis of a square wave. 


Bibliography 29 


1% loops 


Fig. 1.24 (continued) 


components required for a square wave, and in 
the third diagram we see the sum of these 
components and we see that, even with only 
three such components, it is a reasonable 
approximation to the required square wave. At 
any instant the actual displacement is the alge- 
braic sum of the displacement due to each com- 
ponent. 

Much of the importance of simple harmonic 
motion is due to the fact that those oscillations 
which are not themselves simple harmonic can 
be expressed as the sum of a number of oscilla- 
tions which are; thus, simple harmonic motion 
is fundamental to all oscillation. 


Q 1.15 
Construct the wave of which the following are the 
components: 


(i) a sine wave of frequency f and amplitude Ay; 
(ii) a sine wave of frequency 2f and amplitude 
—A,/2 (i.e. out of phase with (i) at £ = 0); 
(iii) a sine wave of frequency 3f and amplitude 
A)/3. 
What is this waveform called and in what 
laboratory instrument is it used? 
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Software Pack, ‘SHM’; shows the relationship 
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System, ‘OSCIL’; enables a variety of undam- 
ped, damped and forced oscillations to be 
considered graphically, with a range of para- 
meters input by the student. 
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Wave motion 
2.1 Waves 


In the first chapter of this book, we considered 
the physics of oscillations, and we saw that they 
could act as sources of waves. In the next three 
chapters, we will examine the phenomenon of 
wave motion, considering the way in which 
waves are transmitted and also what happens 
when they meet. 

Waves carry energy and may be capable of 
great destruction. If an earthquake, or other 
submarine disturbance, takes place at sea, tidal 
pulses or tsunamis are formed and travel at 
speeds of up to 800 kilometres an hour, trans- 
mitting energy which may cause enormous 
damage when they reach land. Tsunamis gener- 
ated in the Aleutian Trench near Alaska on 
April 1st, 1946, later swept the town of Hilo, 
in the Hawaiian Islands—costing 159 lives and 
$25 million damage in property; the waves had 
travelled 3200 kilometres from their point of 
generation in about 4 hours. We know, 
however, that although vast amounts of energy 


clearly travelled along with these tsunamis, no 
water at all made the long journey from Alaska 
to Hilo. 

This last point may also be observed by 
watching a ship at sea riding out a heavy storm. 
There will be only a slight to and fro movement 
and the main motion of the ship will be up and 
down as the waves pass underneath. The ship— 
and the water—will be in roughly the same 
place when the storm has finished as they were 
when it began. 

Thus, there is clearly a difference between 
the motion of objects and the motion of waves. 
An object and its kinetic energy are transmitted 
together from one place to another whereas, 
in the case of a wave, although considerable 
temporary disturbance of the medium may be 
caused as the wave or pulse passes, there is no 
permanent displacement afterwards. 

Wave physics is of great importance to us for 
a number of reasons. In the first place, it enables 


Fig. 2.1 The caption in the top left-hand corner of this print by Hokusai, the 19th-century Japanese print-maker, reads: ‘The 


crest of the great wave off Kanagawa’. 


32 Wave motion 


jpn 
merret! Bae hte 


Fig. 2.2 The generation and transmission of a transverse 
pulse along a spring. 


us to understand better various physical 
phenomena such as the propagation and 
properties of light and radio waves. Secondly, 
there are many examples of wave motion that 
are of practical importance, such as the effect 
of sea waves on ships and on the coast line. 
The study of earthquakes and the waves pro- 
duced by them, both directly in the earth and 
at sea as tsunamis, can help us to minimize the 
damage they cause as well as teaching us about 
the structure of the earth. The wave properties 
of radar are important in navigation, especially 


when applied to systems such as the widespread 
Decca and Loran chains of transmitters 

The theoretical study of waves is of value 
because all types of wave motion have certain 
basic properties and share essentially similar 
mathematical treatments. Thus, ing 


obtained certain results by the analysis of one 


type of wave motion, we may apply those results 
to a wide range of other situations. 

2.2 Simple wave systems 

The continuous oscillation of a source will 
produce a series of waves; one half oscillation 
will produce a pulse. If we hold the end of a 


stretched spring and move it up and down once, 
a pulse travels along the spring as shown in Fig. 
2,2. 

We see that each point on the spring follows 
the same kind of motion as its end, but at a 
slightly later time. When the end of spring 
is moved upwards by my hand, this causes the 


next bit of the spring to be moved upwards as 
well; this process is repeated at each point along 
the spring. We say that the pulse moves along 
the spring; when the pulse has passed a given 
point, however, the spring is in exactly the same 
position as it was at the beginning—it has not 
moved from left to right with the pulse. The 
motion of a particular point on the spring can 
be seen clearly in Fig. 2.3, because a piece of 


white material has been attached to it 

As the motion of this point on the spring is 
at right angles to the direction of motion of the 
pulse, the pulse is said to be transverse. If my 
hand is moved up and down repeatedly, as in 
an oscillation, then a succession of identical 
pulses is sent out which is called a transverse 
wave motion. When transverse waves are propa- 
gated through a solid elastic medium, such as 
the earth’s mantle, they are called shear waves, 
since they bend, or shear, the mantle. There is 
a more detailed discussion of earthquake waves 
in Section 3.7. 

A second type of wave motion can be caused 
by oscillations along the direction of motion of 
the pulse as illustrated in Fig. 2.8 on page 36. 
Again we can see how the motion of each 
trolley and of the source are exactly similar but 
at different times, and how a pulse is transmitted 
along the spring. When the motion of the 


Fig. 2.3 The piece of ribbon shows the motion of a point 
on the spring; it moves up and down as the pulse passes, 
but does not travel in the direction of motion of the pulse. 
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medium is in the same direction as, or opposite 
to, the motion of the pulse, the pulse is said to 
be longitudinal; again, a succession of identical 
pulses is called a longitudinal wave motion. 
Sound waves in air are a well known example 
of longitudinal wave motion; the air molecules 
have alternately a smaller and larger average 
spacing than normal. 

A third variant of wave motion involves tor- 
sional oscillations. Fig. 2.4 represents a series 
of horizontal bars connected by a taut wire; 
when the end bar is rotated the torsion in the 
connecting wire causes the other bars to rotate. 
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State which of the following wave motions are 
transverse and which are longitudinal: 


radio waves, 

sound waves in a solid, 

waves on a violin string, 

light, 

sound waves in a bassoon tube. 


2.3 The description of a wave 


The motion of one point in the medium through 
which a wave passes may be described by a 
displacement-time graph, as explained for the 
motion of an oscillator in Section 1.1. Fig. 1.1 
shows what is meant by period, T, and 
amplitude, A; the same equation as before can 
be used to relate the period of a wave motion 
to its frequency f: 


f=1/T (1.1) 


The frequency of a wave motion is the num- 
ber of complete oscillations carried out by a 
point in the medium in each second which is, 
of course, also the number of waves passing the 
point per second. The frequency of the wave 
motion will be equal to the frequency of the 
oscillation causing it. 

The velocity of a wave, c, is the distance 
travelled by a particular crest or trough per 
second, measured in metres per second. Because 
the wave is moving through the medium the 
displacement at a given time will vary from place 
to place and this variation is shown by a displace- 
ment-distance graph such as that in Fig. 2.5; in 
this case the source is undergoing simple har- 
monic motion and the waveform is sinusoidal. 
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Fig. 2.4 A torsional pulse. 


As shown in Fig. 2.5, the wavelength of a 
wave is the distance between any two successive 
points undergoing simultaneous . identical 
motion; these may be two crests, two troughs 
or alternate zeros as shown. It is measured in 
metres. 

If we consider a source beginning to emit 
waves we can derive an equation connecting 
their velocity, frequency and wavelength. After 
a time ¢, it will have emitted ft waves, since f 
waves are emitted in each second. The first 
wave has moved forwards to leave room for 
each of these waves and, since each wave is of 


Distance, x/m 


Displacement, s/m 


Fig. 2.5 


length A, the first wave has moved a distance 
ftà. Now 

A distance travelled 

velocity = —————— 
time taken 


i.e. v=fa (2.1) 


This is analogous to saying that the speed at 
which a man walks is equal to the number of 
strides per hour, multiplied by the length of 
each stride. 

If the wave is a longitudinal wave, the 
wavelength is still defined as the distance 
between two successive points executing iden- 
tical motion simultaneously, and the amplitude 
is the maximum displacement each particle 
experiences. Where the particles of a medium 
are closer together than usual, there is said to 
be a compression; where they are further apart 
there is said to be a rarefaction; longitudinal 
waves are, therefore, sometimes referred to as 
compression waves. 

A compression wave is shown in Fig. 2.6. It 
is still possible to plot a graph showing how the 
displacement of the particles from their undis- 
turbed position varies with distance or time, as 
shown in the lower half of Fig. 2.6; a positive 
displacement represents a movement of a par- 
ticle to the right. It is important to remember 
that the graph is not a ‘picture’ of the wave in 
the same way as it is for transverse waves. 

Two waves might have identical amplitudes 
and frequencies, but be of different shape. The 
shape of a wave is called its waveform; sine, 
square and sawtooth waveforms are illustrated 
in Fig. 2.7. A sine wave is emitted by a source 
whose oscillations are simple harmonic and it 
is sometimes called a simple harmonic ot 
sinusoidal wave. 


Fig. 2.6 compression wave. 
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Fig. 2.7 Different waveforms. 
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If the waveform does not repeat itself but 
follows a random pattern, it is referred to as 
noise, such random fluctuations are always 
generated in electrical circuits and cause, for 
example, the background ‘hiss’ in a radio. 


Q 22 
The speed of electromagnetic waves is about 
3.00 x 10 ms 


(a) What is the wavelength on which BBC Radio 
London broadcasts if its frequency is 
94.9 MHz? 

(b) Channel 62 television (u.h.f.) broadcasts at 
800 MHz. What is its wavelength? 

(c) Red light has a wavelength of about 
7x107 m. What is its frequency? 

(d) X-rays have a wavelength of about 10`" m. 
What is their frequency? 

(e) Sound has a velocity in air of 3.3 x 10°m s 
The lowest note on a bassoon has a frequency 
of about 65 Hz. What is its wavelength? 

A bassoon is 2.54 m long; approximately how 
many wavelengths is this? 


1 


2.4 A model for longitudinal 
waves 


It is convenient to begin our detailed discussion 
by considering longitudinal waves, and the 
propagation of a wave is seen more easily by 
considering a system of point masses. We shall 
examine a system consisting of trolleys linked 
by springs as this can be demonstrated easily 
in the laboratory. A system like this is called a 
‘lumped-mass’ system; in fact, although it is 
easier to visualize the process of wave propaga- 
tion in such a system, a full analysis is more 
complex than for continuous systems. The 
analysis of the velocity of propagation given 
later in this section makes a number of simplify- 
ing assumptions, and applies only in cases where 
the wavelength is very much larger than the 
spacing; it does, however, suggest a method 
suitable for continuous media, which is dis- 
cussed in Section 2.5. 

We consider, then, a row of trolleys which 
are linked by springs. When the end trolley is 
moved backwards and forwards in an oscillation 
a longitudinal wave is generated, as shown in 
Fig. 2.8; if the wave is to be of sine form, the 
oscillation must be simple harmonic, and this 
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a line of trolleys. 


of a longitudinal pulse down 


Fig. 2.8 The transmission 


is the case we shall choose to discuss. In the 
diagram, the trolleys are represented by black 
rectangles. 

The sinusoidal motion of the end trolley, 
number 1, is seen to repeat itself after successive 
time intervals T, the period of the oscillation. 
At times 0, T, 2T and 3T it has zero displace- 
ment but is moving with maximum velocity to 
the right; at times T/2, 37/2, 57/2 it also has 
zero displacement and maximum velocity, but 
this time directed to the left. 

When trolley 1 moves to the right, it com- 
presses the spring between trolley 2 and itself 
and thus trolley 2 also begins to move to the 
right; this is seen in the second two lines. In 
the fourth line, trolley 1 has started to move in 
the opposite direction, slowing down trolley 2 
which has by this time begun to push trolley 3 
to the right. In this way, each trolley exerts a 
force varying in a sinusoidal way on the trolley 
adjacent to it, and each trolley thus oscillates 
with simple harmonic motion about its equi- 
librium position. After a time T trolley 9, one 
wavelength from trolley 1, has just begun to 
move exactly in step with number 1; the motion 
of two trolleys one wavelength apart must, of 
course, by definition be identical. The ‘vertical’, 
sinusoidal lines show how each trolley executes 
the same motion, a little bit out of step with its 
neighbour. 

After a time 7/4, trolley 1 is at its maximum 
forward displacement, in the direction of 
motion of the wave, and this is labelled F; the 
diagram shows how each trolley in turn attains 
its maximum forward displacement and F, 
moves along the line, reaching a point A away 
after a time 57/4. Similarly trolley 1 reaches 
its point of maximum backwards displacement 
after a time 37/4, labelled Bı; Bı also moves 
along the line taking a time T to travel distance 
A. Later instants of maximum displacement F2, 
e and Bo, B3 are also shown moving down the 
ine, 
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We may, however, consider a longitudinal 
wave from a compression, rather than a dis- 
placement, point of view. Thus, when trolley 1 
is initially moved to the right it compresses the 
spring between 1 and 2; this has been labelled 
compression 1, or C;. As trolley 1 slows down, 
and trolley 2 begins to move, the spring between 
2 and 3 becomes similarly compressed instead; 
the compression has moved along the row. The 
diagram shows how C, moves along the row, 
reaching trolley 9 after one period has elapsed; 
trolley 1 is now creating a second compression, 
C2. Thus every T seconds a compression is 
created which travels a distance A in the next 
T seconds. 

Ata time 7/2, trolley 1 is moving to the left 
with maximum velocity and this creates a 
maximum extension of the spring between 1 
and 2; this is labelled rarefaction 1, or Rj. It 
can be seen that R; also travels a distance A in 
a time T, after which a further rarefaction is 
created. Thus we see how a longitudinal wave 
consists of alternate compressions and rarefac- 
tions moving through the medium. 

The diagram shows that in a distance A there 
will be one compression, one rarefaction and 
two points of normal spacing. From a displace- 
ment point of view, there will be one point of 
maximum forward displacement, one point of 
maximum backward displacement and two 
points of zero displacement. The relationship 
between these is set out in Table 2.1; the 
velocity of the trolley is also given. 


We have already seen, in Section 1.2, that an 
oscillator is moving at maximum speed when it 
is passing through the position of zero displace- 
ment, and this must obviously be true also for 
wave motion. Table 2.1 shows that for a longi- 
tudinal wave maximum compressions and 
rarefactions occur at points of zero displace- 
ment; in continuous media the variation in 
spacing corresponds to changes in density or 
pressure. 


Table 2.1 

Point Spacing Displacement Velocity 

C compression zero b maximum to right 
F normal maximum to right zero 

R rarefaction zero maximum to left 
B normal maximum to left zero 
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These relationships may also be represented 
in graphical form; the displacement-distance 
and spacing-distance graphs are just two ways 
of looking at the same phenomenon. The sym- 
bols used in Fig. 2.9 are the same as those in 
Table 2.1 and in Fig. 2.8; the graphs correspond 
to a time of 77/4. It is important to note that 
displacement Bı, which has travelled further, 
was generated before displacement Bo. 
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Draw compression-distance and displacement- 
distance graphs for the trolleys in Fig. 2.8 at a 
time 57/4. Draw also compression-time and 
displacement-time graphs for trolley 6. In each 
case show the actual positions of the trolleys 
underneath and mark positions C, R, F and B. 


As velocity is rate of change of displacement, 
the reader familiar with the calculus should 
understand how to derive the velocity column 


4 
Displacement 


To right 
B2 


of Table 2.1 mathematically. If 
_ax 
~ dt 


then when x, the displacement, is a positive or 
negative maximum, the velocity, v, will be zero, 
Thus the velocity is equal to the slope of a 
displacement-time graph but it is nor equal to 
the slope of a displacement-distance graph 

We shall see in Section 2.10 that the motion 
of a trolley undergoing wave motion can be 
described by the equation: 


v 


y =A sin 2nf(t—x/c) (2.2) 
The velocity of the trolley is given by: 
dy z ” 
v sy 2nfA cos2af(t—x/c) (2.3) 
Thus, the velocity of the trolley will be a 
maximum [cos 27f(t—x/c)=1] when the dis- 


B, 


To left 


A 
Pressure 


Compression 


> 
Distance 


By 


Rarefaction 


Position at time 27 


> 
Distance 


aa een 


Undisturbed position 


Fig. 2.9 Displacement-distance and pressure-distance graphs for a longitudinal wave. 


placement is zero, [sin 2af(t—x/c)=0], and 
vice versa. 


The velocity of longitudinal waves in a 
‘Iumped-mass’ system 


A rigorous calculation of the velocity of the 
waves down a row of linked trolleys, as 
described above, is complex. Waves of different 
frequencies will travel at different speeds and 


there will be an upper limit to the frequency 
that can be propagated through a given system. 
However, we shall derive an approximate 


expression for the velocity because it is easier 
to visualize the method of calculation than in 
the c 1uous-mass case, and because the 
derived result can be tested in the laboratory 


by a simple method. We assume that the 
velocity of a wave, which is a succession of 
pulses, is the same as that of single pulses; if 


waves are propagated unchanged this must be 
the case 
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The trolleys are free to move along the line 
of the springs, as shown in Fig. 2.10, and they 
are so placed initially that there is no tension 
in the springs, which are therefore at their 
natural length. The distance between the 
centres of the trolleys is x and we shall refer 
to this as the spacing. It is, of course, equal to 
the sum of the natural length of the spring and 
the length of the trolley as shown. The spacing 
between the trolleys may be altered either 
by pushing them suddenly closer together, in 
which case a compression pulse is transmitted 
down the line, or by pulling them further 
apart, in which case a rarefaction pulse is trans- 
mitted. 

The pulse that we shall consider is caused by 
a constant force being applied to the end trolley, 
which is made to move; it will cause each trolley 
in turn to move to the right with constant 
velocity. As the springs become more com- 
pressed they will exert a larger force on the 
trolleys on either side; the size of this force is 
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Fig. 2.10 A compression pulse moving along a line of trolleys. 
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given by Hooke’s law which states that: 


force exerted change in length 
pried, ( . (1.5) 
by spring of spring 


where k is the restoring force per unit dis- 
placement. 

When unequal forces act on a trolley it will 
accelerate in the direction of the resultant force; 
this will be the case for trolley 1 in diagram (b), 
for trolley 2 in diagram (c), and so on. In 
diagram (b) the unbalanced force is the applied 
force, and in the later diagrams it is due to the 
compression of the spring to the left of the 
trolley being accelerated. 

As each trolley is accelerated in turn the 
spring to the right of it is compressed until the 
forces acting on the trolley become equal; this 
is the case for trolley 1 in diagram (c), for 
trolleys 1 and 2 in diagram (d), and so on. As 
the resultant force on these trolleys is now zero 
they move at constant velocity without further 
acceleration. 

Thus each trolley in turn is accelerated to a 
constant velocity, v, and in diagram (e), for 
instance, the first four trolleys have been accel- 
erated to this velocity and the fifth is in the 
process of being accelerated. Thus the pulse 
has travelled a distance 4x in the time between 
diagrams (b) and (e); to find the velocity of the 
pulse we divide the distance travelled, 4x, by 
the time that has elapsed. The velocity of the 
pulse, c, will be greater than the velocity of the 
individual trolleys, v. 

In general, let us consider the pulse travelling 
a distance ct in a time t; in the same time the 
first trolley will have travelled a distance vt. As 
the trolleys are a distance x apart to begin with, 
the number of trolleys which are now moving 
with a velocity, v, must be given by: 


E distance travelled by pulse 
trolley spacing 


ct 
== 
x 


ie. (2.4) 


If each trolley is of mass m the total momentum 
of the moving trolleys will be given by: 


total momentum = 7 (mv) 


‘CE 
= Sunt) from (2.4) 


By Newton’s second law of motion we know 
that: 
force = rate of change of momentum 


change in momentum 


time 
t , 
F= ct mv/x 
t 
ie F= = (2.5) 


This is the size of the force required to acceler- 
ate the trolleys, but it can also be related to the 
compression of the springs by Hooke’s law: 


force exerted _ (ee in | (1.5) 


by spring of spring 


The change in length of one spring can be 
calculated from the total change in length of 
all the springs, which must be equal to the 
distance moved by the first trolley, vt. 


change in length _ total change in length 
of each spring number of trolleys 
accelerated 
vt 
=— from (2.4) 
ct/x 


vtx 


ct 
Ux 


c 


force applied _ force exerted 
to trolleys by spring 
kvx 
= from (1.5) 
c 


Thus, from equation (2.5) we have: 


ee Kox 
© g 
which gives: 
5 kee 
= 
m 
ReneS (2.6) 


m 


It is most important to realize that the 
velocity that is calculated in Equation (2.6) is 
that of the pulse along the line of trolleys, and 
not the velocity of the individual trolleys. 


The above argument contains certain sim- 
plifying assumptions about the transmission of 
the pulse. We have assumed that when the pulse 
has reached trolley 5 all the trolleys to the left 
of it are moving at velocity v and all the trolleys 
to the right are stationary. In fact, observation 
shows that trolley 5 will have begun to move 
before some trolleys to the left have attained 
their maximum velocity and that some trolleys 
to the right will have begun to move before 
trolley 5 has reached its maximum velocity. 
However, in terms of the momentum that has 
been acquired these two effects will tend to 
cancel out and if the number of trolleys is large 
it will only involve a small fraction of the total 
number. When a succession of pulses, making 
up a wave motion, is transmitted the wavelength 
must be much larger than the spacing of the 
trolleys for the equations derived above to 
apply. 

We have also assumed that Hooke’s law may 
be applied. We know that it may be applied to 
the trolleys and springs provided that the com- 
pressions are not too large and will consider in 
Section 2.6 whether it may be applied to the 
case of atoms in a solid. 


Measurement of the speed of a compression 
pulse down a line of trolleys 


An experiment which can be used to test the 
result derived above is shown diagrammatically 
in Fig. 2.11 (a). The 1 kHz pulses pass through 
the dual gate only when the end trolley and the 


1kHz oscillator Dual gate 


(a) Measurement of the speed of a pulse on a line of trolleys 


Fig. 2.11 


Digital read-out 
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large mass are in contact; the pulses are counted 
and the digital read-out thus displays the con- 
tact time in units of 10° s. 

When the trolley strikes the mass, the other 
trolleys continue to move towards it, until the 
compression pulse has reached the far end of 
the line; their motion then reverses starting with 
the furthest trolley and eventually the trolley 
that originally struck the mass is pulled away 
from it and the contact is broken. During the 
time for which the trolley and mass were in 
contact, the pulse travelled twice the distance 
to the furthest trolley; this is a distance (2 X 3x). 

The velocity with which the pulse moves is 
calculated from the distance travelled and the 
time taken. It may be compared with the value 
predicted by Equation (2.6). The mass and 
trolley spacing are measured directly; the value 
of k, the force per unit displacement, is obtained 
by extending one of the springs with a spring- 
balance. 

The same principle is used in an experiment 
to measure the velocity of sound in a rod, 
described on page 43. 


Q 24 

In the experiment described above, four trolleys 
are used and the distance 3x is found to be 

110 cm. Pulses are supplied to the digital read-out 
at 1 kHz and during the time for which the trolley 
and mass are in contact, the counter reaches an 
average reading of 1297. 


(a) Calculate the speed of the pulse down the line 


of trolleys; 


Digital read-out 


— 
T 


100kHz Dual gate 


oscillator 


(b) Measurement of the speed of a pulse down a rod 


42 Wave motion 


(b) calculate the theoretical value of the pulse 
speed from Equation (2.6). The mass of a 
trolley is 1.85 kg; a force of 4.5 N is required 
to stretch each spring by 10 cm. 


2.5 Longitudinal waves in 
continuous systems 


In the preceding section we discussed how a 
wave is propagated down a line of trolleys. We 
saw that the motion of the end trolley affected 
the motion of the second and so on, with the 
result that a pulse was propagated down the 
line. This method was used to derive an 
expression for the velocity of a pulse down the 
line; in this section we shall use a similar method 
to derive an expression for the velocity of a 
pulse through a solid bar. As before, we shall 
assume that the velocity of propagation is the 
same in the case of a sinusoidal wave as it is in 
the case of the square pulse. 

We consider the pulse formed by applying a 
constant force F to the left-hand end of a solid 
bar in such a way that it makes successive sec- 
tions move at a constant velocity; the bar is 
considered to be made up of segments as shown 
in Fig. 2.12. The cross-sectional area of the bar 
is represented by A. 

The end of the bar is set into motion by the 
applied force and moves to the right with 
velocity v. This causes the next portion of the 
bar to move to the right as in the case of the 
trolleys. Let us suppose that after a time t the 
furthest point along the bar that is set into 
motion by the pulse is at Q; this corresponds 


Fig. 2.12 


to trolley number 5 in Fig. 2.10. If c represents 
the velocity of the pulse then the distance tray- 
elled by the pulse must be cr, whereas the 
distance moved by the end of the bar is vt; 
from the diagram we see that the distance 
travelled by the end of the bar is of course less 
than that travelled by the pulse. 

The effect of this pulse in the bar is to com- 
press the length PQ into P'Q; the amount of 
compression is therefore PP’. 


Hence change in length 


strain = —— 
original length 


= — from the diagram 


Å Esa v 
Le, strain in bar = — 
c 


However, the length of the bar PO has now 
been given a velocity to the right equal to v. If 
the density of the bar is represented by p we 
have: 

mass of PQ = ctAp 


momentum of PQ = ctApu 
By Newton's second law: 


increase of 
momentum 
force = ——_——_—_ 
time 
_ ctApv 
t 
ice. force = cApv 


force 


But stress = 
area 


_ cApv 
A 
ie. stress = cpv 


By the definition of the Young modulus, E, we 
have: 


stress 
E= 


strain 
cpv 
v/c 


a 


i.e. E=c'p 
>B 
c“ => 
p 
E 
c=\= (2.7) 
p 


The measured value of the Young modulus 
for steel is 2.0X10''Nm ® and its density is 
7.8X10°kgm >. 


E 
EN oa 

P 

20" 

7.8 10° 

=5.1x10° ms” 

The velocity of a compression wave in steel 
quoted from the same data book as the values 
above is also 5100ms_'. As in the case of 
the trolley system we assume a wave motion to 
be made up of a succession of pulses and to 
travel with the same speed as one of them. 
Q 25 
The velocity of sound in an aluminium rod is 
found to be roughly the same as in a steel rod, 
and its density is 2700 kg m™°. Calculate an 
approximate value for the Young modulus of 


aluminium 


Measurement of the speed of sound in a rod 


The method for this experiment is almost the 
same as for the measurement of the speed of 
a pulse along a line of trolleys. In principle, a 
rod is swung against a large mass and the time 
for which they are in contact, which is equal to 
the time that it takes for a pulse to travel to 
the far end of the rod and back, is measured. 
In practice, it is easier to hit the end of the rod 
with a hammer, as shown in Fig. 2.11(6); the 
two experiments are shown in the same figure 
to emphasize the similarity of the techniques. 
As the time interval measured is much smaller 
than with the line of trolleys, the oscillator must 
produce pulses at intervals of 10° s (100 kHz) 
instead of 10° s (1 kHz). 


Q 26 
In an experiment to measure the velocity of sound 
in an aluminium rod of length 50.5 cm, the 
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average number of 100 kHz pulses counted is 24. 
Calculate the velocity of sound in the rod. 


2.6 An atomic model for 
sound waves in a solid 


It is possible to discuss the transmission of 
sound through a solid in terms of the vibrations 
of atoms; these atoms experience attractive and 
repulsive forces whose sizes depend upon the 
displacement of the atom from its equilibrium 
spacing. There is, therefore, an analogy with the 
line of trolleys where the springs exert a force 
both when extended and when compressed. The 
velocity of a wave through a block of steel we 
have seen to be about 5x 10° ms ' and even 
for a frequency of 1 MHz the wavelength will 
be 5 mm, which is very much greater than the 
interatomic spacing. We thus expect that the 
result derived above for the line of trolleys: 


c=x y= (2.6) 


can be applied to the waves in steel. 


Wave 
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Rarefaction Compression Rarefaction 
(a) 

Area A 


A 
Effective area À I 


of atom x? H 


Fig. 2.13 (a) A longitudinal wave moving through an array 
of atoms. (b) A simplified model of the stretching of a solid. 
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A block of steel consists of a large number 
of rows of atoms side by side and we must 
assume, for our much simplified calculation, 
that each row behaves like an independent line 
of trolleys. If the direction of the wave were 
not parallel to the rows of atoms, the motion 
would have to be resolved into two components, 
One parallel to the rows and one parallel to the 
columns of atoms, Fig. 2.13 (a) shows how a 
wave can pass through an array of atoms with 
a periodic alteration in the spacing of atoms in 
the direction of propagation. 


To develop an atomic model for the speed 
of sound waves in a solid we need to relate the 
applied force to the interatomic forces; we 
assume that these obey Hooke’s law so that we 
would expect the Young modulus for the sample 
as a whole to be related to the force per unit 
displacement, k, for the interatomic forces. In 
the analysis below we will see what this relation- 
ship is, and hence derive an expression for the 
velocity of sound waves in a solid in terms of 
microscopic parameters. 

Let us, therefore, consider steel to consist of 
atoms spaced a distance x apart; Fig. 2.13 (b) 
shows a force F applied to a layer of atoms of 
area A, so that the spacing between the layers 
increases from x to x +Ax. 

Now if the atoms are a distance x apart the 
number, n, in the layer of area A will be given 
by: 

-4 
n p 
since one atom effectively occupies an area of 
x“, as shown in the diagram, 

Therefore, if F is the force exerted on the 
whole area, and F the force exerted on each 
atom we have: 


F=nF 
A 
he: F=(S)F (2.8) 


We have assumed that interatomic forces are 
only significant between an atom and its nearest 
neighbour and have, therefore, ignored forces 
between other pairs of atoms. The Young 
modulus, E, is defined by: 


E =stress/strain 
_ FA 
Ax/x 


AF/x°A 
Hence E= aria a from (2.8) 
Ax/x 
F 
i.e. E =—— (2, 
i.e TAR 9) 


However, if k is the force per unit displacement 
for interatomic bonds, we may write Hooke’s 
law for a bond in the form: 


F=kAx 
We therefore have: 
kAx 
E =— from (2.9) 
x Ax 
: k 
i.e, E=- (2.10) 
x 
Before the force was applied the atoms were 
each occupying an effective volume of x*. In a 
volume of 1 m° there would therefore be 1/x 
atoms; if each atom was of mass m the total 


3 
mass would thus be m/x°. Hence 


density, p = mass/volume 


_m/x? 
a 
. r 
i.e. p=4 (2.11) 
x 
If we now substitute from Equations (2.10) 


and (2.11) into the equation for the velocity of 
a compression wave in a solid (2.7), we obtain: 


= E 9 
c= v (2.7) 
me 76: 
= m/x* 
ax! jee 
Vim 
i.e. € =x (2.6) 


This is the same equation as that obtained for 
the velocity of a wave down a line of trolleys. 

Thus, the velocity of sound waves in a solid 
may be calculated either from a knowledge of 
macroscopic parameters, such as the Young 
modulus and density, or from microscopic para- 
meters, such as k, x and m. The high velocity 
of sound in a substance such as steel can be 
regarded as a consequence of its high Young 


modulus or of the high force per unit displace- 
ment of the interatomic bonds; these two 
properties are, of course, related by Equation 
(2.10): 


E=k/x (2.10) 


We showed in Section 2.5 that the velocity 
of sound in steel is about 5100 ms ' and since 
the interatomic spacing, x, is 2.5 x 107'° m and 
the mass, m, of a steel atom is 9.3x 10° kg 
we have 


k 


c=x\/— (2.6) 
m 
ie k= em 
x 
_ ($100)? (9.3x 10 *°) 
E (2.5 x 10 1°)? 
=38.7Nm' 


Note that the value of k for steel is the same 
order of magnitude as the value of k for the 
springs used in the trolley experiment, quoted 
in Q1.9 on page 14. 

The argument used above is based on a cubic 
picture of the structure of steel but, by using 
more complicated mathematics it can be 
applied to other structures. A more detailed 
discussion will be found in books on the struc- 
ture of materials such as Kittel, Introduction to 
Solid State Physics. 


Q 27 

The velocity of sound in a copper rod is 

3813 ms‘; the mass number of copper is 63.6 
and the interatomic spacing 2.55 x 107" m. Use 
Avogadro’s number, 6 x 10° mol”', to calculate 
the mass of a copper atom and hence find the 
restoring force per unit displacement for the bond 
between two copper atoms. If a piece of copper 
wire is joined to an identical piece of steel wire 
and a force applied, what will be the ratio of the 
extension of the copper wire to that of the steel 
wire? Use the data quoted above. 


2.7 A model for transverse 
waves 


The study of longitudinal waves was introduced 
by considering a line of trolleys linked by 
springs and we will use the same method for 
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transverse waves. As before, we will derive an 
expression for the velocity of such waves, but 
will first consider the mechanism by which the 
wave motion is propagated. Each trolley can 
now move perpendicular to the line of springs 
connecting them, instead of along the line. 

Fig. 2.14 shows a transverse wave propagated 
down the line so that each trolley undergoes 
identical transverse oscillations at marginally 
different times. If the wave is to be sinusoidal 
the source must execute simple harmonic 
motion, and trolley number 1 is seen to be doing 
this. As it moves it exerts a force on trolley 2 
which causes that trolley to carry out an iden- 
tical motion an eighth of a period behind num- 
ber 1. 

After one period, T, has elapsed the wave 
motion has travelled a distance A and we see 


Distance 
1 2 3 4 5 6 rá 8 9 
< A > 
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Time 
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Springs between trolleys shown only at t = 0 


Fig. 2.14 The transmission of a transverse wave down a 
line of trolleys. 
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that trolleys a distance A apart, such as 1 and 
9, are executing identical motion at the same 
instant. Trolley 5, only half a wavelength from 
1, has a zero displacement like 1 and 9 but it 
is moving in the opposite direction. Similarly, 
at a time 7/2, trolley 1 has zero displacement, 
as it does at times 0 and T, but it is moving in 
the opposite direction. 

As with a longitudinal wave it is also 
worthwhile to examine the motion from a 
velocity point of view. When trolleys are at their 
maximum displacement they are momentarily 
stationary and their direction of motion is 
changing; as they pass through the point of zero 
displacement they have maximum velocity. 
These conclusions are identical to those for 
oscillations and for longitudinal waves. 

These results are all set out in Fig. 2.15; the 
words ‘crest’ and ‘trough’ are only strictly cor- 
rect for a wave in a vertical plane but are taken 
to imply ‘maximum positive displacement’, and 
‘maximum negative displacement’. Note that, 
for a transverse wave, the graph of displacement 
against distance is a ‘picture’ of the wave 
motion. The diagram corresponds to time T in 
Fig. 2.14. 


Displacement 


Zero Trough Zero Crest Zero 


Velocity 


Distance 
Maximum Zero Maximum Zero Maximum 
positive negative Positive 


At time, 7, in Figure 2.14 


Fig. 2.15 Displacement-distance and velocity—distance 
graphs for a transverse wave. 


Q 28 
Draw displacement-time and velocity-time graphs 
for trolleys 1 and 3 in Fig. 2.14. 


The velocity of transverse waves in a 
‘lumped-mass’ system 


We will now use a method similar to that in 
Section 2.4 to derive an expression for the 
velocity of transverse waves along a line of 
trolleys. We shall again assume that the v elocity 
of a wave is the same as that of a step pulse, 
and we shall again equate the force gen: rating 
the pulse to the rate of change of momentum 
that is caused. 

The pulse that we choose to transmit gives 
each trolley in turn a transverse velocity, v, at 
right angles to the original line, as shown in 
Fig. 2.16. The distance between the trolleys 
increases until the tension in the springs, T, 
becomes equal to the applied force F. The force 
F may be resolved into a horizontal and a 
vertical component, as shown, and by similar 
triangles we then have: 


vertical component of force 


horizontal component of force 


vertical distance 


~ horizontal distance 


The diagram shows the situation after a time 
t; the pulse has just reached trolley 4, which is 
about to move, and has travelled a distance ct, 
where c is the velocity of transmission of the 
transverse pulse. The end trolley is moving with 
a transverse velocity v, that is different from c, 
and has moved a distance vt at right angles to 
the line of trolleys. As before, we assume that 
the trolleys 1, 2 and 3 are moving at constant 
velocity under balanced forces, trolley 4 is 
about to be accelerated by an unbalanced force 
T sin @ and trolleys 5 and 6 are at rest. 

The motion of the trolleys at right angles to 
the line is caused by the vertical component of 
the applied force. 

Now, Equation (2.12) tells us that: 


vertical component of force 
horizontal component of force 


vertical distance 
horizontal distance 
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Vertical 
distance | 0 


(vt) 


F 
Horizontal 
distance 

(ct) 
Displacement triangle 
Vertical F 
component 
of force 
Horizontal 
component 
of force 
Trolleys moving Trolley Trolleys at Force triangle 
under balanced forces experiencing rest in 
with constant velocity unbalanced equilibrium 
forces ` 
Fig. 2.16 A transverse pulse moving along a line of trolleys. 


vertical component _ ut 


horizontal component et 


cic 


But if the angle @ is small the horizontal com- 
ponent is very nearly equal to T, and therefore 
we have: 


vertical component of force 


The distance travelled by the pulse is ct and 
the spacing of the trolleys is x. Hence 


4 ct 
number of trolleys moving = — 
x 


If the mass of each trolley is m, and its velocity 
v, its momentum must be mv. Thus, the total 
momentum after a time f is given by: 


ct 
momentum = (2) me 
x 


By Newton’s second law: 


change in momentum 


force = = 
time taken 


Therefore T sA Giz) 


muc 
x 
ae 
CH= 
m 
n yy 
Le c= y= (2.13) 
m 


The formula in Equation (2.13) has been 
derived for a ‘lumped-mass’ system. However, 
if we imagine the masses becoming smaller and 
closer together, the situation becomes closely 
analogous to that in a continuous medium such 
as a rope; the trolleys represent atoms and the 
springs represent interatomic forces. The angle 
between the rope and the horizontal must be 
small if the above approximation is to be true, 
and this restricts the application to small dis- 
placements. 

The quantity m/x is the mass per unit length 
and is frequently represented by u ; T becomes 
the tension in the rope. We then have: 


fe 
=<) 
u 


(2.14) 
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as the equation for the velocity of transverse 
waves along a rope, wire or string. We have 
again assumed that the result in Equation (2.13) 
applies to waves as well as to pulses and this is 
justified by considering a wave as a succession 
of pulses, all travelling with the same velocity. 

The formula in Equation (2.14), like that for 
longitudinal waves, can also be obtained by 
an analysis which does not require use of the 
‘lumped-mass’ simplification. One method of 
doing this, using the calculus, is given below. 


The velocity of a wave on a rope 


Let us consider the motion of a small pulse on a rope as 
shown in Fig. 2.17; it is assumed that the rope is perfectly 
flexible, that the hump is an arc of a circle and is sufficiently 
small not to affect the tension, T, in the rope. Remember 
that the tension always acts along the rope and thus the 
forces acting on the hump of rope are as shown in the 
diagram. Let the mass per unit length be u and the other 
quantities be as shown, The displaced hump forms a circular 
arc of length ôl and radius r, and it subtends an angle at 
its centre given by: 


The resultant of the two tensions acts towards the centre 
of the circle and is equal to 2T sin #. Hence: 


total force towards centre =2T sind 
=2Tb if œ is small 


i ôl 
ie, force = T— (2.15) 


Fig. 2.17 


Now let us consider the hump from the point of view of 
an observer moving along at the same speed; the rope 
appears to this observer to be moving with a velocity ¢ in 
the opposite direction. We have altered the frame of refer- 
ence from one inertial system to another; the laws of physics 
remain unchanged. We have then at XX’ a portion of rope 
of length ôl, and mass ,.61, moving with a velocity c in a 
circle of radius r, Its acceleration towards the centre of the 
circle must be c/r, and by Newton’s second law we have: 


force = mass x acceleration 


Tél er 
Therefore =s nl( =] 
r r 
TE y 
c= 
H 
ie. pS 2.14 
i.e. c=] (2.14) 
Vu 


As before this only applies to humps sufficiently low for ¢ 
to be small. 


Q 29 

A line of trolleys each of mass 1 kg is set up to 
transmit a transverse wave and the springs are 
stretched so that the separation, x, is 0.3 m. The 
tension is then 15 N. At what speed will a wave be 
transmitted down the line? If the springs are 
assumed to be massless, what is the average mass 
per unit length of the system? 

A continuous spring, of the same mass per unit 
length, is also stretched until its tension is 15 N 
At what speed will a transverse wave be 
transmitted along it? 


2.8 Velocities of other waves 


Let us summarize the results for wave velocities 
that we have derived so far: 


longitudinal wave en WK 5 

on a line of trolleys: C5E*N  ; A” x (2.6) 

transverse wave xT 5 

on a line of trolleys: CEN a A” (2. 13) 

longitudinal wave E 5 

in a solid bar: = Fi (2.7) 

transverse wave on 

a perfectly flexibl 

R pein c= 7 (2.14) 
a H 


In each case the numerator contains a term 
which gives the size of the force required to 
distort the medium through which the wave is 
to pass; the larger this force, the quicker the 
next section of the medium will respond to a 
distortion. The denominator is, in each case, 
related to the inertia of the medium. We will 
now examine a number of other velocity 
equations, not derived in this section, and see 
that in each case the velocity depends on similar 
parameters. 


Water waves 


For ripples of very short wavelength the velocity 
is determined mainly by the surface tension, o, 
which determines the force required to distort 
the surface, the density, p, and the wavelength, 
A: 


short wavelength _ [2x0 
ripples: 


(2.16) 


The speed of long waves in deep water is deter- 
mined by the wavelength, A, and the earth’s 
gravitational field, g; the force required to lift 
the water and form a crest is proportional to 
the strength of the earth’s gravitational field 
and this is thus a factor in the numerator. This 
forte is also proportional to the density of the 
water, and as the density would, therefore, 
appear in both denominator and numerator, it 
does not appear at all: 


an ES 
2r 


long waves in 
deep water: 


(2.17) 


Sound waves 


A detailed consideration of the velocity of 
sound in an ideal gas follows in Chapter 5, but 
the result proved there is quoted below. The 
adiabatic bulk modulus of the gas, yP, appears 
in the numerator where P is the pressure and 
y a dimensionless constant. The velocity is 
given by: 


on 1 (5.5) 


Pulses in cables 


In the analysis of oscillating currents in elec- 
trical circuits it is common to draw an analogy 
between a capacitor and a spring; the capaci- 
tance, C, is analogous to the quantity 1/k for 
the spring. The inductance, L, is analogous to 
the mass on the end of the spring, m. Such an 
approach is valuable, for instance, in analogue 
computing where a mechanical situation is rep- 
resented more conveniently by an electrical cir- 
cuit so that its oscillations may be observed; it 
is more convenient to alter the value of 
capacitors or inductors in a circuit representing 
the springing or mass of a car than to build an 
equivalent number of cars. 
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Thus, a connected series of inductors and 
capacitors is analogous to the line of trolleys 
separated by springs. Instead of the equation 


m 
3 V 1 
(1/kx)(m/x) 
1 
WEOE pS p 
(Seams) ( nec 
length length 


The reader will recall that in Section 1.3 there 
is a similar analogy drawn between various 
expressions for the periods of oscillating 
systems. 


2.9 Dispersion 


In the formulae that have been derived so far 
we have assumed that the velocity of a wave 
motion through a medium is the same irrespec- 
tive of the frequency of the wave. It is important 
to appreciate that this is not always the case; 
if it is not, the medium is said to be dispersive. 
The frequency of the wave is determined by 
the source; the velocity of a wave peak is deter- 
mined by the medium and, in a dispersive 
medium, by the frequency. The wavelength is 
then determined from these by using the rela- 
tion c =fA. 

We saw earlier that a ‘lumped-mass’ system 
such as a line of trolleys does not behave exactly 
like a continuous medium. In particular, when 
the wavelength is no longer than the spacing 
between trolleys, the system is dispersive and 
waves of different frequency are transmitted at 
different speeds. The system also exhibits cut- 
off; waves of high frequency are not propagated 
at all. If the end trolley is oscillated very rapidly, 
the next one oscillates only a little, the next 
one less and the oscillations die out very quickly 
along the line. 

Equation (2.17), quoted in Section 2.8, 
showed that most sea waves are dispersive. 
Thus, when a tsunami occurs at sea and large 
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waves of a variety of frequencies are generated, 
the waves of longer period will arrive first. We 
also know that waves travel along Great Circle 
paths. It is possible, by analysing when waves 
of different frequencies arrive, to compute the 
point from which the waves originated. In one 
experiment using detectors on the sea bed off 
the coast of south-west England, surf arriving 
over a period of three days in 1945 was clearly 
shown to be derived from a storm that had 
taken place some time previously off Cape 
Horn, some 11 000 km away! 

Observation of the sea soon shows that most 
waves are more complicated than simple sine 
waves. It is possible to show that complex peri- 
odic waves may be considered to consist of a 
large number of sine waves, of different 
amplitude and frequency, added together; this 
technique is known as Fourier, or harmonic, 
synthesis, and was discussed in Section 1.7. If 
the medium is not dispersive, then all of these 
component sine waves will be transmitted at 
equal speeds and the resultant waveform will 
be unchanged. If, however, the medium is dis- 
persive and all the sine waves that make up its 
shape are moving at different speeds, then the 
overall waveform will be constantly changing. 
This effect may again easily be observed in deep 
water at sea where a group of waves, travelling 
in one direction, is constantly changing its 
shape, 


Q 2.10 

Fig. 1.25 shows that a square wave, of amplitude 
3 m and wavelength 15 m can be considered 
approximately to consist of three components: 


(i) a sine wave of amplitude 3 m and wavelength 
15 m; 
(ii) a sine wave of amplitude 1 m and wavelength 
5m; 
(iii) a sine wave of amplitude 0.6 m and 
wavelength 3 m. 


Use Equation (2.17) to calculate: 


(a) the velocity of each wave component; 
(b) the distance each travels in 5 s. 
Take g =9.8 ms™'. 


A square pulse with the above characteristics is 
emitted by a wave machine. Draw a diagram to 
show the position of the components of the wave 
after 5s, and hence find the shape of the wave at 
that time. 


2.10 The mathematics of sine 
waves 


When discussing the transmission of longi- 
tudinal and transverse waves earlier, we showed 
how an oscillation ‘moves through’ a medium 
such as a line of trolleys so that each trolley 
carries out the same motion a little later than 
its neighbour. We will now derive equations to 
describe the transmission of a wave mathemati- 
cally. 

Let us consider an oscillating source, S, for 
which the equation of the oscillation is found 


from Equation (1.26) to be: 
Ys=A sin 27ft (2.18) 


where A is the amplitude and f the frequency. 
This is the oscillation which is to be transmitted 


through the medium; it will, therefore, occur 
at other points in the medium at a later time. 
In Fig. 2.18 we see a particular cycle that has 
been emitted by the source; the dotted line 
shows its position when it has just passed a point 


P after a time tp. The oscillation that occurs at 
P is identical to that at S but all events occur 
at a time fp later. 
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Fig. 2.18 


The oscillation at P is identical to that at S, 
and as the equation of the oscillation at S was 
given by: 

(2.18) 


the equation of the oscillation at P must be of 
the form: 


ys=A sin 27ft 


Yp=A sin 2zft’ (2.19) 


Now, if all events at P occur a time, fp, after 
events at S, we may write: 


t'=t—tp 


where fp is the time taken by the wave to move 
from S to P. Hence 


tp= xp/'c 


because the distance from S to P is xp. Equation 
(2.19) can therefore be written: 


yp=A sin 2af(t— tp) (2.20) 
= A sin 2af(t—xp/c) (2.21) 


Note carefully that the sign in the bracket is a 
minus sign. 

We may rewrite Equation (2.21) for the dis- 
placement at any point a distance x from the 
origin: 

y =A sin 2nf(t—x/c) (2.22) 


The displacement, y, is most easily visualized 
as being at right angles to the motion of the 
wave, as in a transverse wave. In fact, y could 
also be the measurement of displacement in a 
longitudinal wave; therefore, all the equations 
and results apply just as well to longitudinal 
waves as to transverse waves. 


Q 2.11 

The velocity of waves on a rope is 2ms_' and at 
time t= 0 waves of amplitude 0.1 m and frequency 
0.5 Hz (T =2s, A =4 m) begin to be emitted from 
one end. Calculate the displacement in each of the 
following cases: 


(a) source, t =0.5 s; 
(b) source, t= 1.0 s; 
(c) source, t= 1.5 s; 
(d) source, t = 0.8 s; 
(e) source, t= 2.0 s; 
(f) x=1m, t=2.05; 


Use answers (a)-(e) to sketch a displacement- 
time graph for the source, and then use answers 
8 to sketch a displacement-distance graph at 
t=2.0s. 


(g) x =2m, t=2.0s; 
(A) x =3m, t=2.08; 
(i) x =4m, t=2.0s; 
(j) x=2.5 m, t=2.75s; 
(k) x =1m, t=0.5s; 
(l) x=4.5m, t=3s. 


_ There are a variety of different ways of writ- 
ing Equation (2.22) using two other equations 
to make substitutions: 


ae (2.1) 
A f21/T (1.1) 
From Equation (2.1) 

f=c/Aa 
and therefore y =A sin 2a(ft—fx/c) 


y=Asin an(=-=) (2.23) 


becomes ri 
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The symmetry of the fractions ¢/T and x/A 
emphasizes the fact that it is both the fraction 
of a period elapsed, and the fraction of a 
wavelength distance from the origin, that deter- 
mine the displacement of a wave. 

Note that if a wave travelling to the right is 
represented by: 


y =A sin 2nf(t—x/c) 
then a wave travelling in the opposite direction, 
with negative velocity, is represented by 

y =A sin 2af(t+x/c) (2.24) 


This is because events will occur sooner rather 
than later than those at the origin; the sign of 
x must therefore be reversed. 


Angular frequency, w 


In exactly the same way as for oscillations, it is 
sometimes convenient to write equations for 
waves in terms of the angular frequency, w, 
instead of the frequency, f. The relationship 
between these is: 


w=2nf (1.14) 
and, for example, Equation (2.22): 
y =A sin 2zf(t—x/c) (2.22) 
becomes: 
y=Asinw(t—x/c) (2.25) 
This is particularly convenient in more 


advanced work, but we shall not use this form 
much here. 


Phase and phase relationships 


We have shown above that the displacement at 
a particular point and time for a sinusoidal 
progressive wave is given by: 


y =A sin 2af(t—x/c) (2.22) 
orby JaAn 2n(=-*) (2.23) 


A sine function can only operate upon an angle 
and therefore the expressions 27f(t—x/c) and 
2a(t/T —x/A) must represent angles; they are 
called the phase or phase angle. There are 27 
radians in 360 degrees and the factor 27 con- 
verts f(t—x/c) and (t/T—x/A) into radian 
measure. Table 2.2 shows various values of the 
displacement for different values of the phase. 
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Table 2.2 

Phase Displacement, y 
f(t—x/e) =2anf(t—x/c) =A sin 2nf(t—x/c) 
=(t/T—x/A) =2a(t/T—x/A) =A sin 2a(t/T—x/A) 
0 0 rad [0°] 0 
1/4 2r x1/4= 7/2 rad [90°] +A 
1/2 m rad [180°] 0 
3/4 37/2 rad [270°] -A 
1 2a rad [360°] 0 
5/4 57/2 rad [450°] +A 


The displacement at a particular instant at 
the origin is determined by the fraction of a 
period that has elapsed since = 0; if we are at 
the beginning, middle or end of a period the 
displacement will be zero. If we are a quarter 
of the way through, the displacement will be 
+A and if we are three quarters of the way 
through the period, the displacement will be 
—A. Thus the displacement at the origin will 
be determined by the ratio ¢/T. 

The displacement at a point one, two or any 
other whole number of wavelengths away from 
the origin will be exactly equal to that at the 
origin, as the time taken for the wave to travel 
a distance equal to one wavelength is just one 
period. However, if the point is half a 
wavelength from the origin, the displacement 
at that point will be one half period behind that 
at the origin. Thus the ratio t/T determines at 
what point in the cycle the displacement at the 
origin has reached, and the ratio x/A deter- 
mines how far behind the origin is the displace- 
ment at another point. Thus, in the equation: 

r ee 
y= Arsin 2a(= 5) (2.23) 
the quantity 2mx/A represents the phase 
difference or epoch at a point other than at the 
origin. 
The alternative equation: 


y =A sin 2nf(t—x/c) (2.22) 


provides another way of considering the phase 
difference at a point relative to that at the 
origin; we see that this must also be equal to 
2mfx/c. The ratio x/c determines the time 
taken for an oscillation to move from the origin 
to that point. We might use the expression 


(t—x/c) to represent the ‘local time’ at the 
point in the medium. 

We may see from Fig. 2.19 how the phase 
difference varies through a medium. 

In this diagram S represents a source produc- 
ing waves of wavelength 8 m and P, Q, R and 
U are points through which the wave passes at 
distances 2, 4, 6 and 8 m from S. Thus we have 
a displacement-distance graph showing the 
displacement at a range of points at one partic- 
ular time. As shown, P is one quarter of a 
wavelength distant from S, Q is one half of a 
wavelength, R three quarters and U one whole 
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Fig. 2.19 


wavelength away. We see that the phases at P, 
Q, R and U are w/2, m, 32/2 and 27 radian 
respectively behind that at S. If the time is such 
that the amplitude at S is zero (e.g. t=0) we 
see that the amplitudes are —A, 0, +A and 0 
corresponding to the values of A sin (—7/2), 
Asin (—7), A sin (—37/2) and A sin (—27). 

We frequently refer to two waves arriving af 
a point ‘out of phase’ and a number of waves 
moving through a medium are shown in Fig. 
2.20. The first graph is a reference wave and 
the phase differences of the other graphs with 
respect to it are detailed below. 
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Fig. 2.20 (a) Reference wave. (b) Shifted A/4 to left; 7/2 
(90°) behind reference wave. (c) Shifted A/2 to left; 7 (180°) 
behind reference wave (said to be exactly out of phase with 
reference wave). (d) Shifted 3A/4 to left; 37/2 (270°) 
behind reference wave. (e) Shifted A to left; 27 (360°) 
behind reference wave (said to be in phase with reference 
Wave). 
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Q 2.12 

Waves of period 4s, wavelength 2 m and 
amplitude 2 m are emitted from a source. 
Calculate the phase and hence the displacement, 
in each of the following cases: 


(e) x=1.0m, t=4s; 
(f) x=1.3m, t=4s; 
(g) x=1.0m, t=6s; 
(h) x=0.5 m, t=2.5s. 


(a) source, t= 1 s; 
(b) source, t =2 s; 
(c) source, t = 2.5 s; 
(d) x=0.5 m, t=4s; 


It was pointed out earlier in the chapter that 
for longitudinal waves, the compression wave 
and the displacement wave are 90° out of phase; 
maximum compression coincides with zero dis- 
placement, and so on. 

If the displacement, y, in a longitudinal wave 
is given by: 


y =A sin 2nf(t—x/c) (2.22) 


then the oscillating compression, P, will be 
given by: 


P=Apsin 2nf(t—x/c +90) 


= Ap cos 2nf(t—x/c) (2.26) 


Apis the amplitude of compression oscillations. 


The wave equation 


The fact that all waves have similar properties should lead 
us to suppose that they might have a similar mathematical 
treatment and the equations above apply in fact to all 
sinusoidal waves. We may ask whether they may be derived 
mathematically, as well as conceptually, by a common piece 
of analysis. 

It can be shown that a plane wave propagated in the 
x-direction will obey the partial differential equation 


(2.27) 


and all equations purporting to represent a plane wave 
must be solutions of this differential equation. We may 
examine one of our equations to see whether it is, in fact, 


a solution: 
Consider y =A sin 2xf(t—x/c) 
ay’ ye x 


Then (5). =2nfA cos 2af( = 


(=) af Asin 2af(1-*) 
at?) y c 
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ee G = FHA eos 2af( 1-7) 


ax], 
2 
(3) = U A sin 2af(1-*) 
ax], c? x 


7 a -(A)enpa sin 2nf(r-*) 
_QnfPA 


ale). (2) 
tes] =(=> 

ot” ax], 

Thus the equations that we derived can be shown to be the 

solutions of the general one-dimensional wave equation. 


sin 2af(1-*) 


(2.27) 
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Wave propagation 


3.1 Wavefronts 


We have seen in the preceding chapter how a 
transverse wave on a rope consists of a moving 
series of crests and troughs. As the wave travels 
in only one direction away from the source it 
is termed a wave in one dimension. 

When a drop of water falls into a pond, waves 
are sent out from the point of impact and they 
travel all over the pond. They are illustrated in 
Fig. 3.1 and are called waves in two dimensions ; 
a continuous, circular crest, called a wavefront, 
is formed around the splash and this moves 
outwards, maintaining its shape. 


ye = 


Fig. 3.1 


In Fig. 3.2(a), such a crest is seen moving 
outwards from a source; we see that the wave- 
front always moves at right angles to itself, in 
the directions indicated by the arrows. We might 
instead have focused our attention upon a 
trough, or on points of zero displacement, and 
we would have seen that these formed two 
continuous circular shapes that moved outwards 
in a similar way. A wavefront is thus any con- 
tinuous region of constant phase. Wavefronts 
also exist when waves spread out in three 
dimensions, such as from a radio transmitter in 
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Arrows indicate direction 
of motion of wave front 


— 


(a) A circular wavefront 


Fig. 3.2 


space; waves spreading from a point source are 
called spherical waves and have wavefronts that 
form the surfaces of concentric spheres. 

A plane wavefront may be caused by a linear 
disturbance, such as a roller moved backwards 
and forwards in a shallow tank, or by a point 
disturbance so far away that the wavefronts 
have effectively become plane; alternatively, 
plane waves may be produced by ‘focusing’, as 
may happen when spherical waves pass through 
a lens-shaped region of different depth. 

Fig. 3.2(b) shows how a plane wavefront 
moves forward in a direction that is at right- 
angles to the original wavefront. We shall see 
later that light may be regarded as a wave 
motion and in this case the arrows on our 
diagrams will represent the direction of travel 
of light rays. Thus light rays from a point source 
are diverging in straight lines and light from a 
distant source consists of parallel rays. The fact 
that light rays do travel in straight lines is known 
as the rectilinear propagation of light. Light rays 
are always at right angles to the wavefronts in 
the light beam, if the optical properties of the 
medium are the same in all directions; such a 
medium is said to be isotropic. 


The same 
A plane wavefront a 
wavefront little later 


= 


(6) A plane wavefront 


3.2 Huygens’ principle 


Christian Huygens was a Dutch scientist who 
was a contemporary of Newton; he was also an 
early advocate of a wave theory of light. As is 
explained in Chapter 9, his theory was inaccu- 
rate in places, and not widely accepted at the 
time, but by the nineteenth century much of it 
had been found to be substantially correct. One 
Part of his theory of light attempted to explain 
why it is that wavefronts move in the way 
described in the last section; this is known as 
Huygens’ principle. It is still valid and can be 
used to explain and predict a variety of other 
phenomena. It can be applied to any type of 
wave motion. ? 

Huygens’ principle consists of two basic 
postulates: 


(1) Each point on a wavefront will act as a 
source of secondary wavelets. 

(2) The position of the wavefront at a later 
time is along a line that just touches each 
of the secondary wavelets tangentially; 
this line is known as the envelope of the 
wavelets. 


Before we apply Huygens’ principle to more 
complicated cases, we will show that in simple 
situations it gives expected and well known 
results. In Fig. 3.3(a), S is a source of circular 
waves, and the position of a circular wavefront 
a time t after leaving the source is shown; the 
velocity of the waves is assumed to be c. 
According to Huygens’ principle, in order to 
find the position of the wavefront after a further 
time At, secondary wavelets must be drawn, of 
radius cAt, centred on points on the existing 
wavefront; these arcs are shown by dotted lines. 
The new position of the wavefront is then drawn 
by constructing the envelope to these wavelets. 
As we would expect, a circular wavefront is 
obtained, of radius c(t+ Ar). 

Huygens’ principle may be applied to the 
propagation of a plane wave in exactly the same 
way as was done for a circular wave. As can be 
seen from Fig. 3.3(b), a plane wavefront of 
unrestricted lateral extent is propagated as a 
plane wavefront, because the envelope to the 
secondary wavelets is plane; this is an example 
of rectilinear propagation. 

Huygens’ principle is extremely useful but, 
although it can be shown to produce the right 
results, it is difficult to justify theoretically. It 
should not be regarded as a law for it merely 
provides a geometrical device, which is fortu- 
nately right, enabling us to predict the motion 
of waves. It would, perhaps, be more accurate 
to call it Huygens’ construction, but as the usual 
term is Huygens’ principle, that is what we shall 


(a) A circular wavefront 


Fig. 3.3 
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use. It is, in fact, hard to explain why the wave- 
lets only add up along their envelope and also 
why the wave does not propagate backwards as 
well as forwards; these difficulties are discussed 
in more advanced texts. 


3.3 Diffraction 


Huygens’ principle may also be applied to situ- 
ations where rectilinear propagation does not 
occur. We are familiar from the study of light 
with the formation of shadows by obstacles, and 
this is an example of rectilinear propagation. 
However, when the wavelength of the waves is 
longer, the ‘shadows’ are less marked as seen 
in Fig. 3.4(a). 

The photograph shows that the incident 
waves are approximately plane. We might 
expect that the breakwater would cause a clean 
‘shadow’ to be formed, as waves travel on the 
‘open sea’ in straight lines. However, circular 
waves are propagated into the area behind the 
breakwater from its offshore end; the end 
appears to act as a source of secondary waves. 
Fig. 3.4(6) shows how this is explained by 
Huygens’ principle; the secondary wavelets for- 
med by the wavefront beyond the end of the 
breakwater are able to extend into the shadow 
region because the rest of the wavefront has 
been blocked by the breakwater. 

Fig. 3.4(c) shows waves spreading out in a 
ripple tank after passing through a narrow 
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of wavefront 
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(b) A plane wavefront 


Fig. 3.4 (a) The diffraction of waves at a breakwater in the w 


(Crown Copyright). (b) Huygens’ principle applied to diffraction at a breakwater. (c) The diffraction of plane waves at 
openings of different widths. (d) Huygens’ principle applied to diffraction at an opening. 


ave tank at the Hydraulic Research Station, Wallingford. 


opening; this phenomenon is called diffraction 
and we see how it arises in Fig. 3.4(d). Note 
from the photographs that the amount of 
spreading increases as the hole becomes smaller 
and that there is a variation of amplitude with 
direction beyond the hole. This latter point will 
be discussed in more detail in Chapter 7. 

Diffraction effects at a single slit can be seen 
provided that the size of the slit is no more than 
one or two orders of magnitude greater than 
the wavelength of the wave motion. For this 
reason, it is an easier phenomenon to observe 
with water waves than with some other kinds 
of waves. It is, however, a property of all types 
of wave motion, and in Chapter 7 we shall be 
discussing the diffraction of light at slits of width 
around 10 ° m. 

The diffraction of sound can be observed by 
listening to a brass band playing round a corner; 
even if the band cannot be heard by reflection 
off another wall, diffraction at the corner allows 
the sound to travel round it. In Chapter 5 we 
shall see that bass instruments are of lower 
frequency, and therefore longer wavelength, 
than treble instruments and we would there- 
fore expect to hear the bass drum and tuba 
more clearly round a corner than the piccolo 
or cornet, Try it some time! 
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Use Huygens’ principle to show what you expect 
to happen when a wave meets a bridge pier 
Situated in the middle of the wavefront. 


3.4 Reflection 


The reflection of waves is a phenomenon which 
may be observed easily, for instance in a ripple 
tank or on the sea front. Before examining in 
detail the way in which plane waves are 
reflected, we will look briefly at the measure- 
ment of the angles involved. In optics, it is usual 
to measure the angle of incidence, i, as the angle 
between a ray and the normal to the surface. 
When we discuss waves, however, we often 
measure the angle between the wavefront and 
the reflecting surface, i’, as shown in Fig. 3.5. 

In an isotropic medium a wave travels at right 
angles to its wavefront and this direction, which 
corresponds to that of a ray in optics, is marked 
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Direction of 
travel of 
incident 
wavefronts 


Reflecting surface 


Fig. 3.5 A wave incident at a reflecting surface. 


in the diagram. As the angle between the nor- 
mal and the reflecting surface is 90° and that 
between the wavefront and its direction of 
travel is also 90°, we see that: 


vei 


It is thus immaterial whether by the term angle 
of incidence we mean the angle between the 
wavefront and the surface, or between the ‘ray’ 
(or direction of travel) and the normal to the 
surface. Clearly, this applies also to measure- 
ment of the angle of reflection. 

Fig. 3.6 shows a plane wave in a ripple tank 
being reflected from a straight barrier. We see 
that in this case: 


v=r 


and this result is, in fact, always true; it corre- 
sponds to the /aw of reflection in optics. Notice 
that the right-hand end of the original wavefront 
is still moving towards the reflector whilst the 


on 


Fig. 3.6 A plane wave reflected in a ripple tank. 
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left-hand end, after reflection, is moving away 
from it. 

Huygens’ principle can be used to relate the 
law of reflection to the motion of wavefronts, 
as shown in Fig. 3.7. ABC is a wavefront 
incident on a surface and A’B"C’ is its position 
at a time ¢ later, when the last portion of the 
wavefront has been reflected at C". The distance 
CC" can be measured from the diagram. 

To construct the position of the wavefront 
after reflection, we must draw secondary wave- 
lets and construct their envelope. An arc 
centred on A and of radius AA” is drawn; AA" 
must be the distance travelled during the time 
t by that portion of the wavefront that was 
incident on the surface at A, and as the medium 
is unchanged, must be equal in length to CC", 
The envelope touching the arc and passing 
through C" is drawn; A"C" is the reflected por- 
tion of the wave. 

As A"C" is a wavefront, and AA" is its direc- 
tion of motion we have: 


ZC'A"A = 90° 
Now in the triangles ACC” and C"A"A: 
CC"=AA" by construction 


AC" is common 
ZACC"=2C'"A"A = 90° 
and hence the triangles are congruent. 


ZC"AC=ZAC'A" 
hes i=r 


Therefore 


This is the statement of the law of reflection as 
discussed above. 

An intermediate ‘ray’ BB'B” may also be 
constructed, where B'B” is the distance travel- 
led by that section of the wavefront after 
reflection, and must therefore be of length 
(CC"—BB’). The same argument can be used 
to show that the triangles B'C'C" and C"B"B' 
are congruent, and therefore as ABC and B'C’ 
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Fig. 3.7 Huygens’ principle applied to reflection. 


(a) The reflection of circular waves froma straight barrier. 
In the lower photograph part of each wavefront has been 
reflected, 


(b) The reflection of circular waves from a parabolic 
reflector; the incident waves are formed at the focus of 
the parabola and the reflected wavefronts are plane. 
Fig. 3.8 


are parallel, the triangles C’B"B’ and C"A"A 
must be similar. It follows that A’B"C’ is a 
straight line. 
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Learn the use of Huygens’ principle to construct 
a reflected wavefront and write it out from 
memory; it is important! 


Two more examples of wave reflection are 
given in Fig. 3.8. In the first pair of photographs, 
a drop of water is allowed to fall into a ripple 
tank and the resulting circular wave is shown 
before and after reflection at a straight barrier; 
in the upper photograph a wavefront has just 
struck the barrier, whilst in the lower one part 
of it has been reflected. The reflected wavefront 
is curved and forms an arc of a circle; the point 
at the centre of this circle is as far behind the 
barrier as the original disturbance was in front. 
It is for this reason that the position of an image 
in a plane mirror is as far behind the mirror as 
the object is in front. 

The final example of the reflection of waves 
is shown in Fig. 3.8(b). Circular waves are pro- 
duced at one particular point—called the 
focus—near a parabolic concave barrier. After 
reflection plane waves are produced; the 
spherical ones beyond them are the unreflected 
part of the original circular wavefront. A 
reflector of this type is utilized in a headlight 
where a powerful lamp is placed at the focus 
of a parabolic mirror. The technique is used in 
reverse in a radio telescope where weak, plane- 
wave radio signals from stars fall on a large 
parabolic surface and are reflected to a detector 
placed at the focus; the area of the reflector 
enables very weak signals to be detected. 
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Use your knowledge of the law of reflection as 
applied to wavefronts to predict what will happen 
when plane waves are incident on a convex 
surface, 


3.5 Refraction 


In water that is much more than one wavelength 
deep, ocean waves travel at a speed that is 
independent of the depth; however, when the 
depth is one wavelength or less, the speed of 
the wave is proportional to the square root of 
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the depth. Thus, when waves travel at right 
angles towards the shore they slow down at a 
rate that depends on the shelving of the sea 
bed. The reduction in velocity causes a decrease 
in wavelength and the waves therefore become 
higher; eventually they become unstable and 
‘break’. 

If the waves approach the shoreline at an 
angle that is not 90° then the inshore end of a 
wavefront will reach the shallower water first 
and therefore slow down before the outer end. 
As a result, the wavefront will become bent as 
shown in Fig. 3.9; this change of direction with 
wave speed is termed refraction. The angle 
between the direction of travel of the waves 
and the normal to the coast decreases. This is 
identical to the behaviour of light passing from 
air into glass; the light ray is bent towards the 
normal because it travels more slowly in glass. 

Again we may use Huygens’ principle to 
formulate a law connecting the angles of 
incidence, 04, and refraction, 02. We will assume 
that the waves cross a distinct boundary 
between two media in which the wave speeds 
are vı and v2, respectively. Fig. 3.10 shows a 
wavefront passing from one such medium to 
another; the wave speed is greater in the first 
medium than in the second. 

ABC is the position of the wavefront at the 
moment that its right-hand end meets the inter- 
face. Suppose that a time t elapses before the 
left-hand end of the wavefront meets the inter- 
face at C". In order to find the position of the 
rest of the wavefront at that time we must, by 
Huygens’ principle, construct suitable secon- 
dary wavelets and draw their envelope. 

If the velocity of propagation in medium 2 
was the same as in medium 1, we would draw 
an are centre A and radius CC". However, the 
velocity in the second medium, v2, is less than 
that in the first, vı, and the radius of the arc to 
be drawn is given by: 


AA"=cC’ 
v1 


Similarly, if the velocities were identical, 
we would draw an arc centre B’, length 
(CC"—BB’); instead the length of the arc 
drawn is given by: 


B'B" = 2 (CC’— BB’) 
vi 
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Fig. 3.9 The refraction of waves approaching the promenade at Scarborough. 
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Fig. 3.10 Huygens’ principle applied to refraction. 


Finally, the new position of the wavefront is 
found by drawing the envelope to the two arcs; 
it passes through C”, as shown, since A"B"C" 
may be shown to be a straight line by a similar 
argument to that used in the case of reflection. 


Now sin 6; = CC"/ AC" 
and sin 6. = AA"/ AC" 
Fromabove AA”=22 ce’ 
vı 
giving sin 62 = ve ge 
0, AC" 
=—sin a, 
v1 
a sin > 02 (3.1) 


As the ratio of the two velocities is fixed by the 
nature of the two media we see that sin @2 is 
proportional to sin 01; when this law is applied 
to light it is known as Snell’s law. It is discussed 
in more detail in Chapter 6. 
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Without looking ahead to the next section, use 
Huygens’ principle to construct the situation 
where waves pass into a medium in which they 
move more quickly, What would you expect to 
happen as the angle of incidence increases? 


The refraction of ocean waves in areas of 
shallow water may have some unexpected 
etfects. Fig. 3.11 shows the effect of shallow 
water in a bay on both short- and long- 
wavelength waves. For short waves the depth 
is much larger than the wavelength and there 
is therefore little difference in wave speed, 
and little refraction, in the shallower water. 
However, for long waves the depth is the same 
order of size as the wavelength, or less, and a 
considerable amount of refraction takes place; 
as a result waves are refracted into the bay. 

This sort of process, which can easily cause 
erosion, has the effect of ‘smoothing’ out the 
coastline. It is also possible for a region of 
shallow water off a headland, or even some 
distance out at sea, to act as a lens and focus 
waves on to the headland or some other point 
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on the coast; this can cause concentrated local 
erosion and freak damage. For example, in 
1930 a breakwater at Long Beach, California, 
was breached after a fairly moderate storm; 
it was discovered later that the sea was running 
in such a direction that a small hump on the 
sea bed 80 metres deep and 10 kilometres out 
to sea had acted as a ‘lens’ and caused the wave 
height to be increased by a factor of four. As 
the hump varied in height from place to place, 
the velocity of the waves also varied; this was 
equivalent to a ‘lens’ whose ‘refracting effect’ 
varies from one part to another. Oceanogra- 
phers and hydrographers make considerable 
use of Huygens’ principle in solving problems 
such as these. 


Q 3.5 
Draw a diagram to show how a small hump on the 
sea bed can produce the effects described above. 


3.6 Total internal reflection 


Normally, when a wave of any kind meets a 
boundary between two media where the wave 
speed changes, some of the energy is refracted 
into the second medium whilst some of it is 
reflected back into the first, obeying the law of 
reflection. When we are in a room with the 
curtains open on a dark night, most of the light 


(b) Short waves 


(a) Depth contours 


ee 


(c) Long waves 


Fig. 3.11 The refraction of waves with changing depth near a headland. 
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from within passes out through the windows, 
enabling those outside to see inside, but some 
of the light is reflected at the window enabling 
us to see a reflection of ourselves and of the 
contents of the room. 

Fig. 3.12 shows the same effect where water 
waves in a ripple tank are moving from an area 
of higher velocity to one of lower velocity. As 
expected, the direction of travel of the waves 
changes, this time towards the normal. Care- 
ful examination of the photograph, however, 
shows that a small amount of the wave energy 
has been reflected. Partial reflection will always 
occur, whether the wave is moving into a 
medium of higher or lower wave speed. 


Partially 


Fig. 3.12 Refraction and reflection in a ripple tank. 


However, if the wave is moving, as in Fig. 
3.13(a), into a region of higher wave speed, 
and hence the angle between wavefront and 
boundary in the second medium is larger than 
that in the first, a further phenomenon may 
occur. Suppose that the angle in the first 
medium is increased; then that in the second 
medium will increase also. As it is the larger 
angle it will reach 90° before the first angle 
does; at this stage waves are striking the inter- 
face and on emerging travel parallel to it as 
shown in Fig. 3.13(6). The angle in the first 
medium at which this happens is called the 
critical angle, 0.. At angles larger than this, all 
the wave energy will be reflected, and total 
internal reflection is said to occur. 

In diagram (a) the wavefront in the second 
medium is constructed by drawing secondary 


wavelets; the envelope A"B"C” can be drawn 
in the usual way to give the new position of the 
wavefront. However, in the second diagram, 
we see that at the critical angle all the secondary 
wavelet arcs touch at C" and therefore the wave- 
front must be travelling along the interface, At 
angles larger than the critical angle, it is imposs- 
ible to draw a wavefront that is an envelope to 
all the secondary wavelets and therefore there 
can be no refracted wavefront, as shown in 
diagram (c); refraction into the upper medium 
is impossible. 

In the first two cases, partial reflection will 
occur in addition to refraction and in the third 
case, Only total internal reflection will occur; 
for simplicity, no reflected waves at all are 
shown in these diagrams. 

The law of refraction, as derived above, states 
that: 


sin ĝ2 v2 


n mys U2> 01 
sin@; vı 


and total internal reflection begins to occur 
when: 


2=90° 
=. 
1 J2 
Hence 7 eee 
sin ĝe v4 
i.e. sin 0. = (3.2) 
v2 


Total internal reflection is of great import- 
ance in optics as we shall see in Chapter 6. 
However, it can also be observed with different 
types of waves, such as electromagnetic waves 
of non-visible wavelengths. 


Q 3.6 
An approximate expression for the speed of water 
waves in a shallow ripple tank is 


c=Vgh 


where h is the depth of water. A glass plate is 
placed on the bottom of the tank so that the depth 
of water is halved and the speed of the waves thus 
reduced. What is the critical angle at the edge of 
the plate? 


Medium 2 


Medium 1 


(a) Waves refracted into a medium of higher wave speed 


(b) Waves refracted along the interface at the critical angle 
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(c) The impossibility of refraction at angles larger than the 
critical angle 


Fig. 3.13 Huygens’ principle applied to total internal 
reflection. 


3.7 Earthquake waves 


We have already mentioned the propagation of 
sound waves through solids, noting that they 
are of longitudinal, or compression, type. 
Transverse waves can also be transmitted 
through solids and are usually referred to as 
Shear waves; they can be seen by displacing one 
end of a lump of jelly sideways and observing 
the resultant motion. It has been discovered 
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that the speed of shear waves through a solid 
is always less than that of compression waves. 

When an underground disturbance causes the 
ground to be shaken, we call it an earthquake ; 
there are in total about ten thousand of these 
a year, of which about one a week is of any 
significant size. The smaller ones can only be 
detected by sensitive instruments called seismo - 
graphs which draw graphical records, termed 
seismograms, of the movements of the earth’s 
surface. 

In the simplified seismogram shown in Fig. 
3.14, we see that three groups of waves arrive 
at a recording station from a_ particular 
earthquake. The first two groups travel well 
beneath the surface of the earth and, in order 
of arrival, are termed primary and secondary. 
The primary waves are compression waves and 
the secondary waves are shear waves. Primary 
waves travel at about 8 kilometres per second 
(18 000 mph) and secondary waves travel at 
just under 6 kilometres per second (13 500 
mph). The last, and strongest, group of waves 
to arrive are termed long waves and are also 
shear waves; they travel through the upper layer 
of the earth, called the crust. They travel at 
between 1.5 and 5 kilometres per second 
(3400-11 000 mph) and may have wavelengths 
from 16 kilometres up to the length of the 
earth’s diameter (13000km; about 8000 
miles). 

Clearly, waves travelling at different speeds 
arrive at different times and the further they 
have travelled the greater will be the time inter- 
val between arrivals. Thus it is possible, by 
analysis of the seismogram, to deduce where 
the earthquake centre was situated. In addition 
to the obviously useful study of earthquakes 
and, occasionally, warning of the arrival of 
shock waves, we can also use seismograms to 
study the internal structure of the earth. Other 
applications of seismology include the detection 
of underground nuclear tests and the use of 
small-scale explosions or ‘seismic shots’ to study 
the structure of rocks that may bear oil. 

The density and compressibility of the earth 
change with depth, and the speed of waves 
increases as they travel more deeply. Thus they 
do not travel in straight lines, but undergo con- 
tinuous refraction in the same way that water 
waves do when crossing a shelving sea floor; 
some possible paths are shown in Fig. ZIS; 
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finish 
arriving 


Shear waves in crust 


Fig. 3.14 A typical seismogram. 


We believe that the upper crust of the earth 
is about 40 kilometres thick and that below this 
there is a mantle of about 3000 kilometres 
thickness; inside this there is the core of radius 
3500 kilometres. When the waves are refracted 
back to the crust, they may be reflected at the 
interface; there will also be reflections at other 
discontinuities such as that between mantle and 
core. 

An analysis of the times taken by various 
types of waves shows that the central core does 
not transmit shear waves and must therefore 
be liquid; it must also contain a more dense 
inner core of about 1300 kilometres radius, 
However, when a wave strikes an interface at 
an oblique angle, both shear and compression 
waves may be generated; thus a shear wave will 
continue through the core as a compression 
wave and re-emerge as both a compression 
wave and a shear wave. 

It is a similar analysis of the long waves that 
has shown, most unexpectedly, that the crust is 
only about 5.5 kilometres deep below the bot- 
tom of the sea; that is, about 11 kilometres 
below sea level. Under land it is some 40 
kilometres below sea level. This discovery has 
encouraged research workers attempting to drill 
through to the mantle to make renewed 
attempts from sea bed drilling platforms instead 
of on land. 


3.8 The Doppler effect 


The Doppler effect was first predicted in 1842 
by an Austrian physicist, Christian Johann 


Secondary Primary 


waves waves 


Waves 
start 
arriving 
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waves waves 


Doppler. He argued, on the basis of wave 
theory, that the frequency of the light in a 
beam will be increased if either the source or 
the observer is moving so as to decrease their 
separation, and will be decreased if their separ- 
ation is increasing. Scientists were already 
learning of dark absorption lines in the spectra 
of stars, due to the absorption of certain 
frequencies of light by gaseous elements in their 
outer layers; when reference is made to the sun 
these lines are called Fraunhofer lines as dis- 
cussed on p. 272. Doppler argued that if the 
Star was moving away from the earth, the 
absorption lines would move towards the red, 
or low-frequency, end of the spectrum. These 
predictions were confirmed by experiment in 
1868 and are usually referred to as the ‘red 
shift’. 

Doppler’s work also applies to other types 
of waves and the first test of his work was, in 
fact, carried out using sound waves. The test 
was made in Holland in 1845 and consisted of 
trumpeters riding on a flat railway wagon past 
musically trained observers who estimated, by 
ear, the apparent change in pitch when the 
wagon moved. We are now familiar with the 
fact that as a car moves towards us the pitch of 
its horn is higher than when stationary, and that 
when it passes us and moves away, the pitch is 
lower. Thus, there is a distinct drop in pitch as 
it passes, 


The Doppler effect for sound 


Although we have referred above to the predic- 
tion of the Doppler effect for both sound and 
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Fig. 3.15 Possible paths for the transmission of earthquake waves through the earth. 


light, there are important differences between 
the two cases; we shall initially confine our 
attention to cases other than those involving 
electromagnetic waves. For sound, as for most 
wave motions, the source determines the 
frequency of the emitted wave and then this, 
together with the velocity of sound relative to 
the source, determines the wavelength in the 
medium. The velocity relative to the medium 
is independent of the velocity of the source. 
The wavelength in the medium, together with 
the velocity relative to the observer, determines 
the frequency detected by the observer. The 
simplest cases occur where either the source or 
the observer is moving but the argument that 
follows may easily be extended to the case 
where both move; Doppler shifts will also be 
observed even when there is no relative motion 
between source and observer, but the medium 
moves relative to both. 

The effect of a moving source is shown in 
the ripple tank photograph in Fig. 3.16. The 
frequency of the waves emitted is fixed by 
the vibrator, irrespective of the motion of the 
source. However, as the source is moving to 
the right, the waves on that side are spaced 


more closely together as shown in the photo- 
graph. An observer to the right will detect 
waves of higher frequency but it is important 
to remember that the fundamental physical 
change in the medium is one of wavelength, and 
this will occur whether there is an observer 
present or not. Similarly, on the left side of the 
source, the wavelength is increased and if an 
observer is present, he will detect a lower 
frequency. Waves travelling at right angles to 
the motion of the source have unchanged 
wavelength and there is thus no change in 
frequency; if the direction of motion is at an 
angle to the line between observer and source, 
then the component of the velocity along that 
line must be used. We are assuming throughout 
that the velocity of motion is less than that of 
the waves; the case where this is not so is 
discussed in Section 3.9, which is about bow 
waves. 

We will now compare the wave emitted by 
a stationary and a moving source mathemati- 
cally, and these two situations are illustrated in 
Fig. 3.17. In diagram (a) the source is station- 
ary. Five wavefronts are shown, each moving 
away from the source with velocity c; wavefront 
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1 was the first to have left the source, wavefront 
2 was the second, and so on. If f, represents 
the frequency of the source, and the first wave- 
front moves a distance c in one second, we see 
that the wave spacing, or wavelength A,, is given 
by: 
e 
As=> 33 
Tr (3.3) 
Às is the wavelength in the medium and is there- 
fore determined by the frequency of the source 
and by the velocity of sound relative to the 
source; because the source is not moving rela- 
tive to the medium, this velocity is the velocity 
of sound, c. If the observer is also stationary, 
he will detect waves of frequency given by: 


f om Ag =f; 
The observed frequency will, therefore, be the 
same as that emitted. 

Now suppose that the source is moving to 
the right with velocity, vs, as shown in diagram 
(b); thus, wave 1 was emitted when the source 
was at A, wave 2 when it was at B and so on. 
If fs represents the frequency of the source, the 
time interval between the emission of these 


waves must be 1/f,. Therefore, the distances 
moved by the source between the emission of 
successive wavefronts must be given by: 

1 n 

AB=BC=CD=...=v,x>=— 

fs f 
and this must be the amount by which the 
wavelength has decreased. Hence 


As—An => (3.4) 


where Àm is the wavelength in the medium when 
the source is moving. 
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fs 
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Fig. 3.16 The Doppler effect for a moving source. 


(a) Wave pattern from a source at rest 


Fig, 3.17 


Am _¢—Us 
As € 
Thus, for a moving source we may calculate the 
wavelength of the waves through the medium 
from the wavelength of the waves that would 
have been propagated had the source been 
stationary. This change in wavelength is the 
physical result of the motion and will occur 
whether or not there is an observer, as stated 
earlier. 

If an observer is present he will detect the 
frequency of the sound, not its wavelength, 
from the wavelength in the medium and the 
velocity relative to him. If he is stationary this 
will be the velocity of sound, c, since as stated 
earlier the velocity of the waves relative to 
the medium is not affected by the velocity of 
the source; we then have: 


(3.6) 


kë; 


c 
ara 
c 
=———— as) 
ede from (3.5) 
g 
= sX 
Cate 
i fa Æ 
Wey <= 3.7 
fs ¢—s wa 


The relative pitch of two notes is determined 
by the ratio of their frequencies, as discussed 
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(b) Wave pattern from a source moving to the right 


in Chapter 5; therefore it is the ratio of the 
frequencies that is quoted here. It is most 
important to remember that the change in the 
observed frequency is caused by the change of 
wavelength in the medium. 

If the source is receding, instead of 
advancing, the sign of the velocity of motion 
must be reversed and Equation (3.7) then 
becomes: 


lot 


fs c+vs 


where values of v, are substituted as positive 
numbers. This result may be proved rigorously 
by a piece of analysis similar to that given above. 
In fact the formula in Equation (3.7) can be 
used in both cases provided that the following 
rule about the sign of v, is observed: 


wr (3.7) 


If the direction of velocity of the source is in 
the same direction as that in which wavefronts 
move from source to observer, a positive sign 
is used for vs; if the directions are opposed a 
negative sign is used. 
(Note that the formula used contains a negative 
sign already in addition to any that may be 
introduced by the sign rule.) 
So far we have restricted our attention to the 
situation where the observer is at rest with 
respect to the medium. We will now consider 
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what happens when the observer is moving as 
shown in Fig. 3.18. 


Motion of 
observer 
À Am] Am] Am ^ _— 


c 


Fig. 3.18 The Doppler effect for a moving observer. 


Let us suppose that there are waves, of 
wavelength À m, moving through a medium from 
a source S towards an observer. It is immaterial 
at present whether these waves are produced 
by a stationary source as shown, or by one that 
is moving. If the observer is stationary, the 
waves are moving at a speed c towards him and 
therefore the number of waves, each of length 
Am, that will pass him in ¢ seconds is given by 
ct/Am. Hence, the observed frequency of the 
waves, f, will be given by: 


ct 
t=— 
fi Tee 

c 
f=, 


However, if the observer is moving in the 
same direction as the waves, with a velocity vo 
that is less than c, the new observed frequency, 
fo, will be given by: 


_(€-vo)t 
fot Sipe ed 
j et 
Le. fo= Ne (3.8) 


because (c —v,) is the new relative velocity. 
Thus the fundamental change that occurs if the 
observer is moving is an apparent change in 
frequency. If the observer moves in the opposite 
direction to the wavefronts, the formula can be 
shown to be: 


CFS 


fo ic 


The first formula can be used in both cases if 
the same rule as before is used for signs: i.e, 
Eba 


B (3.8) 


If the motion is in the same direction as the 

relevant wavefronts, use a positive sign for vo; 

if it is in the opposite direction use a minus sign. 
(Again, this is in addition to the negative sign 
already in the formula.) 

The wavelength in the medium is determined 
by the frequency of the source as before. If the 
source is stationary we have: 


Am=F 


and thus the observed frequency is given by: 


moving 


observer (3.9) 


This formula should be compared with that 
given in Equation (3.7) for the case with moving 
source and stationary observer: 


source fe C-i 


moving fo ë 3.7) 


The same sign convention is used in both cases. 
It is interesting to compare the sizes of the 
two changes in frequency. Consider a car mov- 
ing at 30 metres per second (about 65 mph) 
towards an observer and sounding its horn; the 
velocity of sound in air is about 330 metres per 
second (about 730mph). The formula for 
moving source and stationary observer is 


yan (3.7) 
fs Cm 


and as the source is moving in the same 
direction as the waves we take v,.=+30ms_- 
Therefore 


fany 330 11 


fe 330-30 10 


If, on the other hand, the car is stationary 
but the observer is moving towards it at 30 ms 
we use the other formula: 


ja eva (3.9) 
s c 


This time the observer is moving in the opposite 
direction to the waves and we therefore take 
vo=—30ms . Therefore 


fo _330—(—30) 
fe -330 
_ 330+30_ 12 
~ 930° M 


Thus, although the relative velocity is the same 
in each case, the two results are not the same 
because the medium has a different effect. For 
comparison, a change in pitch of a minor third 
involves a frequency ratio of 12/10. 

The case where source and observer are both 
moving may be treated similarly. We start by 
considering the observer and see that the 
observed frequency is obtained from the 
wavelength by the usual equation: 

3. 0 =0p 
° Am 


In this case the wavelength in the medium is 
obtained from the frequency of the source by 
using Equation (3.5): 


(3.8) 


paea 
a 
Hence fox GSU (3.10) 
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The formula is thus seen to combine the two 
results obtained above in Equations (3.5) and 
(3.8). Both və and v, have positive signs if 
observer and source are moving in the direction 
of the waves and negative if they are moving 
in the opposite direction to the waves. 
Sometimes when we discuss sound, we have 
to consider the situation where a wind is 
blowing. In this case, the values of vo and vs 
used are the velocities relative to the moving 
air and not the velocities relative to the ground. 


Q 37 

A car is moving along the road at 40 ms 
sounding its horn at a frequency of 300 Hz. 
Calculate the frequency of the note heard by an 
observer: 


1 


(a) towards whom the car is moving; 
(b) away from whom the car is moving. 


The car now stops and sounds its horn at a cow. 
Calculate the frequency of the note heard by a 
second car: 
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(c) moving towards the first at 40 ms‘; 
(d) moving away from the first at 40 ms’. 


Take the speed of sound in air to be 330 ms '. 


The Doppler effect for electromagnetic waves 


Unlike sound waves, electromagnetic waves 
do not require a medium for transmission; 
attempts to establish the existence of the ether, 
an all-pervading medium that was thought to 
be present even in a vacuum, were discredited 
by the Michelson—Morley experiment, as des- 
cribed in Chapter 9. There is, thus, no physi- 
cal medium relative to which vs and vo can be 
measured and, in fact, the theory of relativity 
shows that the velocity of light in a vacuum is 
the same with respect to all observers, however 
they are moving. 

The laws of relativity can be applied to derive 
an equation relating the observed and transmit- 


ted frequencies: 
fo a y c+u 
ts ecu 


where v is the velocity of the source towards 
the observer in his frame of reference. This 
equation applies only to cases where the relative 
motion is along the line joining object and 
source, and it is important to note that other 
cases cannot be solved merely by using non- 
relativistic resolution methods. Similarly, if the 
velocities of the observer and of the source, vo 
and v,, are known relative to a third object, or 
transmitting medium, it is not sufficient to 
obtain their relative velocity by subtracting vo 
from vs; relativistic transformations must be 
used. A 

When light, or other electromagnetic waves, 
are detected, the measured parameter is usually 
the wavelength, and therefore Equation (3.11) 
is usually written in terms of wavelength: 


Ao _c/fo 
Xi acl fe 
aft 

fo 


‘ do _ y co 
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These changes in wavelength were first ob- 
served in the ‘red shift’ of the light from stars 


(3.11) 


(3.12) 
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receding at speeds about 1/100 of the velocity 
of light; they may also be seen in the different 
wavelengths of light from the east and west 
sides of the sun due to its spin. A radar speed 
trap, however, uses the Doppler effect to 
measure the very much smaller speeds of mov- 
ing cars. Interferometric methods, in which light 
from a stationary mirror and light from a slowly 
moving mirror beat together, can be used to 
measure speeds as small as 10 ’ms_'. 

In situations such as these, where the relative 
velocity of source and observer is very much 
less than the velocity of light, we have: 


fo_ J1+v/e 
fs Vi-v/e 


v 
where —« 1 
c 


But, by the binomial theorem: 
(1-v/c)'=1+0/c, 


Hence: 
fo v 
a fee 
te c 
1 


=e 


(3.7) 


This is the same equation as was previously 
obtained for sound waves in a moving source- 
stationary observer situation. 

Alternatively this equation may be written: 


Pia apes One 
fs aeo 3 
fete p A 
fa ¢=0 


We can write Af as the change in frequency 
(fo—fs) and since (c =v) =c, we have: 


TI (3.13) 
The small change in frequency can be used to 


measure the relative speed, v, by utilizing the 
principle of beats, discussed in Chapter 4. 


In calculations involving speed traps, where 
a reflector is moving with respect to the source, 
it is easiest to regard the reflected waves as 
having been transmitted by the moving image 
of the source. 


Q 3.8 

Light of wavelength 6.56 x 1077 m is emitted by a 

hydrogen atom in a distant star. The observed 

wavelength is 6.63 x 10°’ m. Assuming that the 

motion of the star is directly away from the earth, 

with what speed is it moving relative to the earth? 
Take c =3x10°ms™'. 


Q 39 

A police speed trap uses radar of wavelength 
100 mm; calculate the change in observed 
frequency when the waves are reflected from: 


(a) a car approaching at 20 ms`' (45 mph); 


(b) a car moving away at 40 ms! (90 mph). 
Take c =3x 10° m s™'. 


3.9 Bow waves and the 
sonic boom 


In our discussion of the Doppler effect, we made 
the condition that the velocity of the source 
must be less than that of the wave motion. 
Clearly in the case of light transmitted through 
a vacuum this is always so, but for sound waves 
or water waves it need not be. 

Fig. 3.19 shows a succession of wavefronts 
emitted by a moving source. In the first diagram 
the source is moving more slowly than the wave 
and the effect of the motion is merely a reduc- 
tion of wavelength in the medium to the right 
of the source. In the second diagram, however, 
the source is moving more rapidly than the 
waves and the series of wavefronts combine 
along their envelope, or tangent. The resultant 
is one large wave instead of a succession of 
small ones. The reader may recognize the for- 
mation of a bow wave in diagram (b) and this 
effect is shown in the photograph (Fig. 3.19(c))- 

Aeroplanes moving through the air also 
produce waves; these will have a ‘steeper’ wave- 
front than for a boat since there is little disper- 
sion of sound waves in air and much dispersion 
of waves in water. When an aeroplane travels 
faster than sound, a cone-shaped ‘wake’ is pro- 
duced in three dimensions. The wake consists 
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(c) A bow wave formed in an experimental tank. 
Fig. 3.19 The formation of a bow wave. 
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Fig.3.20 The change inair pressure caused by a supersonic aeroplane; the second pressure rise is caused by the movementof the 
rear of the aeroplane, and results in a ‘double-boom’ (Crown copyright). 


of two sharp changes in pressure, one 
originating at the front of the aeroplane and 
the other at the rear. It is this double change 
in pressure that causes a double bang to be 
heard when a supersonic plane passes overhead. 
This is illustrated in Fig. 3.20; the ‘bow and 
stern lines’ in the photograph mark the changes 
in pressure caused by the supersonic motion. 
Charged particles such as electrons can travel 
through a transparent medium with a velocity 
greater than the velocity of light in that medium, 
and when this occurs an ‘optical shock wave’ 
known as Cerenkov radiation is formed. This 
is caused by perturbation of the electric field 


of the electron and can be used to detect the 
Presence of high-speed electrons in beams of 
heavier particles. The angle at which the 
Cerenkov radiation is propagated depends 
upon the refractive index of the medium, and 
upon the velocity of the electron; thus the elec- 
tron velocities can be measured. 
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Wave superposition 


4.1 The principle of 
superposition 


When two objects collide, the collision con- 
siderably alters the subsequent motion of the 
objects; in this chapter we are going to focus 
attention what happens to waves when they 
‘collide’ with each other. 

The situation to discuss is that shown 
in Fig. 4.1 ) pulses are moving towards each 
other, one from the right and one from the left, 
along a long spring. In the middle of the spring 
they meet and a complicated shape is formed. 
However, the complex shape then vanishes and 
the two pulses re-appear; they continue to move 
along the spring as though no collision had 
taken place at all. The pulse that was moving 
to the left is still moving to the left with the 
same shape, and the pulse that was moving to 
the right, likewise. 

We have, therefore, already discovered one 
fundamental property of waves: that they move 
through each other without undergoing any per- 
manent alteration. This is true for continuous 
waves as well as for pulses and remains true 
however many waves meet at the same point 
in a medium. The situation is thus very different 
from that when solid objects collide. 

At the moment when the waves crossed, a 
complex shape was formed; the height of this 
shape was greater than the height of either 
pulse. Careful measurement shows that the 
height of the shape at any particular time and 
place is equal to the sum of the heights of the 
two separate pulses, at the same time and 
place. 

In the third diagram of Fig. 4.2, we can see 
the effect of this principle. At that particular 
instant the displacement due to the pulse 1 at 
point M is y; and that due to pulse 2 is y2; the 
actual displacement of the spring is therefore 
(vi +y2). Similarly, at M’ the displacement due 
to pulse 1 is y{, that due to 2 is yż, and the 
actual displacement is (yj +yż). In this way, 
the resultant shape at that instant can be calcu- 
lated; the shape at any other instant will be 
different because the two pulses, 1 and 2, will 
have moved with respect to each other. 


a 


Fig. 4.1 Two similar pulses, travelling in opposite direc- 
tions, move through each other without alteration. As the 
pulses have different shapes, they can be identified; when 
they coincide they ‘add up’ to produce the total waveform. 
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Fig. 4.2 The superposition of two similar pulses. 


This principle, like the first, applies to any 
number of continuous waves meeting at a point; 
it includes the first, for after pulse 1 has passed 
through pulse 2 there is nothing to add to either 
pulse and therefore the pulses move on 
unchanged. Both ideas may therefore be con- 
tained in the statement: to find the total distur- 
bance at a particular time, we add at each point 
the displacements due to each pulse or wave 
passing through the medium; this is called the 
principle of superposition. 

We may now apply the principle of superposi- 
tion to a different situation. Suppose that the 
two pulses starting at each end of the spring 
are exactly the same size and shape, but one is 
upside down, We will attempt to predict what 
happens where they pass by means of the 
diagrams in Fig. 4.3. 

Diagram (a) shows the two pulses travelling 
on the spring before they meet. In the top half 
of diagram (b), we have shown the positions 
that the pulses would Occupy just as they begin 
to superpose. The vertical lines assist in adding 
up the effects due to the two pulses, and the 
bottom half of the diagram shows the combined 
shape at that particular instant. Note that to 
the left of point X; only pulse 1 has displace- 
ment and therefore the combined pulse is 
exactly the same as pulse 1; the same situation 
occurs to the right of point X3, where the com- 
bined pulse is just the same as pulse 2. At point 
Xz, however, the effect of pulse 1 is exactly 


compensated by the opposite effect of pulse 2 
and the resultant displacement is zero, as 
shown. 

Diagram (c) shows the situation when the 
two pulses occupy exactly the same length of 
spring; the displacements are equal and 
Opposite for all points between X’ and X” and 
therefore the spring is undisplaced, as shown 
in the lower diagram. Although the displace- 
ment is everywhere zero, the situation is not 
identical to that when there are no pulses at 
all, for the spring is moving transversely through 
the position of zero displacement. The energy 
of the pulses has been stored in the kinetic 
energy of the spring. 

In diagram (d) we see that a few moments 
later the two pulses have reappeared and are 
continuing as though they had never met. Each 
of these stages can be seen in the series of 
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Fig. 4.3 The superposition of two equal, but opposite, 
pulses. 


photographs in Fig. 4.4; in the seventh picture 
from the top they almost cancel each other out. 
Of course, if the pulses are not the same size, 
the cancelling effect is only partial but the resul- 
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Fig. 4.4 Two equal and opposite pulses, travelling in 
Opposite directions, cancel when they coincide. 


The superposition of wavetrains 77 


tant pulse produced is smaller than either of 
the constituent pulses. 
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Draw two identical wave pulses, each consisting of 
one wavelength of a sine wave, moving towards 
each other along a rope so that two crests meet 
first. Construct a series of diagrams to show the 
resultant shape of the rope when: 


(a) the two crests coincide; 

(b) the crests coincide with the point of no 
displacement in the other wave; 

(c) the crests combine with the trough in the 
other wave; 

(d) the two troughs coincide. 


Energy 


The rate of energy flow per unit area in a wave 
is called its intensity; for a wave of given 
wavelength and velocity in a given medium we 
can show that: 

intensity oc (amplitude)? (4.1) 


We proved, on page 19, that this was also true 
of simple harmonic motion. 

As discussed in Chapter 2, the amounts of 
energy associated with certain types of wave 
may be very large. The energy in one metre 
width of one wavefront of a sea wave 5 metres 
high, travelling at 7 metres per second, is about 
1 000 000 joule; this is sufficient energy to raise 
a double-decker bus about 12 metres. If the 
amplitude of the wave is doubled, keeping all 
other parameters the same, there would be 
sufficient energy to raise the bus nearly 50 
metres. The highest sea wave reliably recorded 
occurred in the Pacific in 1933 and was almost 
40 metres high. 

When two waves meet as described above, 
and produce zero resultant displacement for an 
instant, the energy is stored in the kinetic energy 
of the medium which is changing shape; the 
law of conservation of energy is still obeyed. 


4.2 The superposition of 
wavetrains 


In Section 4.1 we discussed how the superposi- 
tion of pulses causes the transitory creation of 
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either a larger or smaller pulse; regarding a 
wave as a series of identical and equally spaced 
pulses, we may apply the same principle to the 
meeting of two wavetrains as shown in Fig. 4.5. 
In each group of drawings the top two give the 
effect of each wave on its own and the bottom 
gives the total effect; we are considering 
wavetrains that are identical in every respect 
except their direction of travel. 

Thus we see that at one instant the wavetrains 
combine to give a resultant that is larger than 
usual—this is called constructive superposition. 
On the other hand, the moments when the 
wavetrains are combining to give zero displace- 
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(c) The crest in (1) coincides with a trough in (2) 
and vice versa; in both cases a nil displacement 
is caused 
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(d) All the crests in wavetrain (1) coincide with crests 
in wavetrain (2), and troughs with troughs; at this 
instant a wavetrain of double amplitude is formed. 


Components 


— 
AN, - = - 
FA 77 a ~ 7 
~ See = = 4— —4— -4 t 
vey Ne NO! ‘7 


Resultant 


(e) All the crests in wavetrain (1) coincide with troughs 
in wavetrain (2), and vice versa; they therefore 
all cancel out and there is no displacement anywhere 


Fig. 4.5 Two coincident wavetrains moving in opposite 
directions. 


ment are moments of destructive superposition. 
Sometimes these phenomena are called con- 
structive and destructive interference respec- 
tively, and the reader should be familiar with 
these terms, for they are widely used. The term 
can be confusing because, as we have seen, the 
waves do not interfere but move through each 
other unaltered; at the place of meeting they 
each act as though the other wave were not 
present and the total displacement is obtained 
by adding together the two separate displace- 
ments. É 
Let us now consider two waves travelling in 
the same direction along a spring—difficult to 
achieve but a useful problem to think about. 
Again, we shall discuss identical waves travel- 
ling with the same velocity. It follows that if 
two crests coincide at one moment they will 


always coincide as they move along together, 
and so will all the other crests and all the 
troughs. Under these circumstances, construc- 
tive superposition occurs permanently, and this 
is illustrated in Fig. 4.6(a). Similarly if one crest 
coincides with a trough at one particular 
moment, it will always do so; thus all the crests 
will coincide with the troughs producing per- 
manent destructive superposition as shown in 
Fig. 4.6(b). 

We have considered this problem, not 
because it can be realized easily in practice, 
but because it forms a useful introduction to 
the next section. The problem of applying the 
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Fig. 4.6 Two coincident wavetrains moving in the same 
direction. 
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conservation of energy to the last example will 
be discussed at the end of Section 4.3. 


The mathematics of superposition 
If y,=Asin 2af(t—x/c) (2.2) 


represents a progressive wave of amplitude A and 
frequency f moving with velocity c, then 


y2=A sin 2nf(t—to—x/c) 
represents an identical wave going the same way a time to 
later. 

The total effect, y, of these two waves is given by: 
y=YtY2 
= Asin 2af(t—x/c)+A sin 2af(t—x/ce- to) 
TPF P-Q 

Now sin P+sin Q=2sin( A ) cos( A ) 


from Appendix 2. 
y =2A sin 2af(t—x/c —to/2) cos 2af (+to/2) 
=2A cos (2rrfto/2) sin 2af(t—x/c —to/2) 
=A' sin 2af(t—x/c — to/2) (4.2) 
where A'=2A cos (27fto/2) 
This represents a progressive wave of the same frequency 


whose amplitude depends on the value of to. 
We may consider some typical values of to. 


lo 


lf t=0; nfs 50 cos0=1; A'=2A 


cos 7=-1; A'=-2A 


h 
afz 527; cos27=1; A'=2A 


Thus, if the two waves are a whole number of periods, or 
wavelengths, out of phase, they produce constructive super- 


position. 


T Ce sz =0: A'= 

If 0-5 = 37° 2afs =? a3 0; A'=0 
3 

eN, joain, cos —=0; A'=0 
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Thus, if the two waves are an odd number of half periods, 
or wavelengths, out of phase, they produce destructive 


superposition. i 
These results are the same as those produced by graphical 


methods above. 


Q 4.2 ; 
Two sinusoidal wavetrains, each of amplitude 


0.1 m and frequency 0.5 Hz, travel in the same 
direction at a speed of 0.5 ms ' through water; 
the source begins to emit the second wavetrain a 
time f after the first. Calculate the total 
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displacement a distance 2 m from the source 8 s 
after it began to emit the first wavetrain for the 
following values of tọ: 


(a) to=0s; (d) t=1.58; 
(b) to=0.5 8; (e) to=2.0s; 
(c) to=1.0s; (f) to=1.25s. 


Check your answers by drawing; it will be useful 
to calculate the wavelengths first. 


4.3 The superposition of plane 
waves 


We must now move on to consider the problem 
of the superposition of wavefronts. In Fig. 4.7 
we have represented two identical wave 
motions crossing at right angles, wave 1 moving 
from bottom left to top right and wave 2 moving 
from bottom right to top left. Each consists of 


(a) Initial condition 


Fig. 4.7 Two identical wave motions crossing at right angles. 
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wavefronts such as MNO and XYZ; a wave 
motion consists of a succession of wavefronts 
and three are shown for each wave. As different 
superposition effects occur at different points 
on the wavefront, the displacements at three 
particular points on each wavefront, such as M, 
N and O, have been shown. When trying to 
visualize the wavefront, it is important to realize 
that a crest runs all the way along each one and 
does not exist merely at these three points. As 
the two sets of wavefronts move through each 
other, constructive and destructive superposi- 
tion will occur at different places. In diagram 
(a) we can see that constructive superposition 
occurs between two crests at points A, C, G 
and I and produces double-height crests. On 
the other hand, constructive superposition also 
occurs at point E where two troughs combine 
to form a double-depth trough. Destructive 
superposition is seen at points B, D, F and H 
where a crest from one wavefront is cancelled 


(6) Half a period later 


out by a trough from another and there is no 
overall displacement. These effects are marked 
on the plan diagram as well. At other points 
there will be neither complete constructive 
superposition nor complete destructive super- 
position. 

Although all the points of largest crest and 
deepest trough in the area are marked there 
will be points, other than those marked, where 
there is no displacement; the reader may be 
able to identify such points. 

Diagram (+) shows what happens when each 
wave has moved by half a wavelength; in other 
words, a time equal to half a period has elapsed. 
The points of coincidence of crests and troughs 
are now different. For instance, at point A there 
were previously two crests but now there are 
two troughs; previously a double crest would 
have been observed but now there is a double 
trough. Note, however, that at both times there 
is constructive superposition; the two waves are 
always in phase. Similarly at point E where 
there were previously two troughs forming a 
double-depth trough, there are now two crests 
forming a double-height crest. At both times 
there is constructive superposition; the waves 
are always in phase. 

However, at points B and H, where formerly 
a trough from wave 1 coincided with a crest 
from wave 2, we now have a crest from wave 
1 and a trough from wave 2; on both occasions 
destructive superposition occurs. The result is 
the same at points D and F where initially wave 
1 produced a crest and wave 2 a trough, but 
now wave 1 produces the trough and wave 2 
the crest; the result is still no displacement. The 
waves are always out of phase. 

, We can see, therefore, that there are points 
like A, C, E, G and I where waves always arrive 
in phase. The water (or other medium) at those 
points will therefore undergo an oscillation of 
twice the amplitude of that in the two con- 
stituent waves; this is illustrated in Figs. 4-8(a) 
and (b). At points like B, D, F and H, however, 
the waves are always out of phase and there is 
never any displacement; this is illustrated in 
Fig. 4.8(c). 

_ It is now possible to re-define our terms a 
little more precisely. 


Constructive superposition (interference) 
occurs at a point whenever the two or more 
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Fig. 4.8 Superposition effects in Fig. 4.7. 


waves incident at that point are exactly in 
phase so that the resultant amplitude of oscilla - 
tion at the point is a maximum, equal to the 
sum of the amplitudes of the two or more 
waves; these points are called antinodes and 
lines along which all points are antinodes are 
termed antinodal lines. 


Destructive superposition (interference ) 
between two waves occurs at a point whenever 
the two waves incident at the point are exactly 
out of phase so that the resultant amplitude of 
oscillation at that point is a minimum; if the 
amplitudes of the two waves are equal the 
resultant amplitude will be zero. These points 
are called nodes and lines along which all 
points are nodes are termed nodal lines. 
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These stable states can only occur if the 
wavelengths and velocities of the waves are the 
same; cases where this is not so will be discussed 
later in the chapter. In a region where superpo- 
sition is occurring, there will, of course, be many 
places where the type of superposition is 
intermediate between the two extremes cited 
above. 

The superposition phenomena described 
earlier in this chapter were essentially transi- 
tory in nature, producing at a given point first 
constructive and then destructive superposition. 
In the situation just described, there are 
some points at which constructive superposition 
always occurs and some points at which 
destructive superposition always occurs, It is 
usual to refer to such time-independent appli- 
cations of superposition as interference 
phenomena and we shall follow this practice 
from here onwards, 

At the points where destructive interference 
occurs there is no energy stored in the wave; 
the energy appears at the points where there is 
constructive interference and the amplitude is 
thus increased. Accurate calculations show that 
all the energy is accounted for and the principle 
of the conservation of energy is upheld. 


Fig. 4.9 A two-source interference pattern in a ripple tank. 


Q 43 
Use the ‘plan form’ of Fig. 4.7 to discover the 
position of crests and troughs: 


(a) a quarter of the time between (a) and (b); 
(b) half the time between (a) and (b). 


Are the nodes and antinodes still in the same 
place? 


4.4 The interference of circular 
waves 


An example of interference which is easy to 
demonstrate in a ripple tank, and which is of 
particular importance in the study of light, is 
shown in Fig. 4.9. Each source is giving out 
circular waves of the same frequency; as the 
waves travel with the same velocity, they also 
have the same wavelength. The waves are emit- 
ted at exactly the same instant and are therefore 
said to be in phase. The large crests that are 
formed in the resulting pattern appear white in 
the photograph because they act like lenses and 
focus light into the camera. 

We can see that there is a distinctive pattern 
of crests, and our work in the last section leads 
us to suggest that these large crests are observed 
wherever two of the smaller crests coincide. 
Similarly, if a trough coincides with a trough, 
an extra deep trough will be formed and where 
a crest coincides with a trough, there will be no 
displacement. The crest pattern may be built 
up by referring to diagram (a) in Fig. 4.10. The 
same symbols are used here as in Fig. 4.7 to 
indicate the double crests formed by the super- 
position of two crests, the double troughs 
formed by the superposition of two troughs 
and the regions of zero displacement where a 
crest and a trough coincide. 

A short time later the wave crests will all 
have advanced a little and the double crests on 
the dotted line Ao will have become double 
troughs and vice versa. However, there will still 
be constructive superposition at all points, such 
as Xq,, along this line and it is termed an 
antinodal line. Other antinodal lines, Ai, A2 
and A3, are marked on either side of Ao; all 
points on each of these lines also undergo 
maximum oscillation. 

Point Xy, on line N; is a point of no displace- 
ment because a crest from S, arrives simul- 
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Fig. 4.10 The formation of the interference pattern due to two sources. 
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taneously with a trough from S2. A short time 
later there will be a trough from S, but a crest 
from S2; again there will be no displacement. 
This is true for all points on lines N;, N2, and 
N; and these are termed nodal lines. The reader 
will appreciate the close similarity between this 
situation and that described in the last section; 
again the pattern is time-independent and the 
phenomenon is referred to as interference. 

Diagram (b) shows how these results may be 
understood in terms of path differences. Waves 
leave S; and S2 at the same instant in phase 
and as they travel equal distances to points such 
as Xa, On the antinodal line Ao they must arrive 
in phase and therefore constructive interference 
must occur, However, all points that do not lie 
on Ao are different distances from S, and Sz 
and the waves may not arrive in phase, even 
though they were emitted in phase. If the waves 
arrive at some other point a whole number of 
periods out of step, constructive interference 
will occur, but if they are an odd number of 
half periods out of step, destructive interference 
will occur instead. 

The difference in time taken by the waves to 
travel from S, and Sz is determined by the 
difference in distance, or path difference. Xx, 
is a point on nodal line, N;, and the path 
difference at points such as Xy, is given by: 


SiXn,—-S2Xw, =3A 


The next nodal line is N3 and at points such as 
Xn, we have: 


SiXn,—-S2Xn, = 2A 


The condition for destructive interference is 
that the path from S; should be 3, 13, 23, 34,... 
wavelengths longer than that from Sz, and the 
phase of the waves from S; will then be 7, 37, 
Sa, 77,... radians behind the phase of the 
waves from S. 

In general the condition for a nodal line is 
given by: 


SiXy-SoXn=(n +3)A (4.3) 


where n is any whole number or zero. Nodal 
lines are situated symmetrically either side of 
Ao. 

The smallest non-zero path difference to give 
constructive interference must be one 
wavelength and therefore at points such as Xa, 


on A, we have: 
S1Xa,—S2Ka, =A 


Xa, also lies on an antinodal line and the path 
difference must be two wavelengths: 


SiXa,—S2Xa,=2A 


In general, the condition for constructive inter- 
ference is that the path difference must be a 
whole number of wavelengths: 


SiXa—S2Xq = nA (4.4) 


where, again, n is a whole number. Antinodal 
lines are situated symmetrically either side of 
Ao; the central line Ao is, of course, also an 
antinodal line with n = 0. 

Predicting the resultant amplitude at points 
between the nodal and antinoda! lines is much 
more complicated. However, the results 
derived above are sufficient to solve a variety 
of wave problems; although we have discussed 
water waves, the results are equally applicable 
to other forms of wave motion, such as electro- 
magnetic waves or sound. In Chapter 7, we 
shall discuss them in more detail when applied 
to optical phenomena. 

The conditions for interference are quoted 
below for future reference: 


constructive SiXn—SsXaend (4.4) 
interference 

destructive 4 
interference SiXn=S:Xn=(n+3)A (43) 


where n is any whole number, including zero. 
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Redraw Fig. 4.10 at a time 7/4 and T/2 later and 
show that the positions of nodal and antinodal 
lines are unchanged. 


4.5 The reflection of transverse 
waves 


It is important to consider what happens to a 
pulse when it reaches a different medium, for 
example the end of a stretched spring. Fig. 4.11 
shows a pulse being reflected from a spring end 
which is fixed. The pulse is reflected upside 
down; it is, of course, also travelling in the 
opposite direction. 

It is difficult to show experimentally what 
happens when a pulse is reflected from an end 


that is not attached to anything, but we can 
attach a heavy spring to a very light thread, as 
in Fig. 4.12. The pulse is still reflected but this 
time it is not inverted. 

The principle of superposition helps us to 
understand why the pulse reflected from a fixed 
end is upside down. There are two pulses on 
the spring—the incident pulse and the reflected 
pulse—and both must be at the fixed end simul- 
taneously. The fixed end does not move and so 
the two pulses must cancel out there. Now Fig. 
4.3 showed that the motion due to a pulse on 
a spring is cancelled out by an identical, but 
inverted, pulse coming from the opposite direc- 
tion. Thus the reflected pulse at a fixed end 
must be identical but inverted. The mechanical 
explanation of the inverted pulse derives from 
the reaction experienced by the spring when 
the pulse reaches the fixed end and exerts a 
force on the support; the support will exert an 
equal but opposite force on the spring and cause 
an inverted pulse to be reflected. 

If the end of the spring is not fixed then it 
will, of course, move up and down when the 
incident pulse arrives; its motion will be in 
phase with that pulse. Thus it can only act as 
the source of a pulse that is not inverted and 
the pulse is reflected unchanged. 

A wave is a succession of pulses and, there- 
fore, is reflected in the same way as a pulse. If 
the end is fixed the displacement of the wave 
is reversed; if it is not fixed the displacement 
is unchanged. 

In this discussion of transverse waves we refer 
to free and fixed ‘ends’ because the particular 
case we are considering is that of a linear spring. 
In extended systems, such as those involving 
water waves or light waves, it is easier to talk 
about boundaries, and this is the more usual 
Scientific term. 


The mathematics of the reflection of 
transverse waves 


Let us consider a progressive sinusoidal wave moving with 
a velocity c towards a fixed end of a spring. Its displacement 
Yi will be given by: 


yı=A sin 2rf(t—x/c) (2.2) 
Where f is the frequency, and A the amplitude, of the wave. 
_ The discussion above tells us that the reflected wave 1S 
inverted, and that it is also travelling in the opposite direc- 
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Fig. 4.11 A pulse reflected from the fixed end of a spring 
is inverted. 
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(3) In a progressive wave all points undergo 
the same oscillation at a slightly different 
time from their i neighbours; 
this constantly changing phase means that 
the wave moves along. In a stationary 
wave, all the points on the wave in the 
same half wavelength (XX3) are in phase 
with each other, but exactly out of phase 
with the points on the wave in the next 
half wavelength (XXa); this implies that 
the wave is stationary since there is no 
continuous change of phase with distance. 


It is found by experiment that for a given 
length of spring, of given tension and mass, 
there is a set of discrete stationary waves which 
can be set up; the lowest frequency is called 
the fundamental and the higher frequencies are 
integral multiples of it. The oscillations can only 
be maintained if the waves reflected at the 
source end are exactly in phase with those being 
sent out by the source itself, 
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(twice the frequency of the fundamental), the 
third harmonic (three times the frequency), and 
so on. The fundamental is the first harmonic. 

Sometimes these higher notes are referred to 
as the first overtone, second overtone, ...; this, 
however, can lead to confusion and on the 
whole we shall avoid the term overtone. 
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Fig. 4.14 Stationary waves on a stretched spring. 
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On a piece of graph paper, draw two progressive 
waves of the same amplitude and wavelength 
immediately underneath each other with crest 
above crest and trough above trough. By adding 
their amplitudes, construct the resultant shape of 
the spring on which these waves were moving at 
that instant. Now draw each progressive wave 
again, each displaced an eighth of a wavelength in 
opposite directions; again construct the shape of 
the spring by adding amplitudes. Repeat a number 
of times. It should be possible to see that when 
two identical progressive waves move in opposite 
directions through a medium, a stationary wave is 
formed; this is a most important exercise. 


The mathematics of transverse stationary 
waves 


Suppose the equation of the progressive wave sent out 
along the spring is: 


yi=A sin 2af(t—x/c) (2.2) 


Then since the ends are fixed, the reflected wave, which is 
travelling in the opposite direction, will have a reversed 
displacement: 


yr=—A sin 2rf(t +x/c) (4.5) 


By the principle of superposition, the resultant displace- 
ment of the spring is given by the sum of these two: 


y=yitye 
=A sin 2af(t—x/c)—A sin 2nf(t+x/c) 
=—-A [sin 2af(t+x/c)—sin 2af(t—x/c)] 
Now sin P—sin Q=2cos}(P +Q) sin HP- Q) 
from Appendix 2, 
y =—2A cos 2aft sin 2rfx/c 
But c=fa 


and, therefore, rearranging we have: 


3 
y=-2Asin = cos 2nft (4.9) 


In Section 2.10 we saw that equations for progressive 
waves always contain the term (f—x/c), or one derived 
from it. Thus Equation (4.9) cannot be the equation of a 
progressive wave as the variables ¢ and x appear in different 
terms. In fact the equation tells us that a particle at a 
distance x from the end of the spring executes simple 
harmonic motion with frequency f and amplitude 
2A sin 27x/A. Thus, the wave shape does not, as in a 
progressive wave, move along but remains stationary with 
each point undergoing simple harmonic motion with an 
amplitude determined by its position. 

As the spring is fixed at each end, there must be a node, 
or point of zero displacement, there. Thus, from Equation 
(4.9), at x =0 and x =/ we must have: 


2ax 
2A sin—~=0 
A 


This is clearly satisfied when x =0 but at x =/ we must 
also have: 


2nl 
2A sin="=0 


This condition is satisfied if: 


2al 
= eT 
A 
where n is any whole number. 
Hence A= al 
nv 
2l 


A 
ie. l= "3 (4.7) 


as shown before. These possible wavelengths give the 
frequencies of the fundamental and higher harmonics: 


y : (4.8) 


Thus the mathematical analysis gives the same results as 
those proved earlier. 


4.7 The reflection of 
longitudinal waves 


We will now consider the reflection of longi- 
tudinal waves at fixed and free boundaries; as 
with transverse waves we will discuss the situ- 
ations first and then analyse them mathemati- 
cally. In the next section we shall apply these 
results to examples of longitudinal stationary 
waves, such as occur in wind instruments. 


Fixed boundary 


At a fixed boundary, such as the closed end of 
a pipe, there cannot, by definition, be any dis- 
placement. Therefore, the displacement that 
would have been caused by the incident wave 
must have been cancelled by the superposition 
of the reflected wave; the displacement in the 
reflected wave must be opposite to that in the 
incident wave, and of equal amplitude. This 
situation is similar to the reflection of a trans- 
verse wave at a fixed boundary; as there is no 
displacement, there will be a displacement node 
in the resulting stationary wave. 

A longitudinal wave can also be regarded 
from a compression point of view, as explained 
in Section 2.4, We stated there that a displace- 
ment node is always accompanied by a com- 


Table 4.1 The reflection of longitudinal waves 


Displacement wave 
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pression antinode. We might, in any case, have 
expected that there would be a large change in 
compression against a fixed boundary, from our 
experience standing in a crowd pressed against 
a wall. As there is a compression antinode, the 
incident wave is not cancelled by the reflected 
wave at the boundary and thus the compression 
changes are not reversed on reflection. 


Free boundary 


At a free boundary the situation is different 
because there is no hindrance to displacement 
and thus a displacement antinode occurs. The 
incident displacement wave is not cancelled at 
the boundary and thus the wave is reflected 
without the displacement being reversed. 

As there is a displacement antinode there 
must be a compression node; in order to cancel 
the incident compression wave at the boundary 
the sense of the pressure change in the reflected 
wave must be reversed. 

Table 4.1 summarizes the results discussed 
above; despite the fact that we refer so 
much to wind instruments, it is important to 
remember that the reflection of longitudinal 
waves occurs in solids and liquids as well as in 
air. 


The mathematics of the reflection of 
longitudinal waves 


Let us suppose that the incident displacement wave is 
represented, as before, by: 


yj =A sin 2af(t—x/c) (2.2) 
where in this case y; represents the displacement in the 


direction of propagation of the wave, since itis a longitudinal 


wave. 
When the wave is reflected from a fixed boundary the 
displacement and direction of propagation are reversed: 


y,=—A sin 2af(t+x/c) (4.5) 


Compression wave 


Reflected wave 


Behaviour at end 


Reflected wave Behaviour at end 


Fixed boundary 


displacement reversed node formed 


sense of compression antinode formed 


change not reversed 


Free boundary displacement not 


reversed 


antinode formed 


sense of compression node formed 


change reversed 
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When the reflection is from a free boundary only the 
direction of propagation is reversed: 


yi =A sin 2af(t+x/c) (4.6) 


These equations are, of course, identical to those obtained 
for transverse waves. 

The incident compression wave is 7/2 radian (90°) out 
of phase with the incident displacement wave, as shown in 
Section 2.4; if Ap is the amplitude of compression changes, 
and P, the compression of the incident wave, we may write: 


P,=Ap cos 2nf(t—x/c) (2.26) 


When the wave is reflected from a fixed boundary there 
are large compression oscillations, and therefore only the 
direction of propagation of the wave must have been 
reversed: 


P,=Ap cos 2nf(t+x/c) (4.10) 


When the reflection is from a free boundary there are no 
compression oscillations at the boundary and thus the sense 
of the compression changes has reversed as well as the 
direction of propagation: 


Pi =—Ap cos 2af(t+x/c) (4.11) 


The superposition of these waves into stationary waves 
is discussed in Section 4.8. 


4.8 Longitudinal stationary 
waves 


Longitudinal stationary waves are formed in 
exactly the same way as transverse stationary 
waves; that is, from two waves of the same 
frequency moving in opposite directions 
through the same medium. As usual, when dis- 
cussing longitudinal waves, we must consider 
two aspects—the compression wave and the 
displacement wave. Although the examples 
given relate to waves in air columns, the results 
are applicable to any situation involving longi- 
tudinal stationary waves. 


A tube open at both ends 


Let us consider the stationary waves that may 
be set up in an air column open at both ends, 
for instance an open organ pipe with air blown 
in at the base and an unobstructed top. As 
explained in Section 4.7, there will be a dis- 
placement antinode and pressure node at each 
end. The lowest frequency that can be set up 
in this tube occurs when the wavelength is twice 
the length of the tube, and the fundamental 
frequency, fo, is thus c/2/, as shown in Fig. 4.15. 
Additional stationary waves of higher 
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Fig. 4.15 Longitudinal stationary waves in a pipe open at 
both ends. 


frequency, and shorter wavelength, can also be 
set up and we see that these are the 2nd, 3rd, 
4th... harmonics, with frequencies 2fo, 3fo, 
4fo.... In each case, the amplitudes of the 
variation in displacement and pressure are 
shown at various points in the tube; the oscilla- 
tory motion of the air particles is, of course, 
along the length of the tube. 


A tube closed at one end 


Another type of air pipe is closed at one end 
and open at the other. Closed organ pipes have 
air blown in at the base, as before, but have 
the top of the pipe filled in. At the open end 
there will still be a displacement antinode and 
pressure node, but at the closed end there will 
be a displacement node and pressure antinode. 
The various stationary waves possible with this 
type of tube are shown in Fig. 4.16. The funda- 
mental frequency is half that for a pipe open 
at both ends, since the tube length is equal to 
a quarter wavelength, and thus the fundamental 
wavelength is twice as great. Only odd- 
numbered harmonics are possible, the 1st over- 
tone being the 3rd harmonic, the 2nd overtone 
the 5th harmonic, and so on, 

It is necessary to point out in closing that, in 
practice, no situation is as simple as is implied 
above. Fig. 4.12 shows that some energy is 
transmitted through the boundary into the light 
thread and, in the same way, an open end will 
transmit some energy into the surrounding air; 
it follows that the displacement antinode there 
is not quite perfect. Similarly a fixed end does 
not form a perfect boundary, as sound can be 
transmitted through it. In musical instruments, 
these ‘imperfections’, often determined by the 
detailed construction, determine the range of 
harmonics that actually occur, and hence the 
quality of the sound that is produced. The pitch 
of the note is determined by the frequency of 
the fundamental, and the tone by the mixture 
of harmonics that also occur. 
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Mathematical equations for the longitudinal 
Stationary waves set up by reflection in pipes can 
be derived in the same way as the equations for 
transverse stationary waves in Section 4.6. Use the 
equations in Section 4.7, together with the 
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Fig. 4.16 Longitudinal stationary waves in a pipe closed 
at one end. 


appropriate trigonometrical relationships, to find 
equations for the stationary waves set up in the 
types of pipe considered. (This question is only 
suitable for those who have been following the 
mathematical analyses.) 
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4.9 Applications of stationary 
waves 


The reader will recall the discussion of reson- 
ance in Section 1.6 where single-mass systems, 
such as the simple pendulum, were found to 
have one particular frequency at which they 
could be made to vibrate with a large amplitude. 
We now see that for systems involving dis- 
tributed mass—such as a taut wire, or a column 
of air—there are a whole range of specific 
frequencies at which ‘oscillations’ or stationary 
waves can occur. The lowest frequency is 
termed the fundamental and the higher fre- 
quencies overtones ; in simple cases these are in 
a harmonic series but in the more complex cases 
this is not usually so. We term each frequency 
of vibration, with its own particular stationary 
wave pattern, a mode of vibration; thus Fig. 
4.14 shows five modes of vibration for a spring 
of given length and tension while Fig. 4.15 
shows three modes of vibration for a column 
of air open at both ends. Each mode must ‘fit 
into’ the length or other dimensions of the 
situation; the restrictions caused by this are 
termed boundary conditions. In practice, a num- 
ber of modes will be excited simultaneously and 
the resulting stationary wave is the superposi- 
tion of each of these modes. As with the 
resonant oscillations of a point mass, if the 
length of spring is vibrated at a different 
frequency to that of one of its modes, smaller 
and less regular motions take place. 


Galloping stays 


An example of transverse stationary waves is 
provided by the vibration of telephone wires 
or mast stays in a wind, The notes, of charac- 
teristic frequency, are produced by the setting 
up of eddies in the moving air stream. 

If we move a finger rapidly through a fluid, 
such as water, small eddies or vortices are set 


RE 
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Fig. 4.17 The formation of eddies. 


1st FLAP (cantilever) 


(i) sand-pattern diagram 


(ii) hologram 


1st FLAP 
(iii) blade bending mode 


(iv) simplified nodal pattern 


Ist FLAP 
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2nd FLAP (cantilever) 2nd TORSION 


(i) sand-pattern diagram 


(i) sand-pattern diagram 


(ii) hologram { 


(i) hologram 


2nd FLAP 
(i) blade bending mode (iii) blade bending mode 
(iv) simplified nodal pattern (iv) simplified nodal pattern 


2nd FLAP 2nd TORSION 


Fig. 4.18 Some possible modes of oscillation for jet turbine blades. (Material by courtesy of Rolls-Royce Limited.) 
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(b) Asymmetrical modes of oscillation 


Fig. 4.19 


up; these are alternately to the left and right 
of the path and are in opposite directions of 
rotation as shown in Fig. 4.17. 

Similarly, if a wind blows past a fixed 
obstacle, eddies will be formed on either side 
of it and these will rotate in opposite directions. 
Eventually these eddies will detach themselves 
from the wire, giving it a thrust and moving off 
in the air stream. As the eddies depart from 
alternate sides giving alternate, periodic 
thrusts, the wire is caused to vibrate. If the 
frequency of the thrusts is equal to that of one 
of the modes of the wire then a loud resonant 
sound is heard; in practice there will be various 
sets of thrust frequencies set up at once and 
the tone is caused by the superposition of them. 


Jet engine turbine blades 


Turbine blades of jet engines are mounted in 
their supporting drums by joints that only fully 
tighten when the blades are revolving at full 
speed; this enables the vibratory stresses to be 
reduced at low engine speeds but also means 
that the modes of vibration of the blade may 


change with engine speed. The effect of the 
vibration caused in the blade by the engine 
vibrations and by the air flow is to set up station- 
ary waves in the blade. These are different from 
those in stays, for one end is fixed and the other 
free; in addition the blades can twist. 

Blade vibrations can be investigated in the 
laboratory by scattering sand on the stationary, 
vibrating blades since the sand will collect along 
the nodal lines; more complex experiments 
involve making holograms of the moving 
surface. 

The simplest modes are the flexural (or flap) 
modes as shown in Fig. 4.18; in this situation 
there is no simple relationship between the 
frequencies of different modes. The situation 1$ 
further complicated by the presence of torsional 
modes; these are caused by air flow at large 
angles of incidence and can be partially over- 
come by carefully shaping the end of the blade. 


Vibrations of a rubber sheet 


A rectangular rubber sheet can be made to 
vibrate in a variety of modes, exhibiting station 


ary waves. Fig. 4.19 shows six such modes; the 
first three are symmetrical and the second three 
are asymmetrical. The dotted lines represent 
nodal lines, + sign regions containing a crest, 
and — sign regions containing a trough; the 
actual motion will be a superposition of some, 
or all, of these modes. 


Chladn 


Chladni’s plate is a metal plate which is clamped 
at its centre so that its edges are free to vibrate. 
It is set into oscillation by drawing a bow along 
one edge and the modes of vibration that occur 
are controlled by touching the edge with a 
finger, thus causing nodal lines to start from 
that point. The modes are also affected by the 
position at which the bow is applied. The modes 
are observed by scattering sand on the plates; 
this collects along the nodal lines. Much of the 
research on Chladni plates was carried out by 
Mary Waller, Head of Physics at a London 
Hospital, about 1930 (Fig. 4.20). 


; plate 


Fig.4.20 Mary Waller demonstrating one mode of oscilla- 
tion on a Chladni’s plate during a television broadcast in 
1937. (BBC copyright photograph: The Listener, 1938.) 


Earthquake waves 


We have already discussed earthquake waves 
in some detail in Section 3.7 and we saw that 
they may be either of longitudinal or shear type. 
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The maximum wavelength of earthquake waves 
observed is about 13 000 kilometres, the length 
of the earth’s diameter, and these waves have 
a period of about 3400 seconds. These are not 
really progressive waves but are stationary 
waves involving the oscillation of the earth as 
a whole. 

A useful analogy is the speaking tube used 
in ships until quite recently. Normally the 
wavelength of the sound wave is very much less 
than the length of the tube and the tube may 
therefore be used to carry progressive sound 
waves from place to place. If, however, the 
pitch of the sound is lowered, and the 
wavelength lengthened, until the wavelength is 
of the same order of magnitude as the length 
of the tube, it begins to act like a musical 
instrument and stationary waves are set up. 

In the same manner the 13 000 kilometre 
waves are not progressive waves but stationary 
ones. Since the last century, mathematicians 
have attempted to predict what the free oscilla- 
tions of a homogeneous sphere, due to elastic 
and gravitational forces, would be. They con- 
sidered three types of vibration: torsional, 
where the motion of a point on the surface is 
tangential to the surface, radial and spheroidal. 
The last two types are illustrated in Fig. 4.21; 
for each type of oscillation there are of course 
a whole sequence of more complex modes. 

Working on simplified data, computers pre- 
dicted periods of 42 minutes 30 seconds for the 
torsional mode, 20 minutes 44 seconds for the 
radial mode and 56 minutes 44 seconds (3404 
seconds) for the spheroidal mode. The 
measured period (3400 seconds) of the 
13 000 km waves agrees closely with that of the 
spheroidal mode. 


Electromagnetic waves 


Finally, as a reminder of the universal proper- 
ties of waves, we will consider stationary waves 
set up by a form of electromagnetic radiation— 
radar waves. If a 3cm radar source is set up 
opposite a metal plate, the radiation is reflected 
by the plate and stationary waves are set up 
between transmitter and plate. This can be 
demonstrated by moving a detector along a line 
between the transmitter and plate, when a 
sinusoidal variation of amplitude will be detec- 
ted as a (sine)? variation in intensity. This may 
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Radial oscillations of the earth where particles move 
along radii in a series of compression waves rather like 
sound waves 


Fig. 4.21 Oscillations of the earth. 


be used to measure the wavelength of the radi- 
ation, bearing in mind that you pass two nodal 
points in each wavelength, as seen in Fig. 4.22. 
This method is used to measure the wavelengths 
of electromagnetic waves in waveguides. 


Stationary waves 


Nodal points 


3 cm radar Detector Metal screen 


transmitter 


Fig. 4.22 Stationary electromagnetic waves. 


Thus we see that all types of wave motion 
will produce stationary waves in situations 
where reflection can occur, and where the 
wavelength is of the same order of magnitude 
as the basic dimensions of the situation. They 
can be used to show that a wave motion is 
present, and sometimes to determine the 
wavelength of the waves. 


Spheroidal (‘football’) mode oscillations where the lengths 
of the vertical and horizontal axes oscillate 


4.10 Beats 


So far, we have restricted our attention to cases 
of superposition where the frequencies of the 
two wave motions have been identical. Clearly 
superposition must always occur when two 
waves disturb the same medium, whatever their 
frequency, but in general the net effect will be 
complicated. However, one important case with 
simple results occurs when the two frequencies 
are different but by a small amount. 

If two identical waves are in phase at a paf- 
ticular moment there will be a large resultant 
amplitude but if they arrive exactly out of phase, 
there will be zero resultant amplitude. Now ! 
the two waves are of slightly different frequency 
they will have slightly different periods. Sup- 
pose that at one moment they are exactly 1n 
Step, giving a large resultant. As time prO- 
gresses, they will get increasingly out of steP 
until eventually the crest of one wave will 
coincide with the trough of the other and the 
resultant will then be zero. After a further equal 
time has elapsed they will be once more M 
phase and the resultant will be a maximum 
again. Thus, the resultant amplitude will vaty 


sin 10r (t - x/c) 
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Fig. 4.23 The formation of beats. 


from a maximum of twice the amplitude of each 
wave to zero, and back again. The closer the 
two frequencies are the slower will be this vari- 
ation. 

_ This behaviour can be shown graphically, and 
in Question 4.7 the reader is asked to plot 
his own graphs to convince himself that the 
following results are correct; they are shown in 
Fig. 4.23. The resultant wave is similar to a sine 
wave except that its amplitude is changing; the 
envelope of the resultant wave has a frequency 
equal to half the difference between the con- 
Stituent frequencies, We say that the two waves 
produce beats; if the two amplitudes are not 
exactly equal the beats will still occur, but less 
distinctly since the resultant amplitude will 
never fall to zero. 

We have stated above that the frequency with 
which the envelope varies is equal to half the 
difference in frequency. Thus, in Fig. 4.23 the 
top wave is of frequency 5 Hz and the lower 
wave of frequency 4 Hz, a difference of 1 Hz; 
the time interval between T, and T> is 1 second, 
and contains 5 and 4 complete cycles of the 
two waves respectively. In this second the 
€nvelope varies through only half a cycle and 
thus the frequency of the sinusoidal variation 


in amplitude is 0.5 Hz, as shown in the equation 
underneath. However, if we are concerned with 
the energy transmitted, as in a sound wave, this 
is proportional to the square of the amplitude 
of the resultant wave. The sound will therefore 
be a maximum half-way between T; and T3, 
and also half-way between T, and T3; at Ti, 
Tz and T; there will be silence. Thus the sound 
fluctuates from zero to maximum and back to 
zero again once in each second and the ‘beat 
frequency’ is 1 Hz, equal to the difference in 
component frequencies. 

Beats may be used to tune the notes produced 
by two musical instruments or loudspeakers. 
When the notes are almost in tune, beats will 
be produced but as the frequencies of the notes 
are brought closer together the beat frequency 
will fall, and will become zero when the 
frequencies of the notes are identical. 
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Draw two sine waves, of frequencies 5 Hz and 

4 Hz, as accurately as possible, above each other 
on a sheet of graph paper. Use the principle of 
superposition to show that the resultant wave will 
have the form shown in Fig. 4.23. 
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The mathematics of beats 


Let us suppose that the displacements, yı and yz, of the 
two waves are given by: 


yı =A sin 2af,(t—x/c) (2.2) 

y2=A sin 2nfo(t—x/c) 
where their frequencies f, and fz are very nearly equal. 
Then the resultant amplitude is given by: 

=y tyz 

=A sin 2rfi(t-x/c)+A sin 27falt—x/c) 
and since: 

sin P +sin Q =2 sin 4 (P +Q) cos å (P-Q) 


from Appendix 2, we have: 


y=2A sin 2n(2=4)(,) cos 2r (AAV - *) 


c 


fith 


But oo =f, the average frequency, 


where F=f, = fz since the frequencies are almost identical. 
Hence 


y=2A cos 2a (48) (1-3) sin 2nf(r-*) (4.12) 
2 c c 

This represents a sine wave whose frequency f, being the 

average of two almost identical frequencies, is almost 

unchanged; in audible beats this determines the pitch of 

the note that is heard. The amplitude of the wave is 


2A cos 2 AA) -x/c) 


and thus varies between 0 and +2A with a frequency equal 
to half the original frequency difference. The sound heard 
will be loud whether the amplitude is +2A or —2A and 
thus the loudness of a sound produced by beats varies at 
a frequency equal to the difference in frequencies; 
mathematically this arises from the fact that the intensity 
is proportional to the square of the amplitude. 
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Use the trigonometric result: 


1+ 
RPS cos 2P 


from Appendix 2 
to prove that, if the amplitude of the superposed 
waves varies with a frequency (fı —f2)/2, then the 
energy will vary with a frequency (fı —f2). 


Amplitude modulation 


An interesting application of the idea of beats is used in 
radio and television broadcasting. A radio station assigned 
to, say, 800 kHz broadcasts a carrier wave signal at that 
frequency whenever it is switched on. If someone speaks 
so that a message is transmitted, the signal from the micro- 


phone is used to change, or modulate, the amplitude of the 
carrier wave as shown in Fig. 4.24(a). 

Suppose that the carrier wave signal, se, at the transmitter 
is represented by: 


Se= Ac sin aft 


where fe is its frequency, and A, its amplitude. We have 
omitted the distance parameter because we are considering 
only the signal at one place. 

Now the carrier amplitude is modulated about the value 
A, by the modulating signal, which for simplicity we take 
to be a single frequency; the modulation factor used is of 
the form: 

Sm=1+A, sin 27f pt 


where fm is the frequency, and Am the amplitude, of the 
modulating signal Sm. 

To obtain the equation for the resultant signa! we multi- 
ply these two expressions together. Hence: 


S$ =SmX Se 
=A(1+Am Sin aft) sin rfet 
= Ae Sin 2nf.t+AAm Sin 27f.t sin 27fiyl 


Now: 
sin P sin Q = —}[cos (P + Q)—cos(P - Q)) 
from Appendix 2. Thus: 


s =A, sin 2nfet ~$A Am COS 277 (fet fm)! 
+4A Am cos 2r lfe- fm)t 


The modulated carrier wave is, therefore, equivalent to 
the ‘beats’ produced by three waves of frequencies fo 
(fe+ fm) and (fe— fm). As the carrier frequency (800 kHz) 
is much greater than the highest frequency in the audible 
range (about 15 kHz) we have a signal at 800 kHz together 
with two closely-spaced side frequencies, as shown in Fig. 
4.24(b). 

In practice, instead of one particular frequency in the 
modulating signal there will be a whole range up to 10 kHz 
and possibly beyond. Thus instead of broadcasting at three 
specific frequencies the transmitter will transmit over two 
ranges on either side of the carrier, which are called 
sidebands, in addition to the carrier frequency itself. Thus 
the transmitter and receiver must be able to generate and 
detect signals in a given frequency band, say between 790 
and 810 kHz, and each station that is to broadcast must be 
allocated exclusively a certain bandwidth if there is not to 
be interference with other transmitters. 


4.11 Harmonic synthesis 


We have already seen, in Section 1.7, how any 
complicated oscillation can be considered by 
Fourier synthesis to consist of an infinite num- 
ber of sinusoidal oscillations; this principle 
enables all oscillations to be analysed in terms 
of one type of oscillation that is particularly 


(a) A modulated carrier wave 
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(c) The frequencies produced when a carrier 
wave of frequency f, is modulated by 
signals varying in frequency from fm, to fm, 


Fig. 4.24 The amplitude modulation of radio waves. 


well understood. We shall now briefly apply the 
same idea to waves. 

As has been stated earlier, strings, air 
columns, metal plates and so on can all form 
stationary wave patterns in a variety of modes. 
In more complicated situations the stationary 
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wave patterns that are set up are a combination 
of a whole series of such modes, all occurring 
at once. In other words the complex motions 
of, say, a violin string can be analysed in terms 
of the superposition of sinusoidal modes, each 
of which must satisfy the boundary conditions 
for the particular case. 

We cannot, of course, easily ‘see’ the motion 
of a violin string. We can, however, use a micro- 
phone to detect the sound that is produced and 
pass its signal to a cathode-ray oscilloscope on 
which can be displayed a graph of displacement 
against time like those in Fig. 5.6. A violin 
string can vibrate in the series of modes illus- 
trated in Fig. 4.14; each mode produces a 
different note and it is the mixture of modes, 
and therefore of notes, which gives the violin 
its distinctive tone. The lowest note present, the 
fundamental, determines the pitch of the note 
that is heard. A different instrument, such as 
an oboe, will have different harmonics present 
and the relative amplitudes of the range of 
harmonics will be different. The complex 
waveform seen on the oscilloscope is formed by 
adding up all the constituent waveforms. 
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Sound waves 


5.1 The transmission of sound 


The wave nature of sound 


Suppose that an electronic organ is connected 
to two loudspeakers, so that the same note is 
played through each; if you move around the 
hall in which the organ is situated, you will hear 
the loudness of the note change from place to 
place. You are hearing the variation in the 
intensity of sound due to interference maxima 
and minima, showing that sound is a wave 
motion. This experiment may be carried out in 
the laboratory using a signal generator and two 
small loudspeakers; the intensity of the sound 
in the interference pattern is detected by a 
microphone and displayed on an oscilloscope. 

Waves are propagated from oscillating 
sources; for instance, when the end of a 
stretched rope is moved up and down, a wave 
is propagated along it. Similarly the cone of a 
loudspeaker producing a note can be felt to be 
oscillating; sound is thus a wave motion. 

When a wave is sent down a rope, the oscilla- 
tions of the rope can occur in any direction at 
right angles to the direction in which the wave 
is travelling; if the oscillations are restricted to 
one plane they are said to be polarized. Light 
waves, which are transverse, can be polarized 
as explained in Section 7.7. Longitudinal waves 
cannot be polarized, as the directions of the 
oscillations are always in the direction of propa- 
gation. As no polarization phenomena have 
ever been discovered for sound waves, we con- 
clude that they consist of longitudinal waves. 
In fact, if very loud sound waves are transmitted 
through air which contains smoke particles, it 
is possible to see the resulting longitudinal 
oscillations of the particles through a micro- 
scope. 

It is important to note that when a micro- 
phone is connected to an oscilloscope, the trace 
on the screen is a graph of ‘longitudinal dis- 
placement against time’; the fact that the trace 
appears to look like a transverse wave does not 
mean that the sound wave causing it is itself 
transverse. 


If an electric bell is hung in a jar, and air is 
pumped out, the sound of the bell becomes 
inaudible; sound cannot be transmitted through 
a vacuum. Thus, sound is a longitudinal wave 
motion, which requires a material medium for 
transmission ; this medium may be a solid, liquid 
or gas. 

The reader is advised to revise his knowledge 
of longitudinal waves—their transmission, 
reflection and superposition—as the topics will 
not be covered in detail in this chapter. They 
are covered in Chapters 2, 3 and 4, 

The velocity of sound is large, but not as 
great as the velocity of light, as may be seen 
by observing a starting pistol fired, The velocity 
of sound at 20°C is about 330ms ' in air, 
1500ms_! in water and 5100ms'' in iron. 
Methods of measuring the velocity of sound in 
a solid were described in Section 2.5, and 
measurements in air are discussed in Section 
5.6. 

Sound waves, like other waves, can be diffrac- 
ted, refracted and reflected. The angular width 
of the diffraction pattern that occurs beyond an 
opening depends upon the ratio of the 
wavelength to the slit width; the wavelength of 
an audible sound wave is of the order of one 
metre, whereas the wavelength of light is about 
10°° m, and therefore the diffraction of sound 
is noticeable at larger openings than are 
required for the diffraction of light. Diffraction 
occurs, for instance, when sound leaves your 
mouth, spreading the waves throughout a room, 
a simple conical megaphone increases the size 
of the aperture at which the diffraction occurs, 
thus causing less diffraction and producing a 
more confined beam for use outdoors. 

Practical applications of the refraction of 
sound will be discussed in the section on ultra- 
sonic waves, where they are particularly impor- 
tant. The phenomenon can be observed by 
filling a lens-shaped balloon with a gas that is 
heavier than air, such as sulphur dioxide; the 
velocity of sound in the balloon will be less than 
in the surrounding air, and thus the balloon will 
act like a converging lens. If you place your ear 
close to one side of the balloon, sounds from 
the other side will appear slightly louder. 
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Fig. 5.1 The wavefronts in this photograph are made 
visible by a special technique known as ‘Schlieren’ photo- 
graphy; this utilizes changes in the refractive index of air 
with density to enable the position of wavefronts to be seen. 


Fig. 5.1 shows a sound wave, produced behind 
the black disc, being refracted as it passes 
through the bag of sulphur dioxide, and produc- 
ing almost plane waves; the source is at the 
focus of the lens. Some of the wave that has 
passed outside the lens has undergone diffrac- 
tion at its edge and a reflected wave can also 
be seen. Carbon dioxide is another gas that is 
heavier than air and a balloon filled with this 
also forms a converging lens; hydrogen is lighter 
than air and a balloon filled with it will act as 
a diverging lens. 

The reflection of sound waves, also shown in 
Fig. 5.1, is of especial importance in the acous- 
tical designs of buildings. 


The acoustics of halls 


In a hall the reflection of sound from the walls 
causes echoes and reverberation. An echo may 
be formed if the sound is reflected from an area 
of the wall sufficiently continuous in shape to 
form a strong reflected. beam; this used to be 
the case in the Royal Albert Hall, London, 
where the front row of the audience would hear 
a reflected sound nearly a fifth of a second after 
the direct sound. This problem has been 
reduced by hanging fibre-glass saucers to 
absorb sound incident on the roof, as shown in 
Fig. 5.2(a). 

Multiple reflections, and the scattering of 
sound from the walls, cause reverberations as 
shown in Fig. 5.2(6); when the generation of a 
sound ceases, there is a further period of time 


during which the sound is dying away because 
a series of echoes is heard in rapid succession. 
The time taken for the intensity of the sound 
to decrease to one millionth of its initial value 
is called the reverberation time. 


Q 51 

Estimate the height of the Albert Hall from the 
data above. The velocity of sound is about 
330ms'. 


In 1895, Wallace Sabine was commissioned 
to improve the acoustics in the lecture theatre 
at the Fogg Art Museum, Harvard, which 
suffered from a reverberation time of 5.6 s. He 
carried out a detailed investigation, timing how 
long the period of reverberation was at the end 
of an organ note, and adjusting the amount of 
absorption by importing cushions in large num- 
bers. When he had borrowed 436 cushions, the 
reverberation time was reduced to 2.0s; the 
minimum time he achieved was as little as 1.1 s. 
He measured the absorbing power in terms of 
the length of cushions, and he showed that: 


total absorptive power X reverberation time 
= constant (5.1) 


In his calculations he had, of course, to allow 
for absorption by the walls as well as by the 
cushions. Sabine’s original unit of absorption is 
rather cumbersome and the unit of absorption 
he replaced it with was the open window. An 
open window is assumed to have a coefficient 
of absorption of 1.00 because it absorbs all the 
sound falling on it; the coefficients of absorption 
of other materials can then be measured by 
comparing their absorption with an open 
window: 


acoustic plaster 0.45 
heavy carpet 0.06 
unpainted concrete 0.03 


As coefficients of absorption vary considerably 
with frequency, the above data is quoted at 
250 Hz, about middle C; the coefficient of 
absorption of acoustic plaster at 1000 Hz, for 
instance, is 0.92. The fact that coefficients of 
absorption vary with frequency means that 
reverberation times will also be frequency 
dependent. 
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Fig. 5.2 (a) Royal Albert Hall, London, (b) Echoes heard 
by a listener in a hall. (c) Photographs showing successive 


stages in the progress of a sound pulse in an auditorium, 
using a sectional model. (d) Fibre-glass saucers, intended 
to cut down unwanted reflections in an auditorium, being, 
tested in the Building Research Establishment’s anechoic 
chamber at Garston, Watford. 


The ideal reverberation time for a hall 
depends upon the size and use. In a hall of 
given size, in Sabine’s case about 4000 cubic 
metres, the following might be suitable: 


conference room 0.95s 
chamber music 1.25 
classical or modern music 1.8s 


The time chosen is, in any case, a matter of 
personal taste and, if the hall is to serve a variety 
of purposes, also a matter of compromise. 

The presence of an audience will make a 
substantial difference to the reverberation time; 
the Mormon Tabernacle, in Salt Lake City, has 
a very long reverberation time of 4 s at 1000 Hz 
when empty, an optimum time of 2s when 
about 2500 people are present, but becomes 
rather dull when there are as many as 6000. In 
modern halls, therefore, it is usual to provide 
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seats whose absorptive properties are the same 
as a person’s, so that conditions in rehearsal 
and performance are identical. 

Waves reflected from the walls might be 
expected to interfere but this does not usually 
produce audible variations in intensity; 
different frequencies, both fundamentals and 
harmonics, will produce different interference 
patterns in the hall. It is wise, however, to avoid 
smooth reflecting surfaces so that reflections 
are diffuse and the sound spreads throughout 
the hall as uniformly as possible. 

One superposition effect that can cause dis- 
tortion of the sound is resonance. A hall will 
have a number of natural frequencies, at which 
stationary waves can be set up particularly 
easily; the actual frequencies which are excited 
will depend upon how close the notes played 
are to those frequencies, and where in the hall 
they are played. Resonance may cause some 
notes to stand out more clearly than intended, 
or to continue to be heard after others have 
died away; it may be heard at home when 
singing in a tiled bathroom. 

Sabine’s work provided a basis for some 
theoretical understanding of acoustics, but 
much work in the subject is still empirical. 
Building real halls with disastrous acoustics is 
an expensive way of conducting experiments, 
and some predictions can be obtained from 
investigations with models beforehand. 
Reflections can be observed by making a model 
plan of the hall in a ripple tank, as shown in 
Fig. 5.2(c). Three-dimensional models can also 
be constructed, and experiments with micro- 
phones and loudspeakers carried out in them; 
the wavelength of the sound must be scaled 
down by the same ratio as the dimensions. Such 
experiments are often carried out in a room 
which is itself completely free from reverber- 
ation, called an anechoic chamber; the walls 
are lined with glass-fibre cones to absorb all 
the sound incident upon them, as shown in Fig. 
5.2(d). 


5.2 The production of sound 
by musical instruments 


We have, so far, shown that sound is a longi- 
tudinal wave motion, with properties such as 


diffraction, refraction and reflection. In this sec- 
tion, we shall turn our attention to those charac- 
teristics which are associated particularly with 
musical sounds. 


Loudness and amplitude 


A microphone and oscilloscope can be used to 
show that louder sounds have larger ampli- 
tudes. In Section 1.4 we saw that the energy of 
an oscillation is proportional to the square of 
its amplitude and the rate of energy flow per 
square metre, or intensity, of a wave is also 
proportional to (amplitude), at a given 
frequency; intensity measures power per unit 
area and has units W m”. 

The loudness of a sound will depend upon 
the loudness of the source and its distance away; 
as we move further from the source, the flow 
of energy is spread over a larger area and the 
intensity falls. For a point source, the area of 
the spherical surface over which the power is 
distributed at a distance r from the source is 
4nr’, and thus if there is no overall loss in 
power the intensity is proportional to 1/r’; it 
follows that the amplitude decreases as 1/r. 

The amount of power in sound waves is very 
small. A choir of one hundred thousand—filling 
Wembley Stadium—singing as loud as possible 
would only produce as much power as is used 
by a 100 W light bulb. The loudest sound that 
can be heard without discomfort has an 
intensity of 10 Wm”, and the quietest sound 
that is audible to most people has an intensity 
of 10°’? Wm °; however, the intensity range 
does not appear to us to be as great as this. 
The reproduction of the large intensity ranges 
that are encountered in a symphony concert, 
or at a pop concert, is impossible to achieve in 
recordings; fortunately we still get a vivid 
impression of ‘loud’ and ‘soft’, but on a much 
reduced range. 


Pitch and frequency 


A microphone and an oscilloscope will also 
show that notes which we describe as being of 
high pitch have a greater frequency than notes 
of low pitch. i 
Pythagoras carried out a detailed investiga- 
tion into notes of different pitch, in the sixth 
century Bc. He used an instrument called a 
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monochord, or sonometer, which consists of a 
taut string stretched between two supports, as 
shown in Fig. 5.3. A third support, or bridge, 
may be moved along under the wire so as to 
divide the string into lengths of any required 
ratio. He found that the two notes produced 
were particularly harmonious to the ear, or 
consonant, if the lengths were in a simple ratio. 
The most consonant arrangement, other than 
that with equal lengths and pitches, was when 
the ratio of the lengths was 2:1. Pythagoras 
did not relate the lengths of the string to their 
frequencies, but we know that as the velocity 
of sound on the wire must be the same either 
side of the bridge, the frequencies must be in 
the ratio 1:2. 


String 


Support ~ 
ak Hollow soundbox 


Fig. 5.3 


These two notes would today be said to be 
an octave apart: any two notes with a frequency 
ratio of 1:2 are an octave apart, and sound 
particularly consonant. 

As all notes which sound an octave apart 
have a frequency ratio of 1:2, we see that 
musical intervals depend upon frequency ratios. 
In the contemporary western system of naming 
notes, those an octave apart are given the same 
letter; for example, the note of frequency 
256 Hz is called middle C and the note of 
frequency 512 Hz, an octave above, is also 
called C (written C’). These notes are shown in 
Fig. 5.4. 

Pythagoras also found notes closer together 
that were still fairly consonant. The next most 
consonant interval occurs when the lengths are 
in the ratio 3 : 2; the frequencies are in the ratio 
2:3 and the notes are said to be a fifth apart. 
For instance, G is five notes above C, counting 


inclusively, and the interval C-G is termed a 


fifth. 


Q 5.2 

What is the frequency of the note G above middle 
C? What is the frequency of the G an octave 
above that? (G’) Calculate the frequency ratio 
between C’ and G'. 


The question demonstrates that the reason 
that G’ also sounds as if it is a fifth above C’ is 
that the frequency ratio is again 2:3; this will 
be true for any other pair of notes that are a 
fifth apart. 

Clearly, within the audible range there are 
an infinite number of frequencies, just as there 
are an infinite number of points on a line. Those 
frequencies which are chosen to appear as notes 
in western music are there because they can be 
used to make up melodies and chords which, 
to our ears, sound consonant. The question of 
why these notes are consonant is a complicated 
one to which the answer is not really known; 
other civilisations seem to have chosen different 
notes to make up their scales and chords. 
Readers who are interested should consult a 
good text book on the physics of music; some 
are listed at the end of the chapter. Any physi- 
cist who is also a musician is strongly urged to 
read one of them! 


Mersenne’s laws 


The work of Pythagoras on stretched strings, 
probably one of the earliest sets of quantitative 
experiments ever carried out, was later exten- 
ded independently by Galileo and by Marin 
Mersennes, a Minorite friar; Mersennes pub- 
lished the laws given below in 1636: 


(1) the fundamental frequency of a stretched 
string is inversely proportional to its 
length, l, provided that the tension, T, 
and mass per unit length, w, remain con- 
stant; 

(2) the fundamental frequency is directly 
proportional to the square root of the 
tension, provided that the length and 
mass per unit length remain constant; 

(3) the fundamental frequency is inversely 
proportional to the square root of the 
mass per unit length, provided that the 
length and tension remain constant. 
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Fig. 5.4 The range of audible frequencies, including approximate ranges for some musical instruments; the keyboard 
represents the range of a pianoforte. The frequencies on the left are only approximate; they are marked on a logarithmic scale. 
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These three laws may be combined to give 
one relationship: 


ET 
fary; (5.2) 


In Section 4.6, we showed that the frequency 
of the stationary waves that can be set up ona 
spring, or string, is given by: 


aN (4.8) 


where n can be any integer depending on the 
wavelength. The fundamental frequency is the 
same as that given by Mersenne’s law, in 
Equation (5.2). 

Mersenne’s laws can be tested by using the 
sonometer shown in Fig, 5.5. The length can 
be changed by moving one of the bridges, the 
tension adjusted by placing known masses in 
the pan, and the mass per unit length altered 
by replacing the wire; if the tension in the wire 
is to be equal to the weight in the pan, it is 
important that the pulley is well oiled. The 
frequency is measured by comparison, either 
with a standard tuning fork, or with the note 
produced by a signal generator and loud- 
speaker; the quality of the frequencies can be 
checked either by ear or by resonance. 


Q 53 

In an experiment using a sonometer, the following 
results were obtained (the length of the wire was 
0.8 m throughout the experiment): 


mass in pan/kg 2 4 8 16 
fundamental 
frequency/Hz 210 300 425 600 


Plot a graph to show that fx VT, and calculate 
the mass per unit length of the wire. Take 
g=10Nkg". 


The audible sound spectrum 


The range of sound frequencies that is audible 
is shown in Fig. 5.4 and the diagram is largely 
self-explanatory; the upper and lower limits of 
hearing are only approximate. The lower limit, 
of about 20 Hz, is difficult to measure because 
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T F 
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Fig. 5.5 


it is extremely difficult to produce pure tones, 
and if the ear can hear overtones it will ‘extrapo- 
late’ the fundamental. Both limits vary from 
person to person, and the upper limit, 
especially, changes with age; young people can 
hear up to about 20 kHz, but by middle age, 
the limit will probably have dropped to about 
12 kHz. The ability of the ear to discriminate 
between notes falls off considerably before the 
limits of audibility are reached and the extent 
of the piano keyboard approximately defines 
the range of notes that are useful musically. 


The use of beats to tune an instrument 


We have already learnt, in Section 4.10, that 
when two waves of almost identical frequencies, 


(a) 


t) Pf Ff 


(c) 


(d) 


Fig. 5.6 Oscilloscope traces of notes of the same pitch 
(440 Hz). (a) Pure tone, (b) tuning fork, (c) violin, (d) oboe. 
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Fig. 5.7 The harmonic spectrum of two adjacent notes played on a bassoon. 


fı and f2, move through the same medium, beats 
are produced; as explained there, the loudness 
of the sound that is heard varies with frequency 
(fi-fa). 

If the reader is not familiar with this 
phenomenon, he should take two loudspeakers 
and connect them to different signal generators; 
when the frequencies are nearly the same, beats 
will be heard. As the frequencies are adjusted 
to be equal the frequency of the beats decreases 
until no beats are heard. Sometimes two musical 
instruments or organ pipes are tuned by playing 
the same note on both instruments and then 
tuning one of them until the beats disappear. 


Tone, or quality 


In Chapter 4 we analysed the stationary waves 
that could be established on strings and in pipes. 
We saw that there was a wave of lowest 


frequency, called the fundamental, and an 
infinite series of waves of higher frequency 
called harmonics. When a stationary wave 1$ 
excited some, or all, of these harmonics are 
produced in addition to the fundamental, and 
a complex waveform is produced by their super- 
position; possible shapes can be predicted by 
harmonic synthesis, : 
The production of oscillograms by a micro- 
phone and cathode-ray oscilloscope shows that 
when different instruments sound a note of 
identical pitch, they produce different complex 
waveforms, as shown in Fig. 5.6; the same 1$ 
true of different players performing on the same 
instrument, especially if one is good and the 
other bad! The pitch of the note is determined 
by the frequency of the fundamental, but the 
tone, or quality, of it is determined by the shape 
of the waveform, and hence by the combinano 
of harmonics present. Instrument designers an 


pertormers work hard to encourage harmonics 
that are thought to improve the tone, and to 
discourage those that make it sound unpleasant. 

It is possible to analyse the waveform of a 
sound to show the relative amplitude of the 
different harmonics produced; this analysis is 
called a harmonic spectrum. It might be thought, 
from what has been said already, that different 
notes on the same instrument would give the 
same harmonic spectrum, as though that spec- 
trum were characteristic of that instrument. 
That this is not the case is seen from Fig. 5.7; 
two oscillograms of adjacent notes (B and C) 
on a bassoon are shown, together with their 
harmonic spectra. The harmonic spectrum of a 
note, in fact, depends on a wide range of factors; 
they obviously include the particular instrument 
used and the pitch of the note, but also the 
loudness, the temperature and the way in which 
the instrument is played. 

Remarkably, the ear can almost always rec- 
ognize the instrument producing a note, despite 
these many variations. There is evidence to 
suggest that the way the sound is built up when 
the note is first played—the transient—is 
extremely important here. Try playing a tape 
of a musical instrument backwards to see how 
different it sounds. 


5.3 The recording and 
reproduction of sound 


Transducers 


Any system for recording and reproducing 
sound electronically must contain a microphone 
and loudspeaker, Both are examples of devices 
termed transducers; a transducer is any device 
which can transform varying mechanical forces 
or motions into electric currents or voltages, or 
vice versa. 

One of the most common types is the moving- 
coil transducer; this can be used either as a 
microphone or as a loudspeaker. These will 
usually have different design characteristics, but 
they operate on the same principle; in simple 
devices such as baby-alarms, the same trans- 
ducer may actually perform both functions. 

A simple moving-coil transducer is shown in 
Fig. 5.8(a). The shape of the permanent magnet 
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is such that there is a cylindrical gap between 
its pole pieces. Into this gap is placed a small 
coil wound on a short cardboard tube; the tube 
is attached to a paper cone, so that when the 
tube moves the cone moves with it. If this device 
is used as a loudspeaker, the alternating current 
from the amplifier is passed through the coil. 
The magnet then exerts an alternating force on 
the coil, which is perpendicular to both the 
magnetic field and the wire in the coil, and as 
a result, the coil will oscillate in and out of the 
gap as shown. The resulting oscillations of the 
cone cause sound waves to be emitted by the 
loudspeaker. 

When the device is used as a microphone, 
the incident sound waves cause the cone to 
oscillate, and the motion of the coil backwards 
and forwards in the field induces an alternating 
voltage in the coil. 

A capacitor transducer is shown in Fig. 5.8( b); 
it consists of a flexible metal diaphragm 
insulated from a metal back plate. When it is 
used as a microphone, sound waves are incident 
on the diaphragm making it oscillate so that 
the distance between it and the back plate 
changes and as a result, the value of the capacit- 
ance varies. If a quantity of charge is initially 
stored on the plates, and they are then electri- 
cally isolated, an alternating voltage between 
them will be caused by the varying capacitance. 

Other types of microphone utilize the small 
voltage produced when certain types of crystal 
or ceramics are forced out of shape, as shown 
in Fig. 5.8(c). Such microphones can be inex- 
pensive. 

Microphones produce only a small voltage, 
and hence power; loudspeakers require a much 
larger power to drive them and produce a rea- 
sonable amount of sound. Thus, in any repro- 
duction or transmission system there must be 
an amplifier to increase the power supplied to 
the loudspeaker; this extra power is drawn from 
a power supply. 

When a compression is produced in front of 
a loudspeaker cone, a rarefaction must be pro- 
duced behind, and if these reach the listener 
together, they will interfere destructively. This 
is prevented by mounting the cone in the 
middle of a baffle board or in a cabinet; the 
design of the baffle board or cabinet are of 
the utmost importance in designing a loud- 
speaker system. 
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(a) A moving-coil transducer 


Fig. 5.8 


Recording systems 


The recording of sound involves the storage of 
sufficient information to allow the reconstruc- 
tion of the sound at a later date, and the 
accuracy of the subsequent reproduction will 
depend upon the amount of detail which has 
been stored. Nowadays, hi-fi systems are so 
good that, if they are played to an audience 
from behind a curtain, the audience cannot 
distinguish between the recording and the real 
thing. 

Of the modern systems for recording sound, 
the gramophone record was developed first. 
In its simplest form, the sound waves are 
converted into mechanical oscillations which 
cause a needle to vibrate sideways in a groove 
on a rotating wax disc; the oscillations of the 
needle are recorded as fluctuations in the shape 
of the groove. If, subsequently, another needle 
is placed in the groove, and the disc rotated at 
the same rate, the oscillations of the first needle 
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will be approximately reproduced and these 
oscillations can be used to drive a loudspeaker 
cone mechanically, It is important to note that 
electricity is not required for the basic version 
of the process, and records had been on the 
market for thirty years before the electric 
gramophone became available. 

Today, the initial recording of a piece of 
music is always done on a magnetic tape, since 
this can be edited and spliced without difficulty. 
When it is replayed, the information which was 
stored magnetically on the tape, is converted 
into mechanical vibrations. These are then used 
to engrave a groove in an acetate lacquer moun- 
ted on a metal disc; this acetate lacquer is the 
master disc. The process of mass-producing 
copies of the master is technically complicated; 
the records, of vinyl resin, are pressed out by 
metal discs made indirectly from the master 
disc. p 

In a compact disc system the information 
recorded is stored in the form of surfaces which 
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Fig. 5.9 The playback head in a tape recorder. 


reflect laser light. The reflections provide a suc- 
cession of pulses which are either on or off, and 
which can be used to reconstruct the original 
sound signal. A digital system, using binary 
code, enables more faithful reproduction than 
the continuous variations required in analogue 
systems. 


Playing back a tape recording 


In a tape recording, the sound information is 
stored on the tape as the induced magnetization 
of the magnetic coating. The playback head has 
a gap of about 1.5 x 10 °m and the tape passes 
below this, as shown in Fig. 5.9. Now, it is easier 
for the magnetic flux to pass through the mag- 
netic coating than through the air gap; we say 
that the air gap has a greater reluctance than 
the coating, because the magnetic permeability 
of air is about 1/1000 that of the coating. The 
field causes induced permanent magnetization 
in the coating which fluctuates in a similar way 
to the original sound. When the tape is passed 
under the playback head, the changing mag- 
netic field caused by the movement of the tape 
induces voltages in the coil, which can then be 
amplified and fed to a loudspeaker. 


5.4 Ultrasonics 


Many recent important developments in sound 
technology have been in the field of ultrasonics ; 
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the frequency range above about 20 kHz in 
which sounds are no longer audible. As we shall 
see, ultrasonic waves can be used in applications 
as diverse as homogenizing emulsions, welding 
metal and examining unborn babies. Sound 
waves can, of course, be reflected and refracted 
in a similar way to light but because of diffrac- 
tion effects the resolution of detail is much 
poorer, especially at low frequencies. As the 
frequency of sound is increased, the wavelength 
is decreased and resolution improved. Calcula- 
tions of the resolution produced by optical sys- 
tems are discussed in Chapter 8, and the prin- 
ciples developed there are applicable also to 
sound, 
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Calculate the wavelength of sound at: 


(a) 20 Hz 

(b) 20 kHz 

(c) 200 kHz. 

Take the velocity of sound to be 330 ms '. 
Applications of ultrasonic sound can be 

divided into two types; those that use the beam 

merely as a source of energy, and are therefore 

run at high powers, and those that use coherent 

ultrasonic waves to obtain information. Later, 

we shall consider some examples of each type 

of application, but first we shall see how ultra- 

sonic sound is generated. 
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The generation of ultrasonic sound 


Originally ultrasonic sound was produced in 
specially designed sirens and whistles; the ultra- 
sonic whistle is still used in applications where 
it is desired to transmit as much sound as pos- 
sible into a liquid. The whistles are of low power 
compared with electrical transducers described 
later, but as the waves are generated directly 
in the liquid medium the coupling between 
source and medium is very good and little power 
is wasted. 

A typical modern ultrasonic whistle is shown 
in Fig. 5.10(a); the liquid is forced out of the 
jet past a steel blade and eddy oscillations then 
occur in the liquid giving rise to sound waves. 
The note produced depends upon the speed of 
the jet and the whistle dimensions. The situ- 
ation is similar to that of galloping stays, dis- 
cussed in Section 4.9, and to the production of 
a note by blowing across a pen top. The whistle 
is simple and is widely used in homogenizing 
equipment. 

In other applications, electrical transducers 
are more frequently used, and the most com- 
mon types are the magnetostrictive and 
piezoelectric oscillators. A magnetostrictive 
oscillator consists of a sample of a suitable fer- 
romagnetic material, such as nickel, placed 
inside a coil as in Fig. 5.10(b); when the current 
through the coil is changed, the field inside the 
sample changes and it expands or contracts. 
Thus, if an alternating current is passed through 


the coil, the size of the sample will also alter- 
nate, with identical frequency, and a sound 
wave is generated; magnetostrictive oscillators 
are restricted to frequencies less than 100 kHz, 

A piezoelectric oscillator utilizes the fact that 
certain crystals, such as quartz or ammonium 
dihydrogen phosphate, change in size along one 
axis when the applied electric field is altered. 
In certain polycrystalline ceramics, subject to 
a large but fluctuating permanent electric field, 
a similar but more efficient effect, called elec- 
trostriction, occurs and oscillators using these 
materials are often used in sonar; an appropri- 
ately waterproofed example is shown in Fig. 
5.10(c). The oil helps to couple the oscillations 
of the ceramic to the surrounding medium, 
which in sonar applications will be water. 

The above account describes these trans- 
ducers as ‘loudspeakers’ converting electrical 
energy into sound energy. These devices will 
work also as ‘microphones’ converting sound 
energy into electrical energy. In distance- 
ranging equipment, such as echo-sounders and 
sonar, the same transducer will sometimes act 
as a loudspeaker to emit pulses of sound but 
in between these pulses it will act as a micro- 
phone. 

A particular crystal will have a natural 
frequency for mechanical vibrations in a num- 
ber of modes, and at these frequencies reson- 
ance occurs between the applied electrical 
oscillations and the resulting oscillations of the 
crystal. In a quartz crystal oscillator, this effect 
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(a) An ultrasonic whistle 


Fig. 5.10 


(b) Magnetostrictive oscillator 


(c) Electrostrictive oscillator 


provides an accurate frequency standard, better 
than 1 part in 10° at a constant temperature; 
this is the basis of a quartz clock and is also 
used to provide a fixed frequency for radio 
transmissions. 


Ultrasonic sound as a source of energy 


When ultrasonic waves are passed through a 
liquid cavitation may occur; a rarefaction in the 
ave causes a space to form in the liquid which 
sontain air, liquid vapour or a vacuum. 

/hen this bubble collapses, during a compres- 
sion, the inertia of the liquid moving together 
to fill the hole will cause a shock wave in 
the liquid and this may well be heard as a 
crack. 

It is probable that it is these shock waves that 
cause ultrasonic cleaning, one of the most 
widely used applications of ultrasonics. Dirty 
articles to be cleaned are lowered into a bath 
containing a suitable solvent, in which ultra- 
sonic waves are generated by a whistle, as seen 
in Fig. 5.11(a) and (b). A suitable frequency is 
about 20 kHz, as waves of higher frequency do 
not produce cavitation efficiently. 

Cavitation also occurs where machinery such 
as a ship’s propeller moves rapidly through a 
liquid; the shock waves are a serious cause of 
erosion of the metal. 

An emulsion is a fine suspension of one liquid 
in another, and is formed by the homogenizing 
of two immiscible liquids such as oil and water; 
traditionally this is done by shaking or stirring 
the two liquids, but more recently methods have 
been developed using ultrasonic waves passed 
through the liquid. The amount of energy 
required is much reduced if ultrasonic sound is 
used, and such techniques are now common. 
Emulsions are of special importance in the 
paint, food, cosmetics and pharmaceutical 
industries. 

Normal welding methods, involving melting 
the two surfaces, can often cause unwanted 
alloys to be formed when different metals are 
to be joined; the metals may also become 
brittle. In ultrasonic welding, the two metals are 
pressed together in a beam of low-frequency 
ultrasonic sound and if they are made to move 
over each other, welding will occur; less damage 
is done to the surfaces than by using traditional 
methods. The sound waves probably clean dirt 
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and oxides from the surface, cause very local- 
ized heating and set up vibrations at the inter- 
face; plastic flow between the metals is then 
possible. Spot and seam welds can be carried 
out in this way, on items ranging in size from 
sheet aluminium down to miniature electronic 
circuits. A diagram of a typical welder is shown 
in Fig. 5.11(c). 


Ultrasonic sound as a source of information 


Ultrasonic waves used for collecting 
information are of lower intensity than in the 
applications described so far. To gain maximum 
resolution frequencies as high as possible 
should be used, but there is an important 
restriction in that, for a given amplitude, waves 
of higher frequency have a decreased range. 

If ultrasonic pulses are transmitted into the 
wall of a pipe, they will reflect from cracks and 
other imperfections; these reflections will be 
picked up by the original transducer, or a similar 
one close by, and this arrangement is termed a 
reflectoscope. The use of pulses, rather than 
continuous waves, prevents stationary waves 
being set up in the pipe. A typical application 
of a reflectoscope is shown in Fig. 5.11(d), and 
ultrasonic pulses can also be used in situations 
as diverse as testing for cracks in railway lines, 
measuring the amounts of fat and lean tissue 
in a cow, and geophysical prospecting. 

Finally, the science of ultrasonics has been 
widely used in medicine in the last ten or fifteen 
years. As well as giving surgeons another way 
of heating a tissue, for instance to kill a small 
number of brain cells, high-frequency sound 
can be used to take ‘X-ray type’ pictures of the 
inside of the body. Such techniques are simpler, 
and less dangerous, than the use of X-rays, and 
a typical ultrasonic scan is shown in Fig. 5.11(e). 
Ultrasonic waves reflected from a moving 
object will undergo a change of frequency which 
depends upon the object’s velocity, as described 
in Section 3.8; this is known as the Doppler 
effect, and it can be used to investigate moving 
parts inside the body. The placenta of an unborn 
baby, for instance, can be located by reflections 
from the blood corpuscles moving through its 
capillaries, and the action of the baby’s heart 
can be similarly monitored. The liquid which 
surrounds the baby acts as an excellent medium 
for the transmission of the sound. 
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Fig. 5.11 (a) Ultrasonic cleaning in the baking industry. (b) A liquid whistle from a typical ultrasonic homogenizer, 
manufactured by Ultrasonics Ltd. (c) An ultrasonic welder; the sound is applied via a transducer. (d) An ultrasonic probe 
used to detect flaws in a material. Pulses (A) are emitted from the transducer and reflected both from the bottom surface 
(B) and from flaws (C); the reflected pulses are amplified and displayed on a cathode ray oscilloscope. alongside the emitted 
pulse. (e) A longitudinal cross-section through the abdomen of a pregnant woman ly ing on her back. 


5.5 The velocity of sound 


A derivation of the speed of sound in a rod, c, 
was given in Section 2.5 and we found that: 


c= V (2.7) 


where E is Young’s modulus for the solid, and 
p is the density. In this section, we shall consider 
briefly those factors which affect the velocity of 
sound in unbounded gases and liquids. 


The velocity of sound in gases 


Let us suppose that the velocity of sound in 
gases depends on similar factors to the velocity 
of sound in a solid; that is, on a modulus of 
elasticity and on the density. A longitudinal 
wave passing through the gas produces 
expansion and contraction of small regions of 
gas, associated with changes in pressure; the 
appropriate modulus is the bulk modulus, K, 
defined by: 


K= change in pressure (5.3) 


change in volume/volume 


The dimensions of K can be worked out from 
its definition: 

[force]/[area] 
change in volume]/[volume] 
MLT*)/[L’] 
1 
SIME E 


[K]= 


The dimensions of density are: 
[e]=[ML°] 


The velocity might also depend upon the 
wavelength of the sound, A, where: 


[A]=[L] 


We shall use the method of dimensions to see 
how the velocity of sound, c, with dimensions 
[LT '], depends on K, p and A. Suppose 


cak p A” 
[LT ISME T FME ET 
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Hence, by the method of dimensions: 


Te y= 
M: yak 
P 
from above 
Le z=0 


and it can be shown by a more rigorous treat- 


ment that 
c= yE (5.4) 
p 


Thus the velocity of sound in a gas is indepen- 
dent of the wavelength; according to this analy- 
sis, gases are non-dispersive. 

Now, when a compression occurs, the gas is 
heated and the temperature rises; at a rarefac- 
tion the gas is cooled. As little heat flows from 
a compression to a rarefaction before the wave 
has moved an appreciable fraction of a 
wavelength, the temperature changes caused 
by the passage of the sound wave are hardly 
affected by heat flow; the conditions approxi- 
mate to adiabatic ones. 

For an ideal gas under adiabatic conditions 
the pressure P and volume V of the gas are 
related by the equation: 


PV” =a constant, k 


where y is a constant determined by the atomic- 
ity of the gas. It can be shown that: 


_ specific heat at constant pressure 
j specific heat at constant volume 


Hence, differentiating with respect to V, we 
have: 


= aP _ 
PyV*+V av? 
dP 
Py+ V7 =0 
dV/V 
AP. 
But “aviv from (5.3) 
=yP 
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and hence, for an ideal gas the velocity of sound, 


c, is given by: 
c= 2 (5.5) 
p 


where yP is the adiabatic bulk modulus of the 
gas. 

Now suppose that one mole of a gas has mass 
M and occupies volume V. The density of the 
gas, p, is given by: 


p=M/V 
The ideal gas equation states that 
PV =RT 


where P is the pressure and T the absolute 
temperature of the gas, and R is the universal 
gas constant. 


Hence, since: c= yZ (5.5) 
p 
PV 

have: = vo 

we have € M 

k yRT 

ier =4/—— i 

i c= yZ (5.6) 


We can deduce three results from Equations 
(5.5) and (5.6), namely: 


(1) the velocity of sound in a given gas is 
independent of pressure, since at a given 
temperature the density of a gas is pro- 
portional to its pressure and thus P/p is 
constant; 

(2) the velocity of sound in a given gas is 
proportional to VT; 

(3) at a given temperature and pressure, the 
velocity of sound is inversely propor- 
tional to Vp and thus depends upon the 
gas. Therefore, in a cavity of given size 
the frequency of the sound produced is 
inversely proportional to the square root 
of the density of the gas, since the 
wavelength of the sound is determined 
by the dimensions of the cavity. 


It is also of interest to note that the kinetic 
theory of gases enables us to relate the pressure 
and density of a gas to the root-mean-square 
velocity of the molecules, Vv?. From kinetic 
theory: 

P =5pv° 


Now c= J” 


ie. c=(42)v7 (5.7) 


Thus the speed of sound in a gas is proportional 
to the root-mean-square velocity of the gas 
molecules. 
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The density of air at standard temperature and 

pressure is 1.29 kg m™°. Air consists predominantly 

of diatomic molecules for which y = 1.40, Take 

one standard atmosphere to be 10° Nm ° and 

calculate: 

(a) the speed of sound in air under standard 
atmospheric conditions. 


The density of helium at standard temperature and 


pressure is 0.17 kg m™°. It consists of monatomic 

molecules for which y = 1.67. 

Calculate: 

(b) the speed of sound in helium under standard 
conditions; 


(c) the interval through which your voice will 
change pitch if you breathe in helium instead 
of air before speaking. 


In each case assume that conditions are adiabatic. 


The velocity of sound in liquids 


The velocity of sound in unbounded liquids can 
be shown to depend upon the adiabatic bulk 
modulus, K, and the density p, as before: 


c= (5.4) 


As the pressure increases so does the bulk 
modulus. For most liquids the bulk modulus 
also decreases as the temperature increases but 
for water, there is a maximum value at about 
50°C. 

For sea water, the velocity depends upon the 
temperature, pressure and salinity, in decreas- 
ing order of importance. The velocity of sound 
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Fig. 5.12 Colladon and Sturm’s experiment. 


increases by about 3 ms ' for every 1K tem- 
perature rise, and by about 0.2ms_' for an 
increase in pressure of 1 atmosphere—due to 
an increase in depth of 10 m. Changes in the 
velocity of sound in the sea cause sonar pulses 
to travel along curved paths, and sometimes to 
be totally internally reflected at a temperature 
layer. 

Early experiments to measure the velocity of 
sound through water now seem to us to be 
archaic, but Colladon and Sturm obtained quite 
accurate results on Lake Geneva in 1826. Their 
boats were about 14 km apart and a value of 
1600 ms ' was obtained; it is now known that 
at standard pressure and 20°C, the velocity of 
sound in water is 1460ms '. More recent 
measurements have been made using depth 
charges and hydrophones feeding the signal to 
an automatic timer; the timing of the explosion 
is transmitted by radio. 


From Guillemin's The Forces of Nature, by courtesy of 
Messrs Macmillan and Co, Ltd. 


5.6 Measurements on sound 


The velocity of sound in free air 


Modern equipment simplifies the accurate 
measurement of the velocity of sound in the 
laboratory; suitable apparatus is shown in Fig. 
5.13. Two microphones, placed a known dis- 
tance apart, are connected to a start/stop gate 
and digital readout; using a 100 kHz oscillator, 
this can count to 10°°s. The left-hand micro- 
phone is connected to the ‘make to count’ or 
‘start’ gate, and the right-hand microphone to 
the ‘make to stop’ gate. Thus, when a pulse of 
sound reaches the left-hand microphone, the 
scaler will start counting, and when it reaches 
the right-hand microphone, it will stop; the 
elapsed time is shown on the counter. The pulse 
of sound is a sharp, loud noise—such as a hand- 
clap made a few centimetres from the left-hand 
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microphone. The distance between the micro- 
phones is carefully measured and the velocity 
calculated from the equation: 


distance travelled 


wees time taken 

To improve accuracy a number of readings at 
different distances are made and a graph of 
time against distance is plotted; the velocity is 
equal to the reciprocal of the slope of the graph. 
The use of a graph helps to eliminate systematic 
errors, such as any doubt about the exact posi- 
tion of the microphones in their cases. 


Q 5.6 

In an experiment to measure the velocity of 
sound, the following readings are taken: plot a 
graph and calculate the velocity. 


Time/107*s 31 39 62: 72 89 
Distance/m 10 15 20 25 3.0 
Tuning Sy 
fork t 
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(a) 


Fig. 5.14 


The velocity of sound in a resonance tube 


The velocity of sound in a tube could well be 
different from that in free air; in fact, the 
accuracy of the experiments described is not 
sufficient to record any consistent discrepancy. 
The velocity of sound in a resonance tube is 
established by calculation from the equation: 


v=fa (2.1) 


The resonance tube shown in Fig. 5.14(a) is 
used to measure the wavelength of the sound 
produced by a tuning fork of known frequency. 
In Section 4.8 we saw which waves could be 
set up in a pipe closed at one end and how the 
wavelength, A, was related to the length, l, of 
a pipe both for the fundamental frequency, and 
also for a number of higher harmonics, 


Fundamental: A =4/, 1;=A/4 (5.8) 
3rdharmonic: A=4/3/3  [,=3A/4 (5.9) 
etc. 


The resonance tube may be any tube of 
adjustable length but it is usual to use a vertical 


(b) 


glass tube, closed at the bottom, about 1 m long 
and 5cm wide. The length of the air column 
can be altered by changing the water level in 
the tube, and this can be done by the arrange- 
ment shown in Fig. 5.14(6); it can then be 
changed whilst the note is sounded, by adjusting 
the level of the right-hand reservoir. 

The tuning fork is made to vibrate and held 
above the tube, as shown. The level is lowered 
until the first loud resonance is heard and, in 
theory, the length of the air column will now 
be one quarter of the wavelength as stated in 
Equation (5.8). Experiments show, in fact, that 
the effective length of the tube is greater than 
the actual length by a constant amount, x, 
known as the end correction. Hence, instead of 
Equation (5.8), we write: 


(,+x)=A/4 (5.10) 


The water level is now lowered to the next 
position at which a resonance can be heard. We 
now have: 


(Ip +x) =3A/4 


as shown in Fig. 5.14(c). 

The frequency of the note is unchanged and 
so, therefore, is its wavelength; the length of 
the tube has been increased to accommodate 
an extra half wavelength. 

As the end correction is constant, we can 
subtract Equation (5.10) from Equation (5.11): 


(5.11) 


(1-1) =a/2 
ie. A =2(l2-l1) 
But c=fa 
Hence c=2f(2—-h) (5.12) 
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A tuning fork of frequency 512 Hz is used with a 
resonance tube to find the velocity of sound. The 
first two resonances occur when the lengths of the 
air columns are 15 cm and 47 cm. Calculate the 
velocity of sound and the end correction. 


The frequency of a sound 


The frequency of a sound may be measured, in 
principle, by using a microphone to display its 
waveform on a cathode-ray oscilloscope. The 
timebase control must be in the calibrated posi- 
tion so that the time interval corresponding to 
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lcm on the screen is given by the timebase 
setting, and the period of the wave can be 
calculated from the number of centimetres it 
extends across the screen. 

The oscilloscope timebase must, of course, 
be checked against a known frequency. This 
could be provided, for instance, by a good 
quality tuning fork or a quartz oscillator. 
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A sound of unknown frequency has a period 
corresponding to 2 cm on the oscilloscope screen. 
If the timebase is accurately calibrated at 

500 us cm™', what is the frequency? 


5.7 The loudness of sounds 


We have seen, on page 81, that the energy 
incident in any wave motion is proportional to 
the square of the amplitude; the incident power 
per square metre is termed the intensity. The 
range of sound intensities with which the human 
ear can cope is very large indeed, and varies 
with the frequency of the sound. At any par- 
ticular frequency, the lowest intensity which 
can be heard is called the threshold of audibility 
and the intensity at which the sound just begins 
to become painful is called the threshold of 
feeling. The way in which these two thresholds 
vary with frequency is shown in Fig. 5.15; a 
logarithmic scale is used for both intensity and 
frequency. 

The ratio of these two thresholds is greatest 
at about 3000 Hz, to which frequency the ear 
is most sensitive; the threshold of feeling is then 
just over 10'* times as intense as the threshold 
of audibility. However, the brain does not per- 
ceive the difference in the loudness of the 
sounds to be as great as this would suggest, and 
we must therefore develop a definition of loud - 
ness, Ly, which approximates more closely to 
our perception of sound. 

The increase in intensity required for us to 
observe a perceptible increase in loudness is 
proportional to the original intensity; the 
increase in loudness observed, AL), may be 
written in terms of the increase of intensity, AJ, 
as follows: 


ALyX— 
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or 
AI 
ALn= (>) (5.13) 
I 
This differential equation may be integrated to 
give: 
I 
Ly=kin (5) 
Io 


and written in terms of logarithms to the base 
10: 


Ly=k' logio (7) (5.14) 


Io 
This equation, known as the Weber-Fechner 
law, tells us that the ear perceives the loudness 
of sounds on a logarithmic scale; laws of similar 
form can also be applied to other situations of 
human physical perception. 

Note that the Weber-Fechner law only gives 
us a means of comparing two sounds, of 
intensity Z and Io. For instance, the loudness 
of a sound of intensity 10 7 Wm” relative to 
one of intensity 10° Wm ? is given by: 


; 10-7 
In=k loss 155) 
=k’ logyo(10") 
=2k' 


When we take the value of k’ to be one, we say 
that the loudness is measured in bels (whichis, 
of course, a dimensionless unit, being a measure 
of a ratio); more commonly, we take the value 
of k' to be ten and the loudness is measured in 
decibels (dB). Thus, the loudness of the first 
sound was 2bels, or 20 decibels, above the 
second, 
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An increase in loudness of 3 dB is the smallest 
which is perceptible by the normal By what 
proportion does the original intensity have to be 
increased to cause this? 


Clearly it is most useful if the loudness of a 
sound of a particular frequency is measured 
relative to the threshold of hearing at that 
frequency. This method of measuring loudness 
gives a scale called the sensation level, SL, 
defined by: 


intensity of sound 


SL=10 logio intensity of sound of same 


pitch and waveform at the (5.15) 
threshold of hearing, 


Like loudness, sensation level is measured in 
decibels. 


Q 5.10 
Use Fig. 5.15 to calculate the sensation level of 
the threshold of feeling at 100 Hz and at 3000 Hz. 


Values of sensation level, calculated in this 
way, seem to correspond closely with our sub- 
jective assessment of the relative loudness of 
sounds of a particular frequency; the right hand 
scale in Fig. 5.15 is labelled with values of 
sensation level at 3000 Hz. Each increase of 
10dB corresponds to an increase in the 
intensity by a factor of 10. However, when we 
wish to compare everyday noises, such as those 
due to machinery, or a busy road, we must allow 
for the presence of a wide range of frequencies: 


The comparison of the loudness of sounds of 


different frequencies is made difficult partly 
because, as we have seen, the ear respon 3 
differently to the different frequencies. One 
method uses a frequency of 1000 Hz at an 
intensity of 4.5x10 "Wm © as a standard. 
This sound intensity is then increased until it 
seems to be as loud as the sound, of different 


frequency, which is being investigated. The 
increase in loudness of the standard frequency, 
in decibels, is said to be the equivalent loudness 
of the other sound, which is expressed in phons. 


} of frequency 300 Hz sounds as loud as a 
sound of frequency 1000 Hz and intensity 

9% 10° Wm *. What is its equivalent loudness, in 
phons 


The other difficulty that arises with a variety 
of frequencies is that the degree of irritation 
ca varies with the pitch of the sound; gen- 
e speaking, we find sounds of higher 
frequencies more unpleasant. As many prac- 
tical noise measurements are to do with assess- 
ing the nuisance caused, for instance, by a 
motorway or airfield, these subjective factors 
are clearly of importance. A number of different 
scales for measuring the loudness of noise con- 
sisting of a mixture of frequencies have been 
developed. Each of these is a logarithmic scale, 
defined in a similar way to the decibel, but with 
a weighting in the measuring instrument which 
accentuates the effect of higher frequencies. In 
everyday situations, the A scale, with units of 
dBA, is used most often; on the A scale, the 
weighting network subtracts about 11 dB from 
the intensity measured at 100 Hz but nothing 
from frequencies of about 1000 Hz, to which 
we are more sensitive. Some examples of noise 
levels are given in the list below; levels above 
90dBA tend to make it difficult to work 
effectively, and above 95 dBA they may impair 
hearing. 


Live ‘pop’ music 120 dBA 
Boilermaking shop 100 dBA 


Busy street 80dBA 
Noisy office 75 dBA 
Conversation 60 dBA 
Quiet office 40 dBA 
Whisper 30 dBA 


Modern jet aircraft also produce a lot of noise 
pollution when they pass close overhead during 
landing and takeoff, and here measurements 
are based on the average response of large 
numbers of people. The loudness is measured 
as a perceived noise level, in units of (PN)dB. 
Early jets produced a noise of up to 120 (PN)dB 
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on landing and takeoff, but modern high by- 
pass turbofan engines, such as the Rolls-Royce 
RB 211, can reduce this to under 100 (PN)dB 
by making much of the airflow by-pass the 
combustion chamber. At London’s Heathrow 
Airport, pilots are required to keep below 
110 (PN)dB by day and 102 (PN)dB at night, 
by climbing as rapidly as possible and then 
reducing the thrust as far as safety allows. 


All the scales described above are logarithmic 
scales, and these are also used by radio and 
television engineers in power and amplification 
calculations; the decibel is always related to the 
ratio of two powers. 


} W 
electrical power level in dB =10 oa( wi) 


=10 toe“) 


since W=1°R 


and similarly 


: V. 
electrical power level in dB = 20 log (5) 


since W = V?/R 


We can also relate the ratio of sound intensities 
to the amplitude of the variation in air pressure 
(the excess pressure amplitude, Ap): 


I 
loudness of sound = 10 log (7) 


(Api)? 
=1010g 5 
Tip) 


=20 log TA 3 


The advantage of a logarithmic scale is that an 
increase in the power by a constant factor 
increases the level in decibels by a constant 
amount; for example, increasing the intensity 
by a factor of 10 will increase the level by 
10 log 10, which is 10 decibels, irrespective of 
the initial intensity or level. 
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Q 5.12 

A singer’s voice has a power of 4.5 x 107° Wm”. 
What will be the power produced by (i) 10 singers; 
(ii) 100 singers; (iii) 1000 singers, all singing the 
same note with the same loudness? 
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Part 2 


The properties of light 


6 


Image formation 


6.1 Introduction 


In the first part of this book, we have considered 
the general properties of waves, and related 
them especially to sound. We now turn to a 
detailed examination of the properties of light, 
and in Chapter 7 we shall examine those aspects 
of the behaviour of light which depend upon 
its wave nature. The arguments for and against 
the wave picture of light are presented in the 
last part of the book. 

In this chapter, however, we are concerned 


Source 


with situations in which light can be considered 
merely to consist of rays, which travel in straight 
lines; this is sometimes called the science of 
geometrical optics. Much of the behaviour of 
mirrors, lenses and other simple optical systems 
can be explained in terms of the rectilinear 
propagation of light. A straight beam of light 
can easily be seen when passed from a laser 
through a smoke-filled atmosphere, and Fig. 
6.1 illustrates how shadows and eclipses are 
formed by the obstruction of straight light rays 
by an opaque object. 


Light 


Region of 


(a) Formation of a shadow 


Penumbra, or partial eclipse os 


shadow 


p> Light 


(b) An eclipse of the sun 


Fig. 6.1 


Umbra, or total od 


(Not to scale) 
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Q 61 

How accurately does a light beam travel in a 
straight line? A hair, 1/100 mm in diameter, casts 
a shadow in a parallel beam of light on a wall 

10 m away. Through what angle would the ray 
passing one side of the hair have to be defiected in 
order for the shadow just to disappear? Give the 
answer in radians and in seconds of arc. Ignore 
diffraction effects. 


Approximations 

The theory of geometrical optics is frequently 
simplified by the making of approximations. 
For instance, a book of trigonometry tables 
yields the following data: 


@/deg 1 10 30 50 

6/rad 0.017453 0.174533 0.523599 0.872665 
tan@ 0.017455 0.176327 0.577350 1.191754 
sin@ 0.017452 0.173648 0.500000 0.766044 


Thus, for small angles, @ (in radians), tan 0 and 
sin@ are nearly identical; even at @=10° 
(0.17 rad) the errors involved in such assump- 
tions are only about 1%. 

These and other approximations frequently 
made are tabulated in Fig. 6.2; a discussion of 
radian measure will be found in Appendix 1. 


Example Exact Approximate 
statement statement 


aia 
3 

sin 0 = tan 0 = 0 
h=x 
h 
Bas 
sin 9 =* 
i 
h=r6 
tano= 4 
a 
a d 
h=d0 


NB /n this table @ is expressed in radians. 


Fig. 6.2 Approximations used in optics. 
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Calculate the percentage error in making the 
following assumptions at 1°, 10°, 30°, 50°, to the 
nearest whole number: 

(a) tan@=@; 

(b) sin 8 = 6. 


In each case 6 is measured in radians 


Real and virtual images 


When a convex lens forms an image of a distant 
light bulb on a screen, light rays actually pass 
through the image—an ‘energy ter’ would 
detect a flux of energy there. The image is said 
to be a real image because light actually passes 
through it. A film exposed at the image point 
could be developed to show a clear image of 
the object. This is illustrated in Fig. 6.3(a). 

On the other hand, an image formed ina 
plane mirror is behind the mirror, as shown in 
Fig. 6.3(b). The rays entering the eye appear 
to diverge from a point that is as far behind the 
mirror as the object is in front, and that is where 
the image is located. In this case, no light 
actually passes through the im and it is 
termed a virtual image; if a piece of film, or 
light meter, were placed at the point where the 
image is formed, it would not, of course, detect 
any light, since it would be behind the mirror. 

Our eyes see a distant object because light 
rays diverging from it are made to converge by 
the eye lens and a real image is formed on the 
retina, as shown in Fig. 6.3(c). Similarly, we 
can see both real and virtual images by making 
the diverging light converge on to the retina; 
alternatively, we may take a photograph of the 
images by forming a real image on the film 
instead of on the retina. 

Lens and mirror systems may produce either 
real or virtual images depending upon the con- 
ditions: it is important to be able to distinguish 
between them. 


A real image is formed when light actually 
passes through the image. 

A virtual image is formed when ligh 
appears to pass through the image. 


t only 


The method of no parallax 


An important technique for determining the 
position of an image is called the method of no 
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Real image 
(a) A convex lens producing a real image on retina 


Object image 
Ox 5 


Real image 
on retina 


(6) A plane mirror forming a virtual image 


Real 
image on 
retina 


(c) Real images formed by the eye 
Fig, 6.3 


parallax. The two objects A and B in Fig. 6.4 AO 
appear to be in line when the eye is in the N pi 
central position in both diagrams (a) and (b). K A@B 
In diagram (a), when the eye is moved to one aN I 
side, the objects no longer appear to be in pay H\\ 
line—parallax is observed. However, if the two 
objects were in the same place, as shown in (b), I \ / \ 
they would appear to be ‘in line’ from wherever d \ / \ 
they were viewed—we observe no parallax. / \ / \ 
The method can be used, for instance, to / \ $ iN 
locate the image in a plane mirror. Place an / \ i \ 
object, such as a candle, in front of the mirror | \ / \ 
and look at its reflection in the mirror. Now I | \ I \ 
hold a second candle behind the mirror so that i \ j 


both it and the image of the first candle are 

visible. Move the second candle around until q pa <7 
no parallax is observed between the second 

candle and the image of the first: they must a ee SSeS 
now be coincident, and the second candle’s 

position is the required position of the image. (a) Parallax observed (b) No parallax observed 


It will be found to be as far behind the mirror 
as the first candle is in front. Fig. 6.4 
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6.2 Curved mirrors 
Laws of reflection 


Light is reflected from a mirror surface in 
accordance with simple laws, but before we can 
formulate these, we must understand how 
angles are measured in optics. It is usual to 
measure the angle between a light ray striking 
a surface and an imaginary line at the point of 
contact perpendicular to the surface; this line 
is called the normal to the surface and is shown 
in Fig. 6.5. 


Normal 


Angle of 
incidence 


reflection 


| 

| 

| 

Angle of 
Incident 


Reflected 


Fig. 6.5 


The first law of reflection tells us that the 
reflected ray must lie in a certain plane: 


The incident ray and normal define a plane 
which contains the reflected ray. 


The second law relates the sizes of the angles 
involved: 


The angle of reflection is equal to the angle 
of incidence. 


In fact, the statement now known as ‘the second 
law’ was discovered first by the ancient Greeks, 
and used by Euclid to prove theorems about 
mirrors; the ‘first law’ was formulated by the 
Arab Alhazen in about 1000 ap. 


Specular reflection 


Fig. 6.6 
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Use the second law of reflection to show 


(a) that the two shaded triangles in F 
congruent, and hence that the im 
mirror is along a perpendicular to 


and as far behind the mirror as the object is in 
front; 
(b) that when a ray strikes a mirror the angle 


through which the ray is deviated is twice that 
between the ray and the mirror surfa 


It is easy to observe that the laws of reflection 
apply when light is reflected from a mirror or 
other polished surface, but less easy to see how 
it applies to the reflection of sunlight from a 
wall into all parts of a room. The former is 


termed specular reflection and the latter is ter- 
med diffuse reflection. In the latter case the laws 
are still obeyed but, because the surface is 
rough, the normal at each point on the surface 


is in a different direction, as shown in Fig. 6.6. 


The polishing of a mirror involves a suc- 
cession of processes. Coarse silicon carbide is 
used for the coarse grinding, and then the fine 
ground stages are produced by using a very fine 
abrasive known as ‘optical flour’. Polishing is 


carried out to make the glass surface trans- 
parent instead of translucent, and a substance 
such as red oxide of iron is used for this. Accur- 
ate scientific mirrors must not depart from their 
prescribed shape by much more than one tenth 
of a wavelength of light. 

A highly polished glass surface will reflect 
about 4% of the light incident normally on it 
In 1835, Liebig invented a method for deposit- 
ing silver on glass chemically and front-silvered 
mirrors were widely used in scientific work until 
this century; about 95% of the light is reflected 
but the silver soon tarnishes and must then be 
replaced. In many optical instruments the metal 


Diffuse reflection 


is deposited on the front of the mirror, in order 
to avoid the confusion which might arise 
between images formed in both the front and 
back surfaces of the mirror; in domestic use the 
reflecting layer is at the back and is covered 
with a protective coating. 

Recently, methods of evaporating aluminium 
onto a polished glass surface have been 
developed and this has many advantages; no 
polishing of the metal surface is required and 
after a few months it acquires a hard, protective, 
transparent coating of aluminium oxide and will 
then last for years. Although the maximum 
percentage of light reflected is only 85%, the 
extra durability is a great advantage in many 
applications. 


Concave and convex mirrors 


Curved mirrors, both concave and convex, can 
also form images; these may be either real or 
virtual depending upon the conditions, Convex 
spherical mirrors are used, for instance, to pro- 
duce a large field of view in some types of 
driving mirror. Concave mirrors produce a 
magnified image for shaving; they are also used 
in reflecting telescopes to collect light from a 
faint, distant object over a wide area and con- 
centrate it in a bright image. On the other hand, 
in a searchlight or torch, the concave mirror 
forms the light from a small source into a broad, 
parallel beam. 


Focal points and radii of curvature 


In Fig, 6.7 rays are shown striking both concave 
and convex mirrors; in each case the rays are 
parallel to the principal axis, or axis of sym- 
metry, of the mirror. The focal point, or prin- 
cipal focus, F, of a concave mirror is defined as 
that point through which all of these rays of 
light pass, after reflection; it is the real image 
of an object at infinity. The focal point of a 
convex mirror is defined as that point from 
which all these rays appear to diverge, after 
reflection; it is the virtual image of an object 
at infinity. The focal length, f, of a mirror is the 
distance from the pole, P, to the focal point of 
the mirror. We shall prove later that all rays 
parallel to the axis do indeed pass, or appear 
to pass, through the same axial point wherever 
they strike the mirror, provided it is not too far 
from the pole. 
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XN 
> J 
+f 

mm r—> 


C= Centre of curvature 
F = Focal point 
P = Pole 


(a) Concave mirror 


(b) Convex mirror 


Fig. 6.7 


Images of extended objects, formed by cur- 
ved mirrors, are likely to be distorted unless 
rays from them strike the mirror at a small angle 
to the axis, and this is assumed in the approxi- 
mations made in the proofs which follow; for 
clarity, however, rays making large angles with 
the axis are shown in the diagrams. Rays which 
make small angles with the axis, and which strike 
a mirror or lens near the middle, are called 
paraxial rays. The types of distortion that may 
occur when angles are not small are discussed 
in Section 6.6 on aberrations. 
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We also assume, in our analysis, that the 
curved mirrors form small parts of the surfaces 
of spheres. The radius of curvature of the mirror 
is the radius of the imaginary sphere of which 
the mirror forms a part; the centre of this sphere 
is called the centre of curvature, C, and is marked 
on both diagrams. The proof which follows 
shows that the focal length of curved mirrors 
is half their radius of curvature. 

In the diagram for the concave mirror, we 
assume that the ray XA is close to the axis, as 
explained above. The foot of the perpendicular 
AQ will be close to P and hence we may make 
the following approximations: 


FQ=FP=f 

CQ=CP=r 
Now, by the angle law of reflection, since CA 
is a normal to the mirror: 

ZFAC= ZXAC 
=0 

and by alternate angles, since XA and CF are 
„parallel: 


ZFCA=ZXAC 
=ZFAC 
ie. ZFCA=6 
Hence, if ZPFA=¢ 
we have $ =20, 


since the exterior angle of a triangle is equal to 
the sum of the two opposite interior angles. 
Now if 0 and ¢ are both small: 


tan @ =2 tan 9 
But tan é = AQ/FQ 
=h/f from above 
and tan @=AQ/CQ 
=h/r from above 
Hence : = 24 
ice. r=2f (6.1) 


Thus, we have shown that the focal length of a 
spherical mirror is half the radius of curvature, 
and as the result is independent of h, all rays 
close to the axis pass through F, no matter 
where they strike the mirror. This can also be 
shown to be true for a convex mirror. 


6.4 
Use Fig. 6.7(b) to prove the same result for a 
convex mirror. 


The mirror formula 


We shall now derive a relationship between the 
object distance, u, and the image distance, v, 
for an image formed by a concave mirror, as 
shown in Fig. 6.8(a); the proof will also show 
that all rays from the object that make a small 


angle with the axis will pass through the image, 
no matter where they strike the mirror. We 
restrict ourselves initially to points which lie on 
the principal axis. 

We again assume that the foot of the perpen- 


dicular AQ lies close to P, and hence: 


OQ=OP=u (6.2) 

CQ=CP=r (6,3) 

IQ=IP=v. (6.4) 

Now, by the angle law of reflection, since CA 


is normal to the mirror: 
ZOAC= ZIAC=¢6 
and by the external angles of triangles: 
ZPCA = ZCOA+ZOAC 
i.e. ġ=a+0 
a=¢-@ (6.5) 
Similarly, for triangle ICA: 
ZQIA = ZICA + ZIAC 


ie. B=¢+0 (6.6) 
Adding Equations (6.5) and (6.6) gives: 
a+B= 26 (6.7) 


Making our usual approximations for paraxial 
rays we may write: 


tan a +tan 8 ~2tan¢d 
Thus: B- o H th 


oQ 0 CO 
i.e. 2B 2h from (6.2), 6.3) 
uv r and (6.4) 


Thus, the equation connecting object and image 
distances is: 


from (6.1) 
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(a) An image in a concave mirror 


Fig. 6.8 


—+-= (6.8) 


Q. 6.5 
Use Fig. 6.8(b) to derive a similar result for a 
convex mirror. 


The reader’s own analysis for a convex mirror 
should produce the following equation: 


le Eal 
“se fo 


It would clearly be convenient to use one 
equation for both types of mirror, and this is 
made possible by the use of a suitable sign 
convention. 


(6.9) 


The real-is-positive sign convention 


A real object placed in front of a convex mirror 
produces a virtual image, as seen in Fig. 6.8. 
The real-is-positive sign convention, which is 
used throughout this book, distinguishes 
between real and virtual cases in the following 
way: 


When numbers are substituted for object and 
image distances, positive numbers are sub- 
stituted for distances to real objects and 
images, and negative numbers for distances to 
virtual objects and images. 


We distinguish between concave and convex 
mirrors as follows: 


r—> 


(b) An image in a convex mirror 


Concave mirrors have a positive focal length 
and radius of curvature; convex mirrors have 
a negative focal length and radius of cur- 
vature. 


In Equation (6.9), for convex mirrors, if nega- 
tive numbers are to be substituted for the image 
distance (since the image is virtual) and for the 
focal length (since it is a convex mirror), we 
must invert the sign of those terms and thus we 
obtain an identical equation to that for concave 


mirrors: 


1 = 
Hence a E A 
; 1,1-1 
i.e. a f (6.8) 


Worked examples for mirrors 


(a) An object is placed 0.3 m from a mirror and a virtual 
image is formed 0.15 m behind it. What is the focal length 
of the mirror? 


AR. 


epa 
i wo 
1 1 
=———+ 
(+0.3) (-0.15) 


since the obj l and the image is virtual. Thus 


tive, the mirror is convex. 


As the focal I 
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(b) An object is placed 0.2 m in front of a mirror and 
the real image is 0.1m in front of it. Calculate the focal 
length, and radius of curvature, of the mirror, 


Since r=2f 


As the focal length is a positive number, the mirror must 
be concave. 

(c) An object is placed 0.3 m in front of a concave mirror 
of focal length 0.1 m. Where is the image? 


exe 1 
(+0.1) (+0.3) 
since the object is real and the mirror concave. Thus 


i.e. v=0.15m 


As the image distance is positive the image is real, as we 
would expect. 

(d) An object is placed 150 mm in front of a convex 
mirror of radius of curvature 100 mm. Where is the image? 


Numerically: f=r/2 
=50 mm 


1 1 


= (=50) (+150) 


since the object is real and the mirror convex. Therefore 


i.e. v = -37.5 mm 


Since the image distance is negative the image must be 
virtual. 


It is important to note that other books may 
use a different convention known as the New 
Cartesian; the reader is advised to refer only 
to books using the real-is-positive convention, 
to avoid confusion. 
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Calculate the image distance in each of the 
following problems and state whether ‘he image is 
real or virtual: 


(a) real object distance 0.15 m; convex mirror 
focal length 0.10 m; 

(b) real object distance 250 mm; concave mirror 
focal length 50 mm. 


Calculate the object distance in each of the 
following problems: 


(c) real image distance 0.40 m; concave mirror 
focal length 0.25 m; 

(d) virtual image distance 70 mm; convex mirror 
focal length 210 mm. 

Calculate the focal length of the mirror in each of 


the following problems and state whether the 
mirror is convex or concave: 


(e) real object distance 100 mm, real image 
distance 20 mm; 

(f) real object distance 250 mm; virtual image 
distance 50 mm. 


Extended images in concave mirrors 


The position of the image of an extended object 
in a mirror can be found by drawing, as welt as 
by using the mirror formula. Three construction 
lines are used to check the accuracy of the 
drawing and these are shown dashed in Fig. 
6.9; each line represents a possible ray through 
the system although, as we see, such a ray might 
not enter the eye. The rays that do enter the 
eye are shown separately, as a shaded pencil. 

The three construction lines represent the 
following rays: 


(1) aray parallel to the axis will be reflected 
through the focal point; A 

(2) a ray passing through, or appearing 10 
pass through, the focal point will be 
reflected parallel to the axis; ' 

(3) a ray along a radius of curvature will be 
reflected back along its own path because 
it strikes the mirror normally. 


As all points in the object plane have an 
image in the image plane any convenient ver- 
tical scale may be used for the construction; it 
is usual to expand the vertical scale. 

The diagrams show that if an object is further 
from the lens than the focal point, real, inverted 
images are produced, but if it is closer to the 
lens than the focal point a virtual, erect image 
is formed which is larger than the object; this 
is the arrangement when it is used as a shaving 
mirror. 

A point at infinity on the axis of a mirror 
produces a pencil of light parallel to the axis, 
and an off-axis point produces a parallel pencil 
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of light at an angle to the axis. The image of 
the off-axis point is formed in the focal plane, 
and thus extended objects at infinity have 
images that are extended in the focal plane, as 
shown in Fig. 6.9(d). Conversely if the object 
is in the focal plane the image will be at infinity. 


Extended images in convex mirrors 
Similar rules can be drawn up for constructing 
diagrams for convex mirrors: 
(1) a ray parallel to the axis will be reflected 
as though it had passed through the focal 
point; 


(b) A real object (r > u > f) produces a real magnified inverted image 


Fig. 6.9 


Continued overleaf 
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(c) A real object (u < f) produces a virtual magnified erect image 


7, 
paT] obje, of 
infini! 


Bottom of 
+— object at 
infinity 


(d) A real object at infinity produces a real image in the 
focal plane 


Fig. 6.9 


(2) a ray of light travelling towards the focal 
point will be reflected parallel to the axis; 

(3) a ray along a radius of curvature will be 
reflected along itself. 


An object placed at any position in front of the 
mirror will form a virtual, diminished and erect 
image (Fig. 6.10(a)). As the image is smaller a 
large field of view is provided and convex mir- 
rors are often used for driving mirrors for this 
reason. 


Q 6.7 

Draw a ray diagram to show how a convex mirror 
produces an image in the focal plane of an off-axis 
point at infinity. 


Virtual objects 


In some types of optical instrument, a real 
image is formed and then a mirror or lens '8 
interposed in the path of the rays as shown 1n 
Fig. 6.10(b); the real image is said to become 
a virtual object for the interposed mirror or lens. 
This is the only circumstance in which a convex 
mirror can form a real image as shown in Fig. 
6.10(c). 

The object is described as ‘virtual’ because 
light does not actually come from it, but merely 
appears to; in calculations involving virtua 
objects, the object distance is substituted as 
negative number as shown in the example fol- 
lowing. 
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since the object is virtual and the mirror convex. Thus 


Paai i 
o 100 50 
1 
ae 
100 
ie. v = +100 mm 


The positive sign means that the final image, in this case, 
is real. 


{a) 
Any real object produces a virtual, diminished, erect image 


Real image 

of previous system 
forms virtual object for 
convex mirror 


[ 
From previous 
optical system 


(b) Formation of a virtual object 


Ah 
ES st 
F [a 


From previous 
optical system 


—u—e v 


(c) A real image of a virtual object formed by a convex mirror 


Fig. 6.10 


Worked example 


A real image is formed by a lens system and then a convex 
mirror of focal length 100 mm is placed 50 mm in front of 
the image, so that it becomes a virtual object for the mirror. 
Where is the final image? 


Baat 
uo f 
Leda 
v fu 
1 1 


5 (-100) (50) Fig. 6.11 Magnification in curved mirrors. 
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Magnification 

In general, the image produced by a spherical 
mirror will be a different size from the object. 
We define: 

height of image 


ification = 
Systane height of object 


In each of the diagrams in Fig. 6.11, the ray 
reflected at the pole of the mirror is shown, and 
in each case: 


¿XPO= ZYPI 
Since the two shaded triangles are similar: 
image height _ image distance 
object height object distance 
v 


u 
image distance 


ië. magnification = — : 
£ object distance 
tiv 
1/4 
o Vi ee 


(a) Graph plotted to determine f for a mirror 


We shall see later that this result holds also for 
lenses. 


Measurements on curved mirrors 


Measurement of the focal length of a 
concave mirror 


A quick estimate of the focal length of a concave 


mirror may be made by casting an image of a 
distant light or window onto your hand. When 
the image is in focus, as the object is effectively 
at infinity, the distance from hand to mirror 
must equal its focal length. 

To obtain a more accurate valuc, measure- 
ments of u and v must be made, a graph of 
l/v against l/u is plotted as shown in 
Fig. 6.12(a). 


Since 


Second pin made 
to coincide with image 


(b) Image in convex mirror located by no-parallax 


me r > 


-+ u >+ 


(c) Measurement of the radius of curvature of a convex mirror! 


Fig. 6.12 


Thus, the intercept on either axis will be equal 
to 1/f. Usually a large pin is used as the object; 
to locate the image, a second pin is made to 
coincide with the image of the first by the 
method of no parallax. 

The radius of curvature will be equal to twice 
the focal length. 


Measurement of the focal length of a 
convex mirror 


Measurements on convex mirrors are more 
difficult because the images are almost always 
virtual and behind the mirror. It is not possible 
to cast an image of a distant object on to your 
hand as with a concave mirror. 

The position of the virtual image behind the 
mirror can be determined as shown in Fig. 
6.12(b) by the method of no parallax; a second 
pin is held just above the level of the mirror 
and moved until it is coincident with the image. 
A series of readings of u and v are made and 
a graph plotted as before. 

Alternatively, the radius of curvature of the 
mirror may be measured using an auxiliary con- 
vex lens, as shown in Fig. 6.12(c). The distance 
between lens and mirror, d, is adjusted until the 
final image, Iz, coincides with the object O. The 
light now retraces its path after reflection from 
the mirror, and the centre of curvature of the 
mirror must therefore coincide with the image 
of O formed by the lens at 1,. The position of 
the mirror can be marked and, if it is then 
removed and the position of I, observed, the 
radius of curvature of the mirror can be 
measured directly. The focal length is half the 
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in Fig. 6.13; some of the light is reflected, 
obeying the laws of reflection, whilst the rest 
of the light is transmitted with a change of 
direction. The change in direction is called 
refraction; the phenomenon was known to the 
ancient Greeks, but it was not until the seven- 
teenth century that a quantitative law was 
deduced. 

As in the case of reflection, directions are 
defined with respect to the normal as shown in 
Fig. 6.13. The two laws are stated in the form: 


The incident ray and the normal define a plane 
which contains the refracted ray. 


For a wave of given frequency (or 
wavelength), and a given pair of media: 


sin 0, _ a constant, known as the relative 
sing, refractive index of the two media. 


This second law is known as Snell’s law, For 
the direction of travel shown, 6, is known as 
the angle of incidence and 02 the angle of refrac - 
tion. The relative refractive index for light pas- 
sing from medium 1 to medium 2 is written ; 12 


SO its (6.10) 
sin 02 


Te. 


In the diagram the light is bent towards the 
normal when going from medium 1 to medium 
2 and we say that medium 2 is optically more 
dense than medium 1; this is the situation, for 
instance, when light goes from air into water 
or glass, or from water into glass. 


a Š | 
radius of curvature of the mirror. | Medium 1 
| 
Q Ss j 3 À f eet i 
The following readings of object and image ray Sy Í 
distance are made for a convex mirror. Plot a Se AE ar y 
R 1 e 
1 
| 


graph and hence determine the focal length. 


u/cm 10 20 30 40 50 


v/em -6.0 -8.5 -10.0 -11.0 —11.5 


Medium 2 


Refracted ray 


6.3 Refraction 


When light meets an interface between two 


transparent media, two things occur, as shown Fig. 6.13 
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If the ray is passing from medium 2 into 
medium 1 and the angle of incidence in medium 
2 is @2, we find that the angle in medium 1 is 
4; the ray of light is reversible. 

sin 02 
sin 0; 
1 


=— from (6.10) 
12 


Now 2n1= 


It is convenient to write the relative refractive 
index, ın2, as the ratio of two absolute refractive 
indices, as defined below. 


Thus 1n2=— 


where n, is the absolute refractive index of 
medium 1 and nz the absolute refractive index 
of medium 2. This is consistent with the prin- 
ciple of reversibility of light, for we now have: 
ny 
ie 
n2 
TE 


n/n 


1 4 
=— as derived above. 
in2 
We can now write down a symmetrical form of 
Snell's law: 


(6.11) 


and this is the version which the reader is 
advised to use. The absolute refractive index of 
a medium is defined as the value of the constant 
in Snell’s law when light passes from a vacuum 
into the medium; the absolute refractive index 
of a vacuum is, by definition, exactly one. Thus 
the equation: 


nı Sin 6; = n2 sin 62 


ny Sin 4, =n sin 02 
sin 4, 


becomes =n 
r 2 
sin 62 


since ny=1 
In practice, since the absolute refractive index 
of air is 1.000 29 we can, for most purposes, 
measure absolute refractive indices relative to 
air, instead of relative to a vacuum. 


Q 69 

Use Equation (6.11) to show that when light 
passes from medium 1 through medium 2 and into 
a third medium, the direction of the ray in the 


final medium does not depend upon the refractive 
index of the intervening medium, provided that 
the interfaces between the media are parallel, 


Q 6.10 

(a) Light passes into a glass block from air, The 
angle of incidence is 30°. What is the angle of 
refraction? 

(b) Light passes into a water surface from air. The 
angle of incidence is 30°. What is the angle of 
refraction? 


(c) Light passes into a glass block from water. 
The angle of incidence in the water is 30°. 
What is the angle of refraction in the glass? 

(d) Light passes from air, through a parallel-sided 
glass wall, into a tank of water. The angle of 
incidence in the air is 30°. What is the angle 


of refraction in the water? 


(Absolute refractive index of this type of 
glass = 1.50; of water = 1.33.) 


Refractive indices and the velocity of light 


In Section 3.5 we showed that a wave passing 
from a medium where its velocity is vı to a 
medium where the velocity is v> undergoes 
refraction; the directions of propagation in the 


two media are related by the equation: 
lt G2 _ v2 (6.12) 
sin 6; 1 


Snell’s law tells us that the direction of propaga- 
tion of a light ray changes when passing from 
one medium to another in accordance with the 
equation: 


sin 62 _ n (6.11) 
sin@; n2 


In Chapter 9 we shall examine the evidence for 
the wave nature of light. Assuming for the 
moment that light has been shown to be a wave 
motion, the two equations above may be com- 
bined to give: 


n2 Vi 


Now if medium 1 is a vacuum where the velocity 
of light is c, and medium 2 is a medium of 
absolute refractive index, nm, where the veloc- 
ity of light is cm, we have: 


: 


nm C 


Thus An =— 


ie. velocity of light 
absolute refractive _ in vacuo 
index of a medium velocity of light in 
the medium 


A table of values of n for different media, 
together with the corresponding values of the 
speed of light is given below (Table 6.1); it is 
customary to quote the indices for the light of 
wavelength 5.89310’ m, corresponding to 
one of the sodium D lines. As we shall see later, 
different wavelengths of light travel with slightly 
different velocities in transparent media. 


Real and apparent depth 


Fig. 6.14 shows why the refraction of light at 
a surface makes a swimming pool, for instance, 
look less deep than it really is. The light entering 
the observer’s eye comes, of course, from the 
object, O, at the bottom, but it appears to the 
observer to come from the image, I. The angles 
ôw are equal and so are the angles ĝa, because 
the normals at X and A are parallel. 


Now in 0, wie 
as AD ERT 
P XA XA 
and sin = OXO 


since for small angles sin @ = tan 8. 
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Apparent 
depth 


Fig. 6.14 Real and apparent depth. 


But Ng SiN Âa = Nw SiN Oy 
‘ XA_ XA 
i.e. "aq = XO 
XO ny 
H ee 
ence XI Ma 


i -7 
Table 6.1 Absolute refractive indices of some materials for light of wavelength 5.893 x 10 m 


1 


Medium Absolute refractive index Speed of light/ 10° ms” 
vacuum 1.000 000 2.997 925 

hydrogen, stp 1,000 132 2.993 973 

air, stp 1.000 292 2.997 050 

borosilicate crown glasst 1.509 70 1.985 78 

double extra dense flint glasst 1.927 07 1.555 69 

ice 1.31 2.29 

Canada balsam 1.54 1.95 

quartz crystal 1.544 24 1.941 36 

diamond 2.4195 1.2391 


t Chance-Pilkington Optical Works. 
+ Optica Acta, 1967, 14, 401. 


Other data from Kaye and Laby (1973) Tables of Physical and Chemical Constants, Longman. 
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In general: 
absolute refractive index 
real depth of lower medium 


apparent depth ~ absolute refractive index 
of upper medium 
(6.13) 


or, if the upper medium is air, of refractive 
index one: 


realdepth _ absolute refractive index 
apparent depth ~ of the lower medium 


Q 611 

An osprey dives into a river to catch a fish 20 cm 
below the surface. Where did the fish appear to be 
to the osprey? 

The osprey was young and unfamiliar with 
Snell’s law and the fish survived. The fish now 
leaps to catch an insect which appears to be 6 cm 
above the water. How far above the water is the 
insect? (Absolute refractive index of water = 1.33.) 


Total internal reflection 


When the light passes from an optically more 
dense medium such as glass, into an optically 
less dense medium such as water, or air, it is 
bent away from the normal; in Fig. 6.15, @2 is 
greater than 6, because the refractive index of 
medium 1 is greater than that of medium 2. 

In the case of the left-hand light ray, some 
of the light is reflected in accordance with the 


ĝe is the critical angle 


Fig. 6.15 


laws of reflection and some of the light is refrac- 
ted. Now, for the refracted ray: 


n2 sin 62 =n, sin 4; (6.11) 


or in this case, assuming medium ! 
medium 2 is air: 


is glass and 


sin ĝa = Mg Sin Oy (6.14) 
Now, as the angle of incidence in the glass is 
increased, the angle in air also increases; as it 
is the larger angle, it will reach 90° first. This 
is the situation of the central ray, where the 
partially transmitted ray lies actually along the 
surface, whilst the partially reflected ray obeys 
the law of reflection as before. Ir case, the 
angle in glass is called the critical angle, @., and 
its size may be calculated from Snell's law as 
follows: 
sin ĝa =n, sin 6, (6.14) 
At the critical angle: 
y= Oc 
and 0a = 90° 
Therefore, since sin 6, = 1, we have 
1=n, sin 4 
M 1 
i.e. sin 6.=— (6.15) 


tg 


For a glass of refractive index 1.5, the critical 
angle is about 42°. 

For angles in glass larger than the critical 
angle, there is no refracted ray at all, and all 
the light is reflected; total internal reflection 18 
then said to occur. This is the case for the 
right-hand ray. Total internal reflection occurs 
whenever light is incident on an interface with 
a medium of lower refractive index, at an angle 
greater than the critical angle. 


Q 6.12 
(i) Calculate the critical angles for: 


(a) a glass-air interface; 
(b) a water-air interface; 
(c) a glass—water interface. 


(Absolute refractive index of glass = 1.50; of 

water = 1.33.) F 

(ii) Draw a diagram to show the field of view of a 
fish looking upwards out of a clear pond. 


Zé} 


Lt 


(a) Reflection through 90°; 
beam also laterally inverted 
(the left and right hand sides 
of the beam are interchanged) 


Fig. 6.16 Some applications of reflecting prisms. 


Reflecting prisms 


Total internal reflection in a prism is often 
preferable to reflection from a silvered or 
aluminized mirror. There are no multiple 
images, such as occur in a back-reflecting mir- 
ror, and no silver or aluminium surface to be 
scratched or tarnished like those in front- 
reflecting mirrors. Although 100% of the light 
reaching the reflecting surface will be reflected, 
a total of about 8% of the total light intensity 
will be lost as the light passes into and out of 
the other two faces of the prism. It is therefore 
a more efficient reflector than a front-surface 
aluminized mirror but less efficient than a front- 
surface silvered mirror. It will, however, retain 
its reflecting power indefinitely providing the 
reflecting surface is kept clean from dirt or 
grease, which would alter the critical angle. 
When the application warrants it, the loss of 
intensity at the first and last faces of the prism 
can be reduced to a negligible amount by the 
use of anti-reflection coatings on these surfaces. 

Reflecting prisms can be used to turn beams 
of light through 90° and 180°, and also to invert 
a beam without deviating it. There are also 
more complex applications but these three basic 
ones are shown in Fig. 6.16. 

Fig. 6.17 illustrates the use of reflecting 
prisms in prism binoculars. Convex lenses are 
used in binoculars as they give a greater field 
of view than lens systems incorporating concave 
lenses, but they produce a final image that is 
upside down and inverted left for right; in prism 


(6) Reflection through 180°; 
no lateral inversion 
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L| 
i 


(z 
y 
bid 


(c) Lateral inversion without deviation 


binoculars this is corrected by using two 
reflecting prisms to invert the image both 
vertically and laterally. 


Q 6.13 

Considering Fig. 6.16(b), show that the emergent 
beam is parallel to the incident beam even if the 
prism is rotated in the plane of the paper, so that 
the angle @ is no longer 90°. What is the 
importance of this in the design of a dinghy’s 
radar reflector? 


Light pipes 


The light pipe is another application of total 
internal reflection and in recent years fibre 
optics has become of increasing importance, 


Fig. 6.17 A pair of reflecting prisms, as used in prism 
binoculars to invert the final image. 
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especially in medicine and telecommunications. 
The principle of a light pipe can be understood 
by considering a long, thin solid glass rod with 
polished ends. Light is passed in through one 
end and the rod is bent; the light will now strike 
the walls, as shown in Fig. 6.18, at angles greater 
than the critical angle and total internal reflec- 
tion will occur at a number of places. Clearly 
the thinner the rod, and the more it is bent, the 
larger the number of reflections is likely to be. 
In a glass fibre about 1/20 of a millimetre thick, 
there will be about 4000 separate reflections in 
a length of 25 centimetres; nevertheless about 
97% of the original light energy will emerge at 
the far end if the outside of each fibre is clean. 

A bundle of glass fibres can be used to trans- 
mit light into inaccessible places. Moreover, it 
is also possible to use a carefully constructed 
bundle to transport an image, for example of 
the inside of a person’s body. Each fibre will 
transmit the light intensity at its end and there- 
fore, to build up a detailed image, a large num- 
ber of very thin fibres is required. Where two 
identical glass surfaces touch, there will be 
leakage of light from one to the other and to 
prevent this each fibre is coated with a glass of 
significantly lower refractive index. This can be 
done by drawing down glass rods coated with 
the different glass, and fibres of about 1/100 
of a millimetre diameter have been produced 
by this method. As long as the relative orienta- 
tion of the fibres at the end is the same as the 
relative orientation at the beginning it does not 
matter how the fibres are tangled up in between, 
and a bundle of very thin fibres is very flexible 
indeed. Some light is lost, of course, by slight 


Pee 


Fig. 6.18 


leakage or absorption in the glass, or where 
there are broken fibres, but a system two metres 
long will transmit up to 25% of the incident 
light. A photograph taken by using fibre optics 
is shown in Fig. 6.19. 


Fig. 6.19 A photograph of the inside of a gearbox taken 
through an industrial fibrescope, manufactured by Keymed. 


Measurement of refractive index 


There are many methods of measuring refrac- 
tive index, and the most accurate require the 
use of precision instruments; we shall consider 
here some simple experiments which will yield 
results with an accuracy of about 1% to 10%. 

It is possible, of course, to measure the refrac- 
tive index of any transparent solid by tracing 
rays through it and measuring angles of 
incidence and refraction. Moreover, the thin 
parallel-sided walls of a container produce no 
additional deviation, as seen in Question 6.9, 
and similar measurements can therefore be 
made upon a liquid if it is placed in a perspex 
container; the rays are plotted with pins as 
shown in Fig. 6.20(a), and the very small side- 
ways displacement produced by the walls 1s 
ignored. A graph of sin @, against sin 41 has a 
slope equal to the absolute refractive index of 
the liquid, if the absolute refractive index of ait 
is taken to be one. 

Alternatively, measurements of real and 
apparent depth can be used to determine refrac- 
tive indices, and for this purpose a travelling 


AN 


Pins will appear 
in line from here 


(a) Measurement of the refractive index of a liquid (or solid) 


Microscope 
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sin 0a 


sin Oy 


Focused on 
bench through 
sample 


Fixed 
distance 
from 
microscope 
to in-focus 
object 


(b) Measurement of refractive index by travelling microscope 


Fig. 6.20 Methods of measuring refractive index. 


microscope is used, as shown in Fig. 6.20(b); 
microscopes have a very small depth of focus 
and therefore a very small movement of the 
microscope towards or away from an object will 
put the image out of focus. The microscope is 
focused first on the bench, and then on some 
specks of dust which are scattered on top of 
the sample; the distance it must be moved to 
re-focus the image is equal to the real thickness 
of the sample. The microscope is again focused 
on the top surface of the sample and then on 
the bench, viewed through the sample; the dist- 
ance moved by the microscope this time is equal 
to the apparent thickness of the sample. Hence, 
the refractive index of the sample may be calcu- 
lated from the expression: 


absolute refractive 
index of lower 
medium 


real depth 


E apparent depth (6.13) 


Again, we assume that the absolute refractive 
index of air is equal to one. This method may 
be used for liquids, which are placed in a small 
container. As travelling microscopes are accur- 
ate instruments, this technique may with care 
give good results. The theoretical basis for a 
more accurate method using a spectrometer is 
given in the section on the minimum deviation 
of a ray in a prism, on page 145. 


Q 6.14 

A travelling microscope is used to determine the 
refractive index of a sample. The following 
readings of the position of the microscope are 
taken: 


top surface of sample in focus 25.62 cm 
surface of bench without sample in 

focus 30.21 cm 
surface of bench viewed through 

sample in focus 27.49 cm 


Bottom viewec 
through sampli 


144 Image formation 


Calculate the refractive index of the sample and 
estimate the percentage error in the result if each 
reading is correct to +0.01 cm. Note that some 
glasses have refractive indices very different from 
455% 


6.4 Prisms 


Fig. 6.21 


We have already considered how total internal 
reflection of a light ray may occur in a prism 
and we will now examine the deviation of a ray 
which is transmitted through it. 

Fig. 6.21 shows a light ray passing through 
a prism, in which it is deviated by an angle D. 
The refracting angle of the prism is the angle 
A—in this case 60°; most prisms for spectro- 
scopic use have angles of nominally 60°. The 
prism angle determines the relative orientation 
of the two refracting faces. 
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Fig. 6.22 Minimum deviation in a prism. 


Now in the diagram, PORS is a cyclic quadri- 
lateral, as QR is normal to QP and SR is normal 
to SP. Thus, the angle marked at R is equal to 
A, the angle of the prism. Moreover, this angle 
is also the external angle of the triangle RQS, 


A=0,+ 6; (6,16) 


We can also derive an expression for the devi- 
ation, D, in terms of ĝa and @,: 


D=ZTQS+ZTSQ 


Hence 


where ZTQS = 8a- 0g 
and ZTSQ=0;-—0; 
Therefore D =(0a— 0) + (0—0; (6.17) 


Minimum deviation 


The variation of the angle, D, can be plotted 
against the angle of incidence, (,, as shown in 
Fig. 6.22; it is found that the deviation is a 
minimum for one particular value of 0a. Now, 
if a ray incident at an angle @, leaves the prism 
ata different angle 64 then, as light is reversible, 
a ray incident at 0; would leave at @,; the angle 
of deviation would then be the same as before. 
However, the minimum value of D can only 
occur at one value of the angle of incidence, 
by definition of minimum, and hence under 
these conditions 04 = 8a. The condition for the 
deviation to be minimum is therefore that for 
which the ray passes through the prism sym- 
metrically, as shown in Fig. 6.22. 

Readers are advised to take a prism and to 
shine a ray of light across the top of a drawing 


board; place the prism in the beam and rotate 
it, observing that there really is a minimum 
deviation and that it occurs when the ray passes 
symmetrically through the prism, 

Now, since for a symmetrical arrangement, 
we have: 


a= 04 
it follows that: 
0, = 0 


Thus, for minimum deviation, Equations (6.16) 
and (6.17) become: 


A=206, (6.18) 
and D min = 2(0. — 9) (6.19) 
Hence Dmin =20, -A 
i.e. 0a = A+ Doin 
But Oy -2 from (6.18) 


and from Snell's law we therefore have 


nam it be „SOCA Daiel/2) (6 29) 


* sin 0, sin (A/2) 


This equation is used as the basis of an accurate 
method of measuring refractive index using a 
spectrometer, 


Q 615 

In a spectrometer experiment, the angle of a prism 
is found to be 59° and the minimum deviation 
through the prism is 35°. Calculate the refractive 
index of the prism glass. 


Small-angle prisms 

In Section 6.5 we will show that lenses can be 
regarded as being made up of a number of 
prisms of small angle, and we shall derive here 
a result which will be useful in that analysis. By 
a small-angle prism we mean one with an angle 
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less than 0.1 rad (about 6°) and, for the analysis 
below, we will also assume that the angle of 
incidence is less than this, 

We start with two equations we derived for 


all prisms: 
A=0,+0; (6.16) 
and D = (0 —0,) + (05-04) (6.17) 
From Snell's law we have: 
sin 4, = ny sin Ôp (6.14) 
and sin 0, =n, sin 0% (6.21) 


But, for small-angle prisms, if @, is small, 0p, 
0; and 0; will also be small because the total 
deviation will be small; in the limit for a 
parallel-sided glass block the total deviation is 
always zero, 

Hence, since all angles are small, we can write 
approximately: 


Oa ™ Nge from (6.14) 
OL nO, from (6.21) 
Equations (6.16) and (6,17) then become: 
AWO,+0, 


D = (1g O%) + (ng ~ 04) 
= (ny 1)(0,+ 04) 
Hence De(ng-1)A (6.22) 


This shows that for a small-angle prism at small 
angles of incidence the deviation is independent 
of the angle of incidence. The extent to which 
this approximation is true may be judged from 
Table 6.2. 

We see from Table 6.2 that a rapid increase 
in the deviation occurs once the angle of 
incidence becomes larger than the angle of the 
prism. 


Dispersion in prisms 
In our discussion so far, we have assumed that 
there is a unique refractive index for white light 


Table 6.2 

Prism angle 5*, n = 1.5 
4,/ (deg) 0 1 2 4 5 6 7 8 10 
4,/ (deg) 0.000 0.667 1.333 1.999 2665 3331 3.996 4660 5,324 6.648 
ay (deg) 5.000 4.333 3.667 3.001 2335 1.669 1.004 0340 0324 1.648 
6,/ (deg) 7.512 6508 5.505 4503 3.503 2.504 1.506 0.510 0486 2.472 
D/(deg) 2512 2.508 2505 2.503 2503 2.504 2506 2510 2514 2.529 
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Dy — Deviation of blue light 
D, — Deviation of red light 


Fig. 6.23 


passing through a given type of glass. In fact, 
this is not so; each colour is deviated by a 
slightly different amount causing a spectrum to 
be formed. There is a discussion of the 
significance of Newton’s discovery of the spec- 
trum in Chapter 9 and we will here restrict 
ourselves to calculations involving deviations. 


Fig. 6.23 shows that the deviation of blue 
light, D», is greater than that o D,; the 
greater deviation of blue light means that the 


refractive index for blue light, 7», must be 
greater than that for red, n,. It therefore follows 
from Equation (6.12) that blue light must travel 
more slowly in glass than does red light. The 
angular spread of the spectrum produced is 
called the dispersion, and depe upon the 
dispersive power of the glass; spectrum 


extends between the colours shown, and beyond 
blue to violet. 


6.5 Thin lenses 


Fig. 6.24 shows a converging lens producing a 
real image of an object. The re can see that 
all the rays which enter the lens pass very nearly 


Fig. 6.24 


through the same point, and a real image is 
formed there. Lenses have been used since the 
fourteenth century, first for spectacles and then, 
since the sixteenth century, for microscopes and 
telescopes as well. In this section, we will discuss 
how a lens forms a distinct image and derive 
equations to enable us to predict where that 
image will be. 


Lens shapes 


The simplest lenses have either two spherical 
surfaces or one spherical surface and one plane 
surface. Fig. 6.25(a) shows three different types 
of converging, or convex, lenses. In Fig. 6.25(b) 
a real image is formed by a convex lens, similar 
to that in the photograph. Finally, we see that 


(a) Biconvex Plano-convex Convex meniscus 
lens lens lens 


(b) A convex lens forming an image 


(c) A convex lens regarded as a sequence of prisms 


Fig. 6.25 
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three prisms could also produce a converging 
beam of light; in our analysis of lenses we shall 
consider a thin lens to be made up of a whole 
sequence of small-angle prisms as shown on the 
right of Fig. 6.25(c). 

Fig. 6.26 consists of a similar set of diagrams 
showing how a virtual image is formed by a 
diverging lens, in this case of biconcave shape. 

We will now prove, as is assumed in these 
diagrams, that a correctly angled sequence of 
prisms will cause all the rays from the object 
to cross the axis at the same point, and in doing 
so we will derive an equation enabling us to 
predict where that image will be formed; this 
is called the lens equation. 


The lens equation 


When rays of light pass through the optical 
centre of a thin lens they emerge undeviated, 
as illustrated in Fig. 6.27(a); the sides of the 
lens are parallel at its middle. 


(a) Biconcave Plano-concave Concave meniscus 


lens lens lens 


(c) A concave lens regarded as a sequence of prisms 


Fig. 6.26 
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When rays of light pass through one of the 
focal points of a converging lens, they emerge 
parallel to the axis; if they strike the lens parallel 
to the axis they pass through a focal point after 
refraction by the lens. Thus there are two focal 
points, as shown in Fig. 6.27(b), and for a thin 
lens these are equidistant from the optical 
centre of the lens. The focal points of a lens 
are sometimes referred to as the principal foci; 
the distance from the optical centre to each 
principal focus is called the focal length of the 
lens. 

The focal points of a diverging lens are 
similarly illustrated in Fig. 6.27(d). 


(a) The optical centre, C, of a thin lens 


A thin converging lens may be considered as 
a sequence of small-angle prisms and the ‘shape 
of the prism’ at a distance A from the axis is 
marked in the diagrams of Fig. 6.27. In the 
proof which follows, we shall assume that the 
lens is very thin, and hence A small; in 
addition, the heights at which the light enters 
and leaves the lens are assumed to be identical 
and equal to A. 


Now the deviation, D, of a ray entering or 
leaving the lens parallel to the axis is shown in 
Fig. 6.27(b) and by opposite angie 

ZYXF=D 
But, because XY and CF are parallel, by alter- 
nate angles: 

ZLCFX=ZYXF=! 

as marked in Fig. 6.27(b). 
Hence tan D =h/f 
Now, as the angle of the ‘prism’ is small, the 
deviation of a ray passing throu s indepen- 
dent of the angle of incidence. In Fig. 6.27(c) 


First principal 
focus or focal point 


Second principal 
focus or focal point 


(b) The focal length of a converging lens 


¢ Ea u 


(c) Image formation in a converging lens 


Fig. 6.27 
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+o 


focus or focal 


+n 


< u > 


(e) Image formation in a diverging lens 
Fig. 6.27 


the incident ray makes an angle a with the axis, 
but its deviation is still D. Therefore, since D 
is the exterior angle of the triangle OXI. 


D=a+B 
h 
where tang =— 
u 
h 
and tan 8 =— 
B v 

Now if D=a+B 


and all angles are small: 
tan D =tan a +tan B 


since D ~tan D, etc. 

Hence fae R h 
fug 

ie, ae (6.23) 
fi uv 


This is an equation identical to that derived for 
spherical mirrors. 

If the same analysis is carried out for the 
diverging lens, using Figs. 6.27(d) and (e) we 
obtain the equation: 


aie (6.24) 
v 


Q 616 
Derive the above result for a diverging lens. 


= = 
First principal 


al 
Second <1 


principal focus or ~_ 
focal point 


To use Equation (6.23) for both types of lens, 
a real-is-positive sign convention is used almost 
identical to that used for mirror calculations. 


When numbers are substituted for object and 
image distances, positive numbers are sub- 
stituted for distances to real objects and 
images, and negative numbers for distances to 
virtual objects and images. 

Converging lenses have a positive focal length; 
diverging lenses have a negative focal length. 


If this convention is used the equation: 
==—+- (6.23) 


applies to both converging and diverging lenses 
as well as to spherical mirrors. 

The relationship between the focal length of 
a lens, and the radii of curvature of its faces, is 
more complicated than the equivalent relation- 
ship for a spherical mirror, and will be derived 
later, on pages 153-5. 


Worked examples for lenses 


(a) An object is placed 20 cm in front of a lens and a 
real image is formed 10 cm behind the lens. What is the 
focal length of the lens? 
14 
Ear 
u v 
neo 1 
~ (+20) 


(+10) 
since the object and image are real. Thus 


1 
f 


ie. f=+>cm 


As the focal length is positive, the lens must be converging. 


150 Image formation 


(b) An object is placed 25 cm from a lens and a virtual 
image is formed 5 cm from it. What is the focal length of 
the lens, and what type of lens is it? 


As the focal length is negative, the lens must be diverging. 
(c) An object is placed 30 cm from a converging lens of 
focal length 5 cm. Where is the image; is it real? 


NE ae 
~ (+5) (+30)' 


since the object is real and the lens converging. Therefore 


Le. 


Since the image distance is a positive number, the image 
is real. 
(d) An object is placed 20 cm from a diverging lens of 


focal length 10 cm. Where is the image; is it real? 
1.43% 
=+ 

u 


v f 
em 
v fu 
1 1 


~ (=10) (+20) 


since the object is real and the lens diverging. Thus 


ie. v=- cem 


As the image distance is a negative number, the image is 
virtual. 


Q 6.17 

Calculate the image distance in each of the 
following problems and state whether the image is 
real or virtual: 


(a) real object distance 0.2 m; converging lens 
focal length 0.1 m; 

(b) real object distance 0.15 m; diverging lens 
focal length 0.05 m. 


Calculate the object distance in each of the 
following problems: 


(c) virtual image distance 50 mm; diverging lens 
focal length 100 mm; 

(d) real image distance 50 mm; converging lens 
focal length 100 mm. 


Calculate the focal length of the lens in each of 

the following problems and state whether the lens 

is converging or diverging: 

(e) real object distance 140 mm; real image 
distance 70 mm; 

(f) real object distance 180 mm; virtual image 
distance 60 mm. 


Extended images produced by lenses 


It is possible, as in the case of mirrors, to find 
the position of the image of an extended object 
produced by a lens using ray-construction 
methods. The three rays used to construct 
images produced by lenses are as follows. 


(1) A ray parallel to the axis. This will pass 
through the focal point after refraction 
in a converging lens, or appear to come 
from it in the case of a diverging lens. 

(2) A ray passing through the focal point, OF 
which has a path which can be extrapo- 
lated through the focal point. It is refrac- 
ted so as to be parallel to the axis. ; 

(3) A ray through the optical centre of a thin 
lens. It is undeviated because the centre 
portion of the lens behaves like a thin, 
parallel-sided, block of glass. 


bj Real 
object i 

f image 
— os 


u 


(a) A real image is formed from a real object if u > f 


Virtual Real 


image object a 
ge obj Su 


A 
y Real Virtual 
ka a image 


object 
V 
(c) A real image can be formed from a virtual object 
Top of FS 
object Focal 
at infinity plane 
— 


(d) A real image in the focal plane is formed of an 


object at infinity 


Image 
distance > 


Height 
of object 


(0) 
Object 


4— distance Height 


of image 
(e) Magnification 


Fig. 6.28 
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Methods involving ray construction are impor- 
tant in a discussion of optical instruments, and 
the reader is advised to solve the problems in 
Question 6.17 graphically, as well as numeri- 
cally. It is usual to represent thin lenses by 
straight lines, with hats to indicate whether they 
are converging or diverging lenses, as shown in 
Figs 6.28 and 6.29. 

Fig. 6.28 shows that a converging lens pro- 
duces a real, inverted image if the object dist- 
ance is greater than the focal length, but a 
virtual, erect image if it is less. With a virtual 
object, caused by interposing the lens between 
a previous lens system and its image, the lens 
always forms a real erect image. An object at 
infinity produces a real inverted image in the 
focal plane. 


Real Virtual 
object image 


a Virtual Real 
object image 


Image height 


«Image 
distance 


a—— Object — 
distance 


(c) Magnification 


Fig. 6.29 
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In Fig. 6.29 we see that a diverging lens 
always produces a virtual, erect image of a real 
object, but can produce a real, erect image of 
a virtual object. Again, the image of an object 
at infinity lies in the focal plane, but this time 
it is virtual and erect. 

The size of the final image in all cases is 
determined by the formula: 


image height 


magnification = 
g object height 


_ image distance 
object distance 


since the two shaded triangles in Figs 6.28(e) 
and 6.29(c) are similar. 


The power of a lens 


Instead of describing a lens by its focal length, 
we sometimes use the power of the lens, F, 
defined by: 


where the focal length is measured in metres. 
The unit of power is the dioptre, or inverse metre, 
named after the old-fashioned name for 
optics—dioptrics. Thus, a converging lens with 
a focal length of 0.2 m (200 mm) has a power 
of +5 dioptres: a diverging lens of the same 
focal length has a power of —5 dioptres. 
Ophthalmic opticians usually work in dioptres. 


Defects of vision and their correction 


In a normal eye the focal length of the eye lens 
can be adjusted so that objects at different 
distances can form images on the retina; this is 
done by changing the shape of the lens and is 
called accommodation. There are a wide variety 
of eye defects which prevent sharp images being 
formed; the two whose correction is easiest to 
understand are short-sight (myopia) and long- 
sight (hypermetropia). 

A short-sighted person can see close objects 
clearly, but cannot see distant objects as the 
image is formed in front of the retina (see Fig. 
6.30(a)). The most distant point at which an 
object can be clearly seen is called the far-point. 


To correct for short-sightedness, a diver 
lens is used so that light from an ob 
infinity will appear to be coming from the 
point; the eye will then be able to focu 
the retina. The focal length of the spectac 
lens, which is assumed to be adjacent to the 
eye, must be equal to the distance from the eye 
to the far-point. Thus, a person with a far-point 
at 4m will require a diverging lens of power 
0.25 dioptres (f = 4 m). 

A long-sighted person, on the other hand, 
can see distant objects distinctly but cannot see 
close objects; the closest point that can be seen 
distinctly is called the near-point (se ig. 


6.30(6)). In a normal eye, the distance to the 
closest object that can be seen is called the least 
distance of distinct vision and is about 0 n; 
we will assume in our calculations that we want 
a person suffering from long-sight to be able to 
see an object at this distance. A converging lens 
is therefore used to make an object 0.25 m away 
have a virtual image at the wearer’s near-point. 


Suppose that the person has a near-point at 
1 m; the focal length of the spectacles required 
is given by: 


TA AAAA i 
f (0.25). (-1) 
since the image is to be virtual. Thus 
1 4-1 
N 
3 
aii 
i.e. f=3m 
=0.33 m 


A converging lens of power 3 dioptres (f= 
0.33 m) is required. 

There are two other common defects. 
Whereas the defects above arise because the 
eyeball is too long or too short, it is also com- 
mon for the eye to become unable to focus on 
near objects because of a lack of accommoda- 
tion in old age; this defect is called presbyopia. 
Moreover, some people have corneas whose 
curvatures are not symmetrical; they find it 
more difficult to see horizontal lines than ver- 
tical lines, or vice versa, and are said to suffer 
from astigmatism. Some forms of astigmatism 
can be corrected with cylindrical lenses. 


Short-sight 
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TO == = 


Far point is most distant 


Near object focused 


correctly point of which image 
can be formed on retina 
and its correction 

Focal length of diverging lens 
must coincide with far point 
of eye 

(a) 

Long-sight 


re > Near point 


Image of close object 
beyond retina 
formed on retina 


«4—0.25 m—> 


— and its correction 


Near point is closest point 
of which image can be 


Image of very distant 
point is formed in front 
of retina 


Distant object focussed 
correctly 


Point at normal least distance of 
(b) distinct vision (0.25 m from eye) must 
have virtual image at near point 


Fig. 6.30 Two defects of the eye and their correction. 


Q 6.18 


What power, and type, of lens would be required 
for the following: 


(a) a person suffering from long-sight whose near- 
Point is at 0.5 m; 

(b) a Person suffering from short-sight whose far- 
Point is at 1 m. 


The lens maker’s equation 


For spherical mirrors we derived a simple equation connect- 
ing the focal length of the mirror with its radius of curvature; 
clearly there must be a similar equation for a lens, and the 
equation is sometimes called the lens maker’s equation. The 
equation is more complicated than the corresponding one 
for a mirror since the focal length of a lens depends upon 
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the radii of curvature of both surfaces and also upon the 
refractive indices of the lens and the surrounding medium. 

Fig. 6.31 shows a typical ray passing through a thin lens; 
for the sake of clarity the refracting angle A of the prism 
section has been made to appear larger than it really is. 
The argument which follows applies only to paraxial rays, 
which make small angles with the axis, and therefore strike 
the surface of the lens at small angles of incidence. 

The ray from the object O is refracted twice and under- 
goes a total deviation D, as shown; the real image I is 
formed where this deviated ray meets the undeviated ray, 
OXZI, which has passed through the optical centre of the 
lens. 


Now tana = fi 
Ox 
hz 

and tan B =— 

iat? 


But as the lens is thin, P and Q are approximately the same 
height A from the axis: 


hy=h2=h 
and we also have 


OX=0C=u 
IZ=IC=v 


h 
Hence tana =— 
u 


h 
tan B =— 
v 
and if a and B are both small angles: 


a=h/u 


B=h/v 


Circle centre C, 3y 


z Circle centre C3 


l 
T ra 
an VER n 
Lpa A =o 
es Lita Sq, 
ee hi | hal RS 
— E ! Ji 
T e ote 

1 l S, 
G XE Ices z Cz 
+—_ vy en ee a a o E SS 


Similarly, in the second diagram, where C,Q and CP are 
normals to the lens surfaces: 


O=h/ry 
6=h/r2 
Now, since D and A are external angles of triangles OSI 
and C, TC), respectively: 
D=a+ß 
and A=0+¢ 
However @ small-angle prism, from Equation (6.22): 
D=(n,-1)A 
Therefor a+B=(nz—-1)A 
=(ng—1)(8+¢) 
h h h h 
Hence + r= (m= D(—+=) 
u v n r2 
i 1 1 LA 
te; + -= (m= D(—+—) 
u v n r 
1 
Then, sinc at 
uv f 
1 `E 
we have = (ne 1)(—+=) (6.25) 
f mn Ta 
This is the equation sometimes called the lens maker's 


equation, or full lens formula. 


Thus, for spherical lens surfaces, as the radii of curvature 
will be the same over the whole surface, the equation 
implies that the focal length of the lens will not depend on 
the point \ e the ray strikes the surface. However, as 
explained above, this prediction is only true for paraxial 
rays passing a thin lens. 

In order to obtain the same result for a diverging lens, 
it is necessary to adopt a sign convention for the radii of 
curvature 


The radius of curvature of a surface is taken as positive 


if the surface presents a convex face to the optically less 
dense medium; it is taken as negative if the surface 
presents a concave face to the optically less dense medium. 


Q 6.19 
Derive an identical result to that obtained above 
for a diverging lens. 


Consider, for example, a biconvex lens made of glass of 
refractive index 1.5 and having surfaces with radii of cur- 
vature 0.1 m and 0.2 m respectively. Since both lens sur- 
faces are convex to air, the radii of curvature are taken as 
Positive. 


1 
Hence =à) 


n ra 
1 
=as- D(t) 


1 

+0.1 +O 

2+1 

=0.5 — 

(o2 
i 


0.2 
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-92 
715 
=0.133 m 


i.e. f 


When the lens is not placed in air, the quantity (ng—1) 
becomes {(Miens/ medium) — 1} and is always taken to be a 
Positive quantity. 


Q 6.20 

(a) Calculate the focal length of a biconcave lens 
made of glass of refractive index 1.5 if the 
radii of curvature of the two faces are 0.15 m 
and 0.10 m respectively. 

(b) What will be its focal length when immersed 
in water of refractive index 1.33? 


Measurements on lenses 


Measurements of the focal length of a 
converging lens 


A quick estimate of the focal length of a con- 
verging lens can be obtained by forming an 
image of a distant object on a piece of paper; 
the distance from lens to paper is roughly equal 
to the focal length. 

A more accurate method is to take measure- 
ments of the size of object and image, and of 
the image distance. The image is located by the 
method of no parallax. The magnification can 
be calculated from the size of object and image. 


wL i 

N = 
ow “el 
v v 

H =p S 
ence oo g 
viv 
—=—_ | 

u f 

But m=? 
u 

1 

Therefore re e 


This equation is of the form 
y=kx+c 


where k is the slope of a graph of y against x. 
Thus, if m is plotted against v, the slope will 
be 1/f and the intercept on the v-axis (when 
m = 0) will be f. Comparison of these two results 
will give an indication of the accuracy of the 
experiment. 
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Q 6.21 

In a series of measurements to find the focal 
length of a converging lens, an object 2 cm high 
was used. The following table gives image 
distances, together with the height, h, of each 
image. Calculate the magnification in each case 
and plot a suitable graph to find the focal length 
of the lens: 


v/em 60.2 39.8 33.5 30.4 27.7 26.9 


h/cm 4.0: 12:0 = Usa Tr “ors! 40,7 


The final method we shall consider is shown 
in Fig. 6.32. Suppose that an object 30mm 
from a convex lens produces an image that is 
70 mm from the lens; then, as light is reversible, 
the positions of object and image could be 
reversed. The new object distance will be 
70 mm and the new image distance 30 mm; the 
object and image distances have been inter- 
changed, but the separation of object and image 
is unchanged. 

A similar situation is shown in the figure. In 
the first diagram u is the object distance and v 
the image distance. In the second diagram the 
new object distance wu’, is equal to the previous 
image distance, v; the new image distance v', 
is equal to the old object distance, u. The separ- 
ation of object and image, d, has remained 


unchanged, and the lens has been moved a 
distance /, which can be measured. Points O 
and I are called conjugate points or conjugate 
foci, since they are interchangeable. 


Aig) 
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Fig. 6.32 


2 


I 
i.e. d= 


A graph of d against /7/d will have an intercept 
+4f on both axes. 

This method is especially useful when it is 
difficult to measure to the optical centre of a 


lens; i ‘ course, always possible to measure 
the € ment of a lens from one position to 
another 

Note that the minimum separation of object 
and image, when /=0, is 4f; this is a fact worth 
remembering when setting up an optical system. 
Q 6.22 
In ane iment to find the focal length of a 


š, the object and screen were set a 
apart. The two positions of the 
lear image could be obtained 

ind, and the distance between them, 
red. The screen was then moved to a 


given d 
lens for v 
were then f 
l, was me 


new position and the experiment repeated. Use 
the results quoted below to plot an appropriate 
graph and from it find the focal length. 

l/cm 17.1 31.9 45.2 568 801 


d/cm 123.1 127.8 135.1 142.9 160.1 


Measurement of the focal length of a diverging 
lens 


Measurements of the focal length of a diverging 
lens are more difficult because methods similar 
to those used for converging lenses would 


(a) A method for measuring the focal length 
of a diverging lens 


Fig. 6.33 
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involve finding the position of a virtual image 
which cannot be shone on to a screen. However, 
one method which requires measurements on 
real images only is shown in Fig. 6.33(a); a 
converging lens, not in close contact, is used to 
provide a virtual object for the diverging lens. 

The converging lens forms a real image, I’, 
which is located with a screen. The diverging 
lens is then interposed and the new position of 
the real image, I, ascertained in the same way. 
In the lens equation for the diverging lens, used 
to calculate the focal length, the object distance 
must be inserted as a negative number but the 
image distance as a positive number. 


Q 6.23 

In the above experiment, the initial real image was 
200 mm from the converging lens. The diverging 
lens was then placed 150 mm from the converging 
lens, and the final image was 400 mm from the 
diverging lens. What was its focal length? 


Boys’ method for the radius of curvature of a 
surface of a converging lens 


Finally, Fig. 6.33(b) shows an ingenious experi- 
ment for measuring the radius of curvature of 
a converging lens surface; this method was 
devised by Sir Charles Boys, and can be used 
for surfaces that are convex to the air. The 
surface whose radius of curvature is to be 
measured is used as a concave mirror, and to 
cut out extraneous light it is placed on a piece 
of black material. 


(6)Boys’ method 
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Most of the light incident on this reflecting 
surface will be transmitted and absorbed by the 
material, but a small proportion will be 
reflected. 

An optics pin is mounted above the lens and 
moved up and down until it is found, by the 
method of no parallax, to be coincident with a 
real, inverted image; as the object and final 
image are at the same place, the object is said 
to be at a self-conjugate point. The light must 
have returned along its original path and must, 
therefore, have struck the reflecting surface at 
right angles. The line AI’ in the diagram is at 
right angles to the surface and thus I’ is at its 
centre of curvature. Now I’ is the virtual image 
formed by refraction in the first surface of the 
lens, and thus this virtual image distance, v, is 
numerically equal to the radius of curvature of 
the reflecting surface, r. Moreover, since there 
is no further refraction in the transmitted ray 
by the lower surface at A, as the ray is incident 
normally, I’ is also the virtual image of O 
formed by the lens as a whole, as shown in 
Fig. 6.33()(ii). Thus the distance from I’ to the 
optical centre of the lens, v, can be calculated 
from the object distance, u, and the focal length 
of the lens which is measured in some other way. 


Thus (6.23) 


The image distance will be a negative number 
since the image is virtual but, of course, the 
radius of curvature will be positive in accord- 
ance with our convention. 

For a diverging lens the radius of curvature 
may be determined directly by reflecting light 
from its concave surface; when object and 
image are coincident, the object is at the centre 
of curvature of the nearer face. 


Q 6.24 

A biconvex lens has a focal length of 150 mm. It 

is laid on a piece of black velvet and an optics pin 
mounted above it. When the optics pin is 50 mm 
above the lens, a real, inverted image is coincident 
with it. Calculate the radius of curvature of the 
bottom surface of the lens. 


6.6 Aberrations 


When a point object does not produce a point 
image, we say that an aberration occurs; it may 
cause the image of an extended object to difi 
from the object in shape or sharpness, or m 
a white object appear coloured. Some a 
tions occur only in lenses but others, not: 
spherical aberrations, occur both in lenses and 
in mirrors. 


Spherical aberration 


In our analysis of lenses and mirrors, we have 


frequently made small-angle approximations, 
as discussed on page 126. In practice, the rays 
furthest from the axis do not pass through 


exactly the same image point as those closest 
to it. This effect can be seen on careful examin- 
ation of the photograph on page 146 and it is 
called spherical aberration ; this was not evident 
in our simple theory because of the approxima- 
tions made. 

In Fig. 6.34 spherical aberration produced 
by a lens is shown. The optimum place to put 
a screen to observe the image is in the plane of 
least confusion; the reader should note the 
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(6) Spherical aberration reduced by a lens-stop 
Fig. 6.34 


distinction between lateral spherical aberration 
and longitudinal spherical aberration. Spherical 
aberration can be corrected by grinding the lens 
toa sfully calculated aspherical shape; this 
nely difficult to do because in any lens 


grinding machine the shape produced most 
easily is a spherical one. The defect is minimized 
by dividing the refraction equally between the 
two sur of the lens; for instance, if the lens 


is plano-convex and a distant object is to be 
viewed, the rays parallel to the axis should be 
incident upon the convex side. We see from 
(b) that blurring of the image may be 
by stopping down the lens—in other 
ucing the effective diameter and 
z the peripheral rays. This results in 
it image and may make diffraction 
important, as explained in Section 
human eye, spherical aberration is 
corrected by a decrease in the refractive index 
of the eye lens away from the axis. 

The effect of spherical aberration in a con- 
cave mirror is shown in Fig. 6.35(a). The bold 
curve is the envelope of the image-forming rays 
and is called the caustic curve; it may be seen 
when sunlight is reflected in a cup of tea. 
Spherical aberration in a curved mirror may be 
corrected for distant objects on the axis by 
making the surface parabolic; all rays from the 
object will then pass through the same image 
point, no matter at what point they strike the 
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(a) Spherical aberration in a mirror 
Fig. 6.35 
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mirror. In theory, for a closer object, an ellip- 
soidal mirror should be used but, except for 
some cinema projectors, this is rarely done. 

An alternative method, used in certain tele- 
scopes, is to place a piece of specially shaped 
plastic material in front of the mirror; this is 
known as a Schmidt corrector and is illustrated 
in Fig. 6.35(b). The convex central part slightly 
converges the beam so that the image is formed 
slightly inside the focal point; the concave outer 
section diverges the light so that it crosses the 
axis nearer to the focal point than would other- 
wise be the case. In this way, it is possible to 
bring all the rays to very nearly the same image 
point. 

The final way of reducing spherical aberra- 
tion is to stop down the mirror. 


Other geometrical aberrations 


There are a number of other geometrical 
aberrations which we shall consider briefly; 
these apply to both lenses and mirrors. Some- 
times the image of an off-axis point becomes 
two lines; this is known as astigmatism and is 
illustrated in Fig. 6.36. 

The second diagram shows that the image of 
a plane object at right angles to the axis is not 
always in a plane at right angles to the axis. In 
general, the image lies on a slightly curved 
surface; this is called curvature of the field and 


(b) Use of a Schmidt corrector 
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Fig. 6.36 Other geometrical aberrations of lenses and 
mirrors. 


is particularly important when a strong mag- 
nifying glass is used. 

The final geometrical aberration we shall 
consider is called distortion and is caused by 
changes in magnification at different distances 
from the axis. If a postage stamp is viewed 
through a strong magnifying glass, the virtual 
image will not be rectangular but will appear 
with pin-cushion distortion; in this case, the 


magnification increases with distance from the 
axis. On the other hand, if the lens is held at 
arm’s length so that the real inverted image of 
a distant window is seen, we observe barrel 
distortion; this is caused by a decrease in 
magnification as the distance from the axis is 
increased. 


Chromatic aberrations 


We have already shown how dispersion in 
prisms is caused by the variation in refractive 
index of glass with colour, as shown in Fig. 6.23. 
Dispersion also occurs in lenses for the same 
reason. Equation (6.25) tells us that: 


Sn fs! 


and as the refractive index of glass for blue light 
is greater than it is for red, we would expect 
the lens to have a greater focal length for red 
light than for blue. The effect of this in a lens is 
shown in Fig. 6.37(a) and is called chromatic 
aberration; the image becomes less sharp and 
is slightly coloured, especially at the edges. 

The usual way of reducing chromatic aberra- 
tion is to use an achromatic doublet. This con- 
sists of a converging and diverging lens, of 
different focal lengths and dispersive powers; 
two faces must have the same radius of cur- 
vature so that they can be cemented together 
with Canada balsam, as shown in Fig. 6.37(b). 
This is used because it has much the same 
refractive index as glass, and reflections at the 
glass/balsam surfaces are thus reduced. 

The dispersion produced by the two lenses 
will be in opposite directions, since one is a 
converging lens and one diverging; if these dis- 
persions can be made to be the same magnitude 
then they will cancel out. In fact, this can only 
be done for two wavelengths, usually red and 
blue light, and there will be slight dispersion at 
other wavelengths, as shown in the graph of Fig. 
6.37(c). It is possible to show that the ratios of 
the focal lengths must be numerically equal to 
the ratio of the dispersive powers. 

Now we require the achromatic doublet to 
act as a converging lens and therefore the con- 
vex lens must be more powerful than the con- 
cave lens; that is, the focal length of the convex 
lens must be less than that of the concave lens. 
It follows that the convex lens must be made 
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of a glass, such as a crown glass, which has a 
relatively low dispersive power while the 
diverging lens is made of a flint glass which has 
a higher dispersive power. The achromatic lens 
was developed by Dolland in 1753. 
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Wave optics 


7.1 Superposition 


In Chapter 9 we shall discuss the historical 
evidence for the wave nature of light and in 
this chapter we look at those properties of light 
which derive from the fact that it is a wave 
phenomenon; these properties are often re- 
ferred to collectively as physical optics. 

The first four chapters of this book reviewed 
the properties of oscillations and waves in gen- 
eral, showing how wave motions are propagated 
through media, how they can be reflected and 
refracted at interfaces, and what happens when 
two wavetrains meet. We saw that: 


Wavetrains move through each other without 
undergoing any permanent alteration. 


Moreover, in the region where they co-exist: 


The total wave disturbance ata particular time 
is obtained by adding together at each point 
the displacements due to each wave passing 
through the medium. 


This is the Principle of Superposition. Where two 
equal wave crests coincide, a crest of double 
amplitude is formed, and if a crest and trough 
of equal size superpose, a region of zero ampli- 
tude results. 

In Section 4.3 we saw that when two plane 
wavetrains cross, regions of constructive and 
destructive superposition occur: 


Constructive superposition (or constructive 
interference) occurs whenever the two or more 
waves incident at that point are exactly in 
Phase, so that the resultant amplitude of 
oscillation at the point is a maximum, equal 
to the sum of the amplitudes of the waves; 
these points are called antinodes, and lines 
along which all points are antinodes are called 
antinodal lines. 

Destructive superposition (or destructive inter- 
ference) between two waves occurs at a point 
whenever the two waves incident at the point 
are exactly out of phase so that the resultant 


amplitude is a minimum; if the amplitudes of 
the two waves are equal the resultant will be 
zero. These points are called nodes, and lines 
along which all points are nodes are termed 
nodal lines. 


As we explained in Section 4.3, where a fixed 
time-independent pattern of maxima and 
minima is produced we refer to the 
phenomenon by the usual name of interference. 


Coherent light and conditions for interference 


The above account may give the impression 
that any two sources of light, of identical 
frequency, and therefore colour, sending light 
into the same space, can produce an interfer- 
ence pattern; this is not so. To produce an 
interference pattern, the sources of light must 
bear a constant phase relationship .to each 
other, so that there are places where there will 
always be maxima and places where there will 
always be minima; if, for example, the light 
from one source suddenly experienced a phase 
change of 7 radians, all the maxima would 
become minima and vice versa. If such random 
phase changes were to occur frequently, there 
would be no visible interference pattern at all. 

An ordinary monochromatic light source 
emits a short packet of continuous waves lasting 
about 10 *s; this packet will then end, and the 
new packet will have a random phase relative 
to the first. As explained in Chapter 10, each 
wave packet is a photon of light. 

Fig. 7.1(a) shows why light from two separate 
sources will not form interference fringes. As 
the phase of each photon of light is determined 
randomly, the light from the two sources will 
sometimes be in phase and sometimes not; they 
are said to be non-coherent because there is no 
consistent phase relationship between them. 

However, two sets of wavetrains derived 
from the same source can have a consistent 
phase relationship since both wavetrains 
undergo the same random phase changes. In 
Fig. 7.1(b) there is no path difference between 
the top two sets of wavetrains, and a path 
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» difference of one wavelength between the first 
and third sets; in this case the waves are always 
one wavelength out of step. Interference will 
still occur if the path difference is increased, 
provided it is still much shorter than the length 
of one photon.. 

Thus the two wavetrains of light which pro- 
duce interference must come from the same 
source. In arrangements such as Young’s slits 
the wavefront is divided—by passing through 
two slits—to produce the two interfering 
wavetrains; this is called division of wavefront. 
In situations like that in an oil film—where the 
coloured fringes are produced by interference 
effects—part of the light energy is reflected at 
One surface and part at another; this is called 
division of amplitude. 

In both methods a path difference is intro- 
duced between the two interfering wavetrains; 
since there is a random phase difference 
between successive photons, the path difference 
introduced must be much less than the ‘length’ 
of a photon. It takes about 10~*s for a typical 
light photon to be emitted; the velocity of light 
is 3x 10° ms‘. Hence: 


‘length of photon’ = velocity x time 
for emission 
= (3x 10°) x 10-8 
=3m 
maximum path difference = 0,3 m 


Out of phase 


In phase 


PELE NL LAL PND LS 


PP PPLE OP PPPPo P\P LAS 


A further restriction is that if the light is 
polarized the planes of polarization must be the 
same, otherwise the displacements will not 
superpose, 


Q 71 i 
The wavelength of green light is about 5x107 m, 
How many waves are emitted in 10~° s? 

How many waves are there in 0.3 m? 


Laser light sources 


When light from a conventional source such as 
a light bulb is used to illuminate a pair of slits 
for an interference experiment, it is necessary 
first to pass it through a narrow slit, much 
reducing the energy available. This is because 
the photons across the width of the beam are 
not in phase with each other, and a broad beam 
will not, therefore, produce an interference 
pattern. 

In a laser, each photon emitted in a pulse is 
stimulated by the light already in the beam, and 
thus the phases of the photons are not random; 
within the pulse all the photons have exactly 
the right phase to produce a coherent beam. 
The pulses last very much longer than the 10" s 
mentioned above and, during the time taken to 
emit a pulse, the light is coherent right across 
the width of the beam. Some types of laser 


ce a continuous wave and the light is 
ously coherent. 

lasers produce more coherent energy 
over a much longer period and can produce 
i e fringe patterns. They are a useful, 
e, tool for demonstrating phenomena 
| optics; some of the photographs in 
r were taken using laser light. 


7.2 Woung’s slits 


The concept of superposition had been applied 
to wate ves in the seventeenth century by 
Isaac on, when explaining anomalous 


tides, but was not applied to light until the 
beginning of the nineteenth century. Thomas 
Young, who proposed that light was a trans- 


verse wave motion, revived interest in the wave 
theory of light and, in 1801, set up an experi- 
ment to observe interference using two pin 
holes in a blind as sources of light. We shall 
e the modern form of the experi- 
which the pin holes are replaced by 
s is now known as the Young’s slits 


experiment. Young performed the experiment 
using sunlight, but we shall consider first the 
results obtained using monochromatic light. 


The apparatus is set up as shown in Fig. 7.2; 
a sodium vapour lamp may be used as a con- 
venient source since it produces light that is 
almost monochromatic. It illuminates a single 
slit which acts as the effective source of coherent 
light, as explained in the previous section. 
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Huygen’s principle has been used, in Section 
3.3, to show how diffraction will cause light to 
spread out from a narrow slit, and thus the two 
slits in the second screen will be illuminated. 
They, too, act as sources of light and all points 
on the screen are illuminated by light from these 
two sources. Note that in all diagrams the 
wavelength of light is very much exaggerated! 
The diagram shows how the slits divide the 
wavefront of the light, as mentioned in the last 
section. 

Consider a point P on the screen receiving 
light from the two slits S, and S2. S,N is a line 
drawn at right angles to S2P. If the angle @ is 
small, $;P and NP will be almost equal and 
hence the path difference will be S.N. If the 
angles are small and the rays nearly parallel, it 
also follows that all the angles marked @ in the 
third diagram are equal. We also assume for 
the present that the distance from the source 
slit to each of the double slits is the same. Now 
in the triangle S;S2N: 


sin 0 = 


als 


i.e. p=s sin (7.1) 


The angle @ can be expressed in terms of the 
distance x and D, thus: 


sin 0 = = in the triangle PRQ 
x 

= — as 6 is small 
D 


Screen 


(b) (c) 


Fig. 7.2 The formation of an interference pattern using Young’s slits. 
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SX 
pa (7.2) 
Now, constructive interference at the screen will 
occur if the path difference is an integral num- 
ber of whole wavelengths, as explained in Sec- 
tion 4.4. Hence, the condition for constructive 
interference is: 


Hence 


path difference, p=maA (7.3) 


where m can be any whole number including 
zero; thus, the path difference might be 0, A, 
9A, 15A, ete. 


Now s sinĝ =p (7.1) 
=ma from (7.3) 

a gi 

where sin 6 = D 


Thus, the condition for constructive interfer- 
ence may be written: 


sin @ =" (7.4) 
bright 
fringe 
orx=m a2 (7.5) 


We therefore expect there to be a series of 
bright fringes on the screen. The zero-order 
fringe (m =0, sin 0 =0, x =0) will be on the 
line QR and there will be further fringes 
arranged symmetrically to either side (at m = 
+1, +2, +3. . .; sin @=+A/s,+2A/s,+3A/s...; 
x =+AD/s, +2AD/s, +3AD/s, ...). The fringe 
with a value of m equal to one is called the 
first-order fringe. The distance between adjacent 
fringes, called the fringe width, is AD/s. 

The symbol m is used in optical interference 
work to stand for order number since n, which 
was used in Chapter 4, is also used to stand for 
refractive index. 

Destructive interference will occur when a 
crest from one wave coincides with a trough 
from the other; in other words when the path 
difference is an odd number of half- 
wavelengths, as explained in Section 4.4. Hence 
the condition for destructive interference is: 


path difference, p=(m+4)A (7.6) 


where m is any whole number including zero; 
thus, the path difference might be 4A (m = 0), 
3A (m=1),..., 17A/2 (m =8), etc. 


Now ssin@=p (7.1) 
=(m+3)A 
from (7.6) 
x 
sin 6 =— 
where i D 


Thus, the condition for destructive interference 
may be written: 


. 1A ~~ 
SUNOS ea) (7.7) 


dark 

fringe 
or x =(m+3) (7.8) 
Thus, spaced symmetrically between the bright 
fringes, there is a series of dark fringes: the 
spacing of the dark fringes is identical to the 


spacing of the bright fringes. 


Q 12 

Coherent light of wavelength 5.5 x 107 m is 
incident on two slits 1.1 mm apart. Calculate the 
angles at which the following lines will be found 


(a) the first-order bright fringe; 
(6) the tenth-order bright fringe; 
(c) the first dark fringe; 

(d) the fourth dark fringe. 


The fringes are observed on a screen 0.5m from 
the slits. Calculate (answers (e) to (h)) how far 
from the zero-order fringe each of the above will 
be. 


Fig. 7.3 shows a set of Young’s slits fringes 
photographed with a thin beam of light from a 
laser. It also shows a graph of the variation of 
intensity with angle in the photograph; it can 
be proved that the intensity varies between 
maxima and minima according to the square of 
the cosine of the phase difference between the 
two components. The intensity of the light 
varies between maxima and minima throughout 
the region beyond the slits and thus, in theory, 
fringes may be observed anywhere there; they 
are known as non-localized fringes. In practice, 
the fringes are significant only where the 
intensity from each slit is large, and where the 
intensities are approximately equal. 

Accurate measurements made on the pattern 
obtained enable us to calculate the wavelength 
of light used, using the equations above; the 
accuracy obtainable is remarkable considering 


ng’s Slit fringes, observed with laser light. 
h by courtesy of Griffin and George.) 
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Fig. 7.3 

that the wavelength is as small as 10” m. The 
separation of the slits is measured with a travel- 
ling microscope. When finding the fringe width, 
it is us ) measure, for example, ten fringe 
width divide by ten in order to obtain 
greate uracy. The limiting factor on the 
accura any determination of wavelength 


be the measurement of the separ- 
ne slits, since if they are too close the 
Separation will be difficult to measure, and if 
they are too far apart the fringes will be almost 
indistinguishable. 

A simple method of observing the 
phenomenon of interference is to take a small 
undeveloped photographic plate and to scratch 
two lines across the emulsion with a penknife 
and straight edge; a separation of about 0.5 mm 
is convenient. The plate is held against the eye 
and a lamp with vertical filament, ora discharge 
tube, is viewed at a distance of about 3 metres. 
If the source is monochromatic, distinct fringes 
of the appropriate colour are observed. If a 
white light filament lamp is used, a number of 
white fringes are observed with coloured edges; 
these are termed white-light fringes. 


Q 73 
In a Young’s slits experiment to measure the 
wavelength of light from a sodium vapour lamp, 
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the following measurements were made: 


slit separation =0.42+0.01 mm 
distance toscreen =0.500+0.001 m 
ten fringe widths =7.21+0.01 mm 


Calculate the wavelength of the light and the 
maximum probable error in the answer. 


White light fringes 


Equation (7.4) shows that the separation of red 
fringes is about twice that of blue ones, since 
the wavelength is roughly twice as great. Thus, 
except for the central maximum, fringes of 
different colours will be in different places. If 
the slits are illuminated with white light, the 
first-order fringe will vary in colour from blue 
at the inside edge to red at the outside. The 
second-order fringe will be even broader and 
by the time the higher-order fringes are 
reached, the red from one fringe will overlap 
the blue from the fringe of next highest order; 
there will then be a general illumination that is 
almost white, as shown in Fig. 7.4. 

In experiments using monochromatic light, 
it is sometimes necessary to determine which 
fringe is the central, zero-order fringe; this may 
be required where shifts of the whole system 
are to be detected by the motion of the central 
fringe. This identification may be done con- 
veniently by passing white light into the system 
and observing the central white fringe. 


Q 7.4 

If the wavelength of red light is 6x 10°’ m and of 
blue light 4x 107 m, at what order of the red 
fringe system will fringes of these colours coincide 
in adjacent orders? 


Fig. 7.4 White light fringes. 
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Optical path 


We have seen in Section 6.3 that in a medium 
of absolute refractive index, n, the velocity of 
light, cn, is equal to c/n. Thus, whereas the time 
taken to travel a distance / in a vacuum, to, is 
given by: 


to=l/c 


the time to travel the same distance in the 
medium, ¢,, is given by: 
= l 
"c/n 
_al 
€ 
It is sometimes useful to regard the medium as 
having an optical path length, nl, (travelled at 
velocity c) rather than a geometrical path 
length, /, (travelled at velocity c/n). 
Note that when light passes from a vacuum 
into the medium the frequency remains con- 
stant but the wavelength changes from Ao to Afi 
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Therefore, the higher the refractive index, the 
shorter the wavelength and the greater the 
number of waves that will fit into a given length 
of medium; the number is determined by nl/ào. 
Thus, the optical path length, nl, determines 
the phase difference between the beginning and 
end of a length / of the medium. 


Shifting a fringe system 


In Fig. 7.5 a piece of glass of refractive index 
n and thickness / is placed in front of the lower 
slit in a Young’s slits experiment, thus increas- 
ing the optical path length of all rays passing 
through the slit. The centre of the pattern will 
now be displaced downwards a distance x’ to 
a point where: 
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Fig. 7.5 


extra geometric path _ extra optical path 
length from upper slit length caused by glass 


p'=nl-1 
=(n-1)/ 
Now p' is given by Equation (7.2): 
rail 
LD 
Hence aan =i 
SEZ (7.9) 


In general, the total optical path difference 
between the slits is given by: 


total optical path difference =p'-(n—-1)l 
sx' 
=—-~(n-1)] 
D (n 
The condition for constructive interference will 
therefore be, from Equation (7.3): 


' 


sx 
p(n Dl=ma 


5 À 
ie. ee tt D (7.10) 
Ss Ss 
Without the piece of glass the condition for 
constructive interference would have been: 
eee (7.5) 
s 

Thus, the whole fringe system is displaced down- 
wards a distance (n — 1)ID/s. 

This will also be the case if light arrives at 
the lower slit later in phase than at the upper 


slit; for instance, if the lower slit is further from 
the source slit. This will, in fact, often be the 
case but it results only in a shift of the fringe 
system as a whole; white light fringes can be 
utilized to identify the central fringe if 
necessary. 


Q 7.5 

A Young's slits experiment is set up using 
monochromatic light of wavelength 6x107 m. A 
slip of glass, 0.2 mm thick, is inserted in front of 
one slit and the fringe system moves a distance 
which is found to be equal to 200 fringe widths. 
Calculate the refractive index of the glass. 


7.3 Other division of wavefront 
systems 


Lloyd’s mirror 


Lloyd’s mirror, and Fresnel’s biprism which is 
described later, are alternative means of provid- 
ing two coherent sources of light; both these 
arrangements utilize virtual image sources but 
the basic geometry is the same as in the case of 
Young's slits. The geometry of Lloyd’s mirror 
is often important in problems involving the 
reflection and interference of radar beams. 

Fig. 7.6 shows how a flat mirror or glass block 
is used to form a virtual image S> of the single 
slit S1. Light can reach any point in the shaded 
region either direct from S; or by reflection 
from the mirror; in the latter case it appears to 
come from S2. The light from S, and Sz inter- 
feres in the shaded region and interference 
fringes can be seen on the screen. In the second 
diagram, the two paths taken by light to reach 
point P are shown; this diagram is almost iden- 
tical to that for Young’s slits and as before, the 
fringe width is equal to AD/s, where s is the 
distance between S; and S2. 

One important point to note is that if the 
Screen is placed so that it touches the end of the 
mirror, the path difference at the point of con- 
tact between the direct and reflected ray is zero, 
as shown in Fig. 7.6(c). However, a dark fringe 
Is observed at the point of contact; this is 
because a phase change of m radians occurs 
when a light ray is reflected from a medium of 
higher refractive index. 
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(d) An experiment to observe Lloyd's mirror fringes 


Fig. 7.6 


To set up a simple demonstration of Lloyd’s 
mirror in the laboratory, place a bright lamp on 
the bench with its filament horizontal and 
mount a coloured filter in front of it, as shown. 
A microscope slide is then stuck to the bench 
with plasticine about 1 m away from the lamp, 
along a line at right angles to the lamp filament. 
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The slide is tilted until the image of the fila- 
ment in the glass is as close as possible to the 
filament seen directly; a magnifying glass is used 
as shown in the diagram to look at the far end 
of the slide when fringes should be visible. 


Q 7.6 

A front-silvered mirror 0.1 m long is sunk into a 
bench so that its reflecting surface is flush with the 
bench top. A small monochromatic light source is 
set up 0.1 m from one end of the mirror, and 
Lloyd’s mirror fringes are observed on a screen 
placed 0.2 m from the other end. The fringe width 
is 0.1 mm. If the light source is 1 mm above the 
bench surface, what is the wavelength of the light? 


Fresnel’s biprism 


Fresnel’s biprism produces brighter fringes than 
Young’s slits because the system can admit a 
greater proportion of the wavefront. It is made 
from a plane sheet of glass with two facets 
ground to make a truncated prism which 
behaves like two small-angled prisms stuck 
together, One of the reasons why Fresnel pro- 
posed this arrangement was to counter sugges- 
tions that the bright fringes in Young's 
experiment were produced by some compli- 
cated effect at the edges of the slit and not by 
interference at all. 

Fig. 7.7 shows how the biprism forms two 
virtual image sources, S, and S2, of the real 
sources. The light which appears to come from 
these virtual sources interferes in the region 
shown and the distances x and D are measured 
in the usual way; the effective source separ- 
ation, s, can be calculated as shown below. Thus 
the wavelength of the light may be determined. 

The two diagrams in Fig. 7.7(6) show how the 
separation, s, is measured. S; and S2 are regar- 
ded as the extreme points of a real object of size 
s, and a converging lens is used to form a real 
image of them on the screen. The separation s’ 
is measured, and the object and image distances 
a and b noted. The lens is then placed in its 
conjugate position with a and b reversed and 
the new separation of the images s” measured. 
In fact, of course, the source § and the biprism 
provide the object for the lens in both cases, 
Now by similar triangles: 


Ss a 
sS b 


(b) Measurement of s 


Fig. 7.7 
S10 
and S 
sia 
Multiplying we get 
s? 
ra= A 
s's 
i.e. s =vVs's" 


Direct measurements of a and b are not used 
because of the difficulty of measuring to the 
centre of the source. 


Q 7.7 
In a determination of the wavelength of light using 
a Fresnel biprism, the following measurements 


were made, as described above: 


s'=20 mm 
s"=2 mm 
D=1.5m 


fringe width = 0.12 mm 


Calculate the wavelength of the light used. 


7.4 Interference by multiple 
reflections 


In the examples we have considered so far, two 
cohere irces of light have been obtained 


from a single source by division of wavefront. 
For instance, in Young's slits experiment, part 
of the wavefront passes through S, and part 
through 5z; interference occurs between the 
light from these two sources. 

The liest observation of interference, 


howeve s probably due to a different effect. 
Newton observed that if a convex lens is placed 
on a plane mirror, concentric coloured fringes 
are observed. Some of the incident light is 
reflected at the bottom surface of the lens and 
some at the plane mirror; in other words at the 
top and bottom surfaces of the air gap in 
between, Interference occurs between these 
rays because the light which travels to and from 
the mirror has travelled further than, and is thus 
out of phase with, the light reflected at the lens 
surface. The interference pattern produced is 
known as Newton's rings and is described in 
detail later. Similar colours may be observed 
when a patch of oil lies on a road and sunlight 
is reflected from top and bottom surfaces of the 
oil. In each case, at the upper surface of the gap 
or film, part of the light is reflected and part 
transmitted; the energy, and hence the ampli- 
tude, is divided and these types of interference 
are referred to collectively as interference by 
division of amplitude, or thin-film interference. 


Interference conditions in thin films 


Thin-film interference takes place under a 
variety of conditions; for instance the surfaces 
Of the film may be parallel, as is the case in films 
used in certain types of interferometer, or 
inclined at a small angle, as in the formation of 
Newton’s rings. However, the mathematical 
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analysis is similar in all cases; we assume that if 
the surfaces are not parallel, the angle between 
them is so small that for light incident along the 
normal, refraction at the upper surface may be 
ignored. We shall restrict our analysis to these 
conditions. 

In Fig. 7.8 we consider the repeated 
reflections that can occur when a single ray is 
incident on a film. As we are considering light 
at almost normal incidence on a small portion 
of the surface, the sides of the film are drawn 
parallel. A ray incident at the point A will be 
partially reflected and partially transmitted. 
The same process occurs at points B, C, D, E, 
F,G,.... Thus, in the diagram, rays 1, 2, 3, etc. 
are reflected and rays a, b, c, etc. are transmit- 
ted. In practice, instead of a finite number of 
such rays, there will be an infinite sequence of 
ever decreasing amplitude. The reflected rays 
emerge parallel to each other, as though from 
an object at infinity, and will interfere if brought 
to a focus at a point P by a lens, for instance as 
in a camera or eye. 

The type of fringe formed at P will depend 
upon the angle @;, and hence upon the angle of 
incidence, Now, since YAB = ¿AYB 


AB=BY (7.11) 


The geometrical path difference, p, between 
rays 1 and 2 is given by: 

p = ABNC- AM 
and thus the optical path difference, ¢, is given 
by: 

¢ =n(ABNC)- AM 

=n(ABN)+n(NC)—AM 

But, since AN and MC are wavefronts: 


n(NC)=AM 

Hence h =n(ABN) 

=n(YB+BN) from (7.11) 

=n(YN) 
Now ZANY=90°, and therefore: 

YN= YA cos 6; 

=2t cos e 

Hence h =2nt cos br (7.12) 


As we noted on page 169 there is a phase 
change of m radians when a light beam is 
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film 


(a) (b) (c) (d) 


(a) 
Fig. 7.8 Multiple reflections in thin films. 


reflected at an air-glass surface and this is 
equivalent to a path difference of A/2. There is 
no such phase changes at a glass-air surface, It 
is of no physical significance whether the sign of 
this is taken as positive or negative, and to 
produce equations comparable with earlier 
Ones we shall take it to be positive or negative 
as required. Hence, the total effective optical 
path difference, ®, between rays 1 and 2is given 
by: 


= (2nt cos 6;)—3A (7.13) 


Let us consider cases in which the first two 
reflections are in phase: 
® =2nt cos 0—4 = mÀ 
where m=0, 1, 2, 3,... 


ie. 2nt cos 6=(m+4)Ar (7.14) 


Now although rays 1 and 2 are in phase, rays 2 
and 3 will be out of phase because the Optical 
path difference between 2 and 3 is the same as 


Refractive index 


Refractive index 


n 


/ 
‘om 
i/ 
4S el 
Ys 
(6) 


between 1 and 2, but neither ray 2 nor ray 3 is 
reflected at an air-glass surface. 

Hence, we can draw up a list of rays in phase 
with ray 1, and of those which are out of phase. 


In phase with ray 1 Out of phase with ray 1 
2 


3 
4 5 
6 7 


etc. 


Now, ray 3 has a smaller amplitude than ray 2 
and thus the net effect of rays 2 and 3 is to 
reinforce ray 1; similarly the net effect of the 
pairs of rays 4 and 5, 6 and 7, etc. is to reinforce 
ray 1. Thus a maximum occurs for this particular 
value of 6;. 

Suppose, now, that the first two rays are out 
of phase. The condition for this is: 


® =2nt cos 0: +3A = (m +})a 
where m=0, 1, 2,3,... 


i.e. 2nt cos 0; = mA (7.15) 


The optical path difference between rays 1 and 
2 is now mÀ, but the rays are out of phase 
because of the phase change of m radians when 
ray 1 is refiected. The optical path difference 
between rays 2 and 3, 3 and 4, 4 and 5, etc. will 
also be mA, but there will be no additional phase 
changes and thus all these rays will be in phase 
with each other, but out of phase with ray 1. It 
can be shown that the sum of the amplitudes of 
2, 3, 4, 5, ... would just cancel out ray 1 and 
thus a minimum of zero amplitude occurs. 
Thus, we have the following conditions, 
where m is any whole number including zero: 


constructive | > 1 

12 =(m+ 3 
interference J RECORIO FEE AIA (7.14) 
destructive 2nt cos 0;= mA (7.15) 


interference 


It will be noticed that these equations are 
different from those obtained for interference 
by division of wavefront, given on page 164. 
Sometimes we consider air films between glass 
surfaces; the phase change on reflection then 
occurs at the lower surface instead of the upper 
surface but the formulae are unaltered, except 
that n is now equal to unity for the air film. 


Q 78 

Carry out an analysis, similar to that above, to 
find under What conditions maxima and minima 
Occur in the transmitted light. In scientific work it 
is more usual to use transmitted thin-film fringes 
than reflected ones. 


__ We shall now consider a number of situations 
in which thin-film interference can be observed, 
and examine the differences between them. 

Thin-film interference phenomena can be 
divided into three types: 


(a) the thickness of the film varies but the 
angle 6; does not; we include here wedge- 
shaped films and arrangements to 
observe Newton's rings; 

(b) the thickness of the film is constant but 
4 varies; this is the case when viewing a 
parallel-sided film; 

(c) the thickness of the film and the direction 
in which it is viewed both vary, which is 
likely to be the case when viewing oil and 
soap films. 
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It is helpful to remember that, in each case, the 
basic phenomena and mathematical analysis 
will be the same. 


Fringes produced by a wedge-shaped film 


Let us consider the fringes formed when light 
is incident on the air wedge formed between 
two almost-parallel glass surfaces; a pair of 
microscope slides, with a piece of paper separat- 
ing them along one edge, is a convenient 
arrangement. The angle between the surfaces 
must be about 10 * radian, and the light is 
assumed to be incident normally, so that refrac- 
tion as the light passes through the glass can 
be ignored. The wedge could be illuminated by 
sodium light as shown in Fig. 7.9(a). 

We consider the light reflected from the two 
surfaces on either side of the air film as shown, 
and interference occurs in the space immedi- 
ately adjacent to the wedge; the angle between 
the wavefronts reflected from the two surfaces 
will be 2a. Now, interference can only be ob- 
served between coherent light rays, but the 
wedge is illuminated by a parallel beam of light 
which will have originated from different points 
in the source. The interference fringes we 
observe are formed when the light from single 
rays interferes after reflection at the two sur- 
faces; we cannot observe interference between 
one ray reflected at the upper surface and a 
different ray reflected at the lower. 

For light incident normally the fringe result- 
ing from interference between the two 
reflections of one ray will be observed at the 
upper reflecting surface, as shown in Fig. 7.9(c). 
When light is incident at other angles, the inter- 
ference fringes will be observed a distance, d, 
above the wedge, but still close to it, as shown. 
As the fringes can only be observed in one place 
they are called localized fringes ; and the travel- 
ling microscope must be focused on the plane 
in which the fringes occur. As we have pointed 
out on page 166, fringes such as those produced 
by Young’s slits or Lloyd’s mirror can be ob- 
served anywhere throughout a region, and are 
therefore called non-localized fringes. 

In the arrangement described above, a series 
of yellow and dark fringes is observed parallel 
to the edge of the wedge. As we shall see below, 
each fringe corresponds to a particular thick- 
ness of the wedge, and the fringes are known 
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(c) The formation of localized fringes 


NB In each of these diagrams the thickness of the air wedge 
is much exaggerated; in all cases it is much less 


than the thickness of the glass slide. 
Fig. 7.9 


as fringes of equal thickness. Because the wedge 
is illuminated with parallel light, the light rays 
by which the fringes are observed are all in the 
same direction, and thus 6; is the same for all 
fringes. 

If the air gap is increased in size any variation 
in the direction of the incident light, due to the 
extended nature of the source, becomes more 
important; at a point near the gap there may 
be constructive interference between two rays 
from one point on the source, and destructive 
interference between rays from another. Thus, 
the fringe pattern will disappear if the gap is 
more than a few hundred wavelengths wide, 
and hence interference cannot occur with light 
reflected from the top surface of the upper 
microscope slide. 

The position of the light and dark fringes will 
depend upon the phase difference between the 
rays; if the angle of the wedge is small, and the 
light incident normally upon the top surface, 
the path difference will be 2t, where t is the 


thickness of the wedge at that point. Now, if a 
is the angle between the plates and xm the 
distance from the edge of the wedge: 


t=axn, since æ is small 


ie. 2t =2ax,, 


Now, since there is a phase change of m upon 
reflection at the lower surface of the air wedge, 
corresponding to a change in the optical dis- 
tance of A/2, the condition for a bright fringe is: 


2axm -3A = mA 
2aXm =(m +})A (7.16) 


<. fringe width = A. (7.17) 
2a 


These formulae can also be derived directly 
from that given in Equation (7.14) for the thin- 
film interference pattern: 

(7.14) 


bright fringe 2nt cos 6,=(m+)A 


For an air wedge film, with normal incidence, 
we have: 


6;=0 
"cos Og=1 
t=QXin 
n=1 
bright fringe 2axm =(m +2)A (7.16) 


This is the same equation as above. 
If the wedge is formed from a medium of 
refractive index n, we have 


+4 
iit, = eae (7.18) 


bright fringe 5 


If the refractive index of the wedge is greater 
than that of both media, as may be the case in 
a soap film, the phase change will occur upon 
reflection at its upper surface instead of its lower 
surface, but the formulae will be unchanged. 

An important use of wedge fringes is to test 
whether two surfaces are exactly the same shape 
or not, If t are not, and the surfaces are 


pressed together, air wedges will be formed 
between them and fringes of equal thickness 
observed. The fringes will produce a contour 


map of the irregularities, Frequently we use 


(a) Fringes viewed by reflection using an air wedge 
between two optical flats. 


Fig. 7.10 
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this technique to test the flatness of a surface 
by testing it against an accurately flat block of 
glass; if the surface is sufficiently plane to show 
no fringes, it is said to be optically flat. Some 
fringes formed in this way are shown in Fig. 
7.10. 

At normal incidence the fraction of the 
incident light intensity that is reflected at an 


interface is 
eS 
ny +n2 


It is the same whether light is passing from 
medium 1 to medium 2, or vice versa. Thus, 
since only a small proportion—about 4% for 
air and glass—of the total intensity is reflected 
at the upper surface of the wedge, the amount 
of light reflected at the upper and lower surfaces 
will be very nearly equal; in consequence the 
amplitudes are very nearly equal and the dark 
fringes have almost zero amplitude and, there- 
fore, intensity. 


Q 7.9 

In an experiment with monochromatic light of 
wavelength 5.4 10°’ m, an air wedge produces 
fringes with a spacing measured to be 5.4X10°* m. 
What is the angle of the wedge? 


(b) An optical flat is used to test whether an aluminized 
sheet of mica is exactly flat. 
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Newton’s rings 


Newton observed dark and bright rings when 
he placed a plano-convex lens on an optically 
flat glass surface and illuminated it with 
monochromatic light, as shown in Fig. 7.11; the 
arrangement became known as Newton’s rings. 
The rings are contour fringes of equal thickness 
formed by the interference of light reflected 
from the bottom surface of the lens and the 
upper surface of the flat glass block. They are 
localized in the vicinity of the gap like wedge 
fringes. As before, we shall assume that the light 
crosses the surface at right angles so that refrac- 
tion there can be ignored; this is justified 
because only the most central portion of the 
lens is used. 


Plano-convex 
lens (f~ 1m) 


Optically flat glass surface 


d2,/m? 


Correct graph 


a 
ar Possible graph if number m 
> miscounted consistently 


> 
Estimated number 
of dark rings m 


Fig. 7.11 The observation of Newton’s Rings. 


The thickness of the air film at a distance x 
from the point of contact can be calculated from 
Apollonius’ theorem; r is the radius of the lower 
surface of the lens: 


The path difference between the rays reflected 
at the bottom surface of the lens, and at the 
top of the optically flat glass surface is thus 
x°/r; in addition, there will be a phase change 
of +7 radian upon reflection at the surface of 
the flat. This is equivalent to a change in the 
optical path difference of +A/2: the physical 
effect of a phase change of +A/2 is the same 
as that of a change of —A/2, and appropriate 


Newton's rings by reflection 


signs are chosen to give Equations (7.19) and 
(7.20) in the usual forms in terms of (m+3)A 
and mA. Hence, for bright rings: 


E P 
P Do 5 
—=(m +A 
i.e, x? =(m+5)Ar (7.19) 
For dark rings: 
ee a 1 
rra n +2)À 
i.e. x’ =mìr (7.20) 


The fringes will be alternate dark and bright 
concentric circles. 

If there is good contact at the centre, and 
hence hardly any air gap, we observe a dark 
spot there. This is because of the phase change 
at the air-glass surface at the top of the flat 
block. However, the smallest speck of dirt can 
cause an air gap of much greater depth, in which 
case either a bright or dark spot can be formed. 
Young demonstrated the existence of the phase 
change by carrying out a modified experiment; 
he used a lens made up of crown glass and a 
plate of flint glass, and he replaced the air by 
carria oil, of intermediate refractive index. 
There is then a phase change at both surfaces 
and a bright spot is observed at the centre, even 
when the thickness of the oil film is very much 
less than one wavelength. 

Equation (7.20) for the radius of the rings 
can be written 


x =V(mra) (7.21) 


and we see that the radii of successive rings are 
Proportional to vm (=V1, V2, V3..., etc.), 
with the result that the rings become closer 
together at greater distances from the centre. 

Transmitted Newton’s rings patterns can also 
be observed but show less contrast than in the 
reflected case. 


Q 7.10 

In our discussion of Newton’s rings we ignored 
refraction where light crosses the convex surface 
of the lens, on the grounds that only the central 
Portion of the lens was used. For a plano-convex 
lens of focal length 1 m, made of glass of 
refractive index 1.5, illuminated with light of 
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wavelength 5x107 m, calculate: 


(a) the radius of curvature of the convex surface; 

(b) the radius of the tenth dark ring; 

(c) the thickness of the gap for the tenth dark 
ring; 

(d) the approximate angle between the ray 
forming the tenth ring and the normal to the 
surface. 


Newton's rings may be used to find either 
the wavelength of the incident light, or the 
radius of curvature of the lens surface, if 
the other is known; we will look briefly at the 
former. It is usual to measure the diameter of 
the chosen dark ring rather than the radius; 
rings are narrower further from the centre and 
thus the position of an outer ring is better 
defined than the position of the central spot. A 
travelling microscope is used to measure the 
diameter of the mth ring, dm. 


Since x?=mar from Equation (7.20) 
dm =4mar 
=(4Ar)m 


Thus, a graph of dm against m should be a 
straight line through the origin and of slope 
4Ar. However, if there is poor contact at the 
centre, some of the central rings may not be 
present and the correct number of rings will 
not be counted; provided that this error is con- 
sistent, a straight line graph of slope 4Ar will 
still be obtained, but it will not pass through 
the origin. 

Fizeau analysed the rings caused by sodium 
light, which he initially assumed to be 
monochromatic, so carefully that he was able 
to demonstrate the presence of two wavelengths 
of yellow light very close together; we refer to 
these as the sodium D lines of wavelength 
5.890 10” m and 5.896 x 107 m. 

Nowadays, it is more accurate to measure 
wavelengths with a spectrometer and grating, 
and it would be more usual to use Newton’s 
rings to measure the radius of curvature of a 
lens surface than the wavelength of light. 


Q 711 
What graph has a slope equal to the radius of 
curvature of a lens surface in a Newton’s rings 
experiment? 
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The apparatus can also be used to measure 
the absolute refractive index of a liquid placed 
in the space between the lens and optical flat. 
This method can be particularly useful if only 
a small quantity of liquid is available. Newton 
observed that, if this was done, the radius of 
the rings was reduced. If the refractive index 
of the liquid is n, the optical path difference is 
2nt, instead of 2t. 

Hence, instead of x*=mraA 
2_mrÀ 


we have CS a a 
n 


(7.22) 


and the refractive index may be found from the 
formula: 
2 


la ( radius of mth dark ring using air ) 


radius of mth dark ring using liquid 
(7.23) 


We have, so far, assumed that a source of 
monochromatic light has been used to produce 
Newton’s rings. If, however, the system is 
illuminated with white light a small number of 
‘rainbow-coloured’ rings is observed. These are 
the result of overlapping rings of different 
colours and radii; the radius of a red ring will 
be about V2 times that of the blue ring of the 
same order. After a few rings the overlapping 
is so great that general illumination occurs. 


Fringes of equal inclination 


In our initial analysis of thin films we showed 
that for a bright fringe: 


2nt cos 6;=(m+3)A (7.14) 


Thus, if a point source illuminates a parallel- 
sided film of constant refractive index, in order 
for different fringes to be seen the film must be 
viewed from different directions, as shown in 
Fig. 7.12(a); as the eye moves to positions in 
which 6; and @, are different, bright and dark 
fringes will be seen. 

However, if an extended source is used the 
eye can receive rays at different angles, such as 
9, and ð, simultaneously, as shown in Fig. 
7.12(6). Thus, in some directions there will be 
a bright fringe and in other directions a dark 
fringe, depending upon the corresponding 
angles 6; and 6. An interference pattern can 
be observed without moving the eye and there 


will be bright fringes in directions where 


bright 


fringed 2nt cos r= (m +3)A (7.14) 


These fringes form arcs of circles and are known 
as fringes of equal inclination. 
If the film is viewed at right angles to the 


surfaces all points with the same value of 0, 
will show the same brightness; thus, the dark 
and bright fringes will be concentric circles and 
the fringes are known as Haidinger fringes. The 
centre may be dark or bright, depending upon 
the path difference, As the interfering rays 


entering the eye are parallel the fringes are said 


to be located at infinity. In order to produce 
good fringes, the plates must be parallel over 
the whole region involved to-within a fraction 
of a wavelength, otherwise wedge fringes that 
are located in the film will be formed. 

If the film is very thick, fringes will not be 


seen except at near-normal incidence. At other 
angles the reflected rays from the same incident 
ray will be so far apart that only one can enter 
the eye at a time and interference will not occur. 

Fringes are also produced in the transmitted 
light and appear to be formed at infinity on the 
side of the film from which the light is incident. 
Such fringes, known as Fabry-Perot fringes, are 
widely used in interferometry for the measure- 
ment of small distances and the wavelength of 
light; we shall refer to them again when discuss- 
ing the Michelson interferometer. 


Colours in thin films 


In the above analysis we have assumed that the 
incident light was monochromatic, but the most 
beautiful and frequently observed effects are 
those occurring with white light. If the film is 
thin, certain wavelengths, and therefore 
colours, will reinforce in directions along which 
other colours cancel. Hence, coloured patterns 
are observed which will be circular if the film 
thickness is constant. If the thickness changes, 
different colours will occur as can be seen in a 
soap film supported vertically; the colours move 
downwards as the soap film gradually drains. 
In this case, we have the third type of system 
mentioned at the beginning, in which both 4 
and the thickness of the film can change. The 
brilliant colours in the wings of some insects 
are the result of interference, in this case caused 


(a) Point source 
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Fig. 7.12 The formation of fringes of equal inclination. 


by parallel layers of equal thickness inside the 
wing. 


Blooming 


Undesirable reflections in lens systems are 
minimized by a process known as blooming; a 
thin coating of a substance intermediate in 
refractive index, ne, between air and glass, such 
as magnesium fluoride, is applied to the surface 
of the lens. When light enters the lens 
reflections will occur at both surfaces of the 
coating with a phase change of 7 radian at each 
surface. If the optical thickness, net, of the coat- 
Ing is made equal to A/4 then the two reflected 
rays will be m radian out of phase for light of 


wavelength A, and will interfere destructively, 
reducing the overall reflection, as shown in Fig. 
7.13. Cancellation is complete only when the 
amplitudes of the two reflected rays are equal; 
this can be achieved by choosing a coating 
whose refractive index, nc, is given by Vnany. 
The thickness is calculated to give destructive 
interference for green light, in the middle of 
the spectrum, and no light of this wavelength 
is reflected; however, cancellation will not be 
perfect for red or blue light, at the extremities 
of the visible spectrum, and a small quantity of 
this light will be reflected—this is the reason 
why bloomed lenses appear magenta in colour. 

The same principle is used in electrical trans- 
mission lines and waveguides to reduce the 
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Incident light at 
near-normal incidence 


Phase change on reflection ———_ 
at both surfaces 
since na <ne < Ng 


Fig. 7.13 Lens blooming. 


reflection of power at a point where the 
geometry of the conductor or waveguide is 
changed; a short length of material of inter- 
mediate velocity of propagation is interposed. 
This is one example of the close interrelation 
between light and electromagnetism discussed 
further in Chapter 10. 


Q 7.12 

Calculate the required thickness for a lens coating 
to make a lens of refractive index 1.6 non- 
reflective for light of wavelength 5.5 x 107 m. 


Interferometers 


Interference fringes are widely used to measure 
small differences in length, and instruments 
using this principle are called interferometers. 
We have already discussed the simplest type of 
interferometer, on page 168, where we showed 
that when a slip of glass is placed in front of 
one of the slits in a Young’s slits experiment, 
the fringe system is displaced. It follows that 
the refractive index of the glass slip could be 
measured by counting the number of fringes by 
which the pattern was displaced, using white 
light to identify the central fringe. 

Lord Rayleigh developed this technique and 
Rayleigh’s interferometer, illustrated in Fig. 
7.14(a), is a modification of this method. A 
parallel beam of monochromatic light passes 
through two slits, S, and S», and then through 
two enclosed glass tubes; the beams are brought 
to a focus to form interference fringes, which 
are observed through an eyepiece. If both tubes 
are initially filled with the same gas, of absolute 


Reflected light 
out of phase for 


near-normal incidence Na < Me < ng 
Ne = Sng 
Air 
2n.t= A 
Coating 2 
Glass ik a ga ea = À 
ne 4 Snan 


refractive index n, and one tube is then evacu- 
ated, the fringes will shift across the field of 
view; suppose that m fringes pass the crosswires 
during this process. The refractive index of the 
medium in the tube has changed from » to 1 
and, if the tube is of length /, the optical path 
has changed by (n —1)/. 


(n-1)l=ma 


from which the refractive index of the gas may 
be determined. Rayleigh used this method to 
find the refractive indices of the then recently 
discovered gases, argon and helium. 

Albert Michelson was an American physicist 
and Nobel prize winner who devoted almost 
the whole of his life to the experimental study 
of light; and in particular to the measurement 
of its velocity. He devised the Michelson inter- 
ferometer, based on the division of amplitude, 
and used it in the famous Michelson—Morley 
experiment in 1881. The significance of this 
experiment is discussed in Chapter 9, but we 
shall here consider the operation of the inter- 
ferometer shown in Fig. 7.14(b). 

Light from an extended source is passed 
through a lens to illuminate uniformly a glass 
block, G;, which is usually half-silvered on the 
rear side as shown. The beam is split into two, 
half being reflected from mirror M, and half 
from M2. The beams are re-combined by Gi 
and enter the observer's eye as shown. 
Although the glass block and mirrors are uni- 
formly illuminated, for clarity only the central 
tay is shown passing through the system. The 
compensating plate, which is identical to the 
reflecting plate, is used to make the total path 


Hence 
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Fig. 7.14 


through glass identical for rays reflected both 
at Mı and at M3, and thus to correct for possible 
dispersion effects. It is most important that the 
mirrors are accurately perpendicular, and that 
the glass blocks are at exactly 45° to them. 
Michelson in fact made the beams travel 
backwards and forwards several times and thus 
achieved a total path of about 11 m. If the path 
lengths are different, interference fringes will 
be formed whose brightness will depend upon 
the phase difference between the re-combining 


beams; the arrangement is thus a sensitive test 
of the equality of the two optical path lengths. 
The formation of the fringes is best understood 
by considering the reflection M4 of the mirror 
M: in the glass block G,. The arrangement is 
then seen to be equivalent to a parallel-sided 
film in which the surfaces are at Mı and M3; 
circular Haidinger fringes are thus observed. 

If the mirrors are not exactly at right angles, 
and thus M, and M; are not exactly parallel, 
thin localized air wedge fringes are seen. 
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In the case of the formation of circular frin- 
ges, if the separation M;M%$ is ¢, and the absolute 
refractive index of air na, the optical path 
difference between the interfering rays is 
2nat cos øs. Both rays undergo a phase change 
of ~ radian upon reflection at the silvered sur- 
face and the condition for a bright fringe is then 
given by: 


2nat cos 0s = mA (7.15) 
In the earlier analysis, Equation (7.15) referred 
to a dark fringe, since the phase change of m 
radians occurred only in one of the two rays. 
If the separation of the mirrors is increased, 
new fringes will keep appearing at the centre 
of the pattern and these can be counted; this 
procedure can be used to measure either the 
movement of the mirror or the wavelength of 
the light. 

Michelson used his interferometer to com- 
pare the wavelength of various lines ‘in the 
cadmium spectrum with the standard metre, 
and also to investigate the fine structure of 
spectral lines. In the Michelson-Morley experi- 
ment it was used to compare the velocity of 
light in two directions at right angles, as 
explained in Section 9.9, 


7.5 Diffraction 


In Section 3.3, we stated that when a wavefront 
Passes through an opening it will spread out 
beyond it in a way that can be explained by 
Huygens’ principle; this phenomenon is called 
diffraction. When we observe diffraction more 
carefully, we find that the amplitudes of the 
spreading wavefronts are not the same in all 
directions; there is a pattern of maxima and 
minima similar to that already described for 
cases of interference. These maxima and 
minima are produced by the superposition of 
wavelets originating from different points in the 
opening; it is an interference pattern produced 
by an infinite number of sources infinitesimally 
close together, and a series of bright and dark 
fringes is seen. 

Diffraction occurs when waves pass through 
an Opening, or when they meet an obstacle and 
diffract into its ‘shadow’. The smaller the open- 
ing or obstacle the more noticeable is the effect 


of diffraction, and the greater the separation 
between maxima and minima. 

Diffraction at an aperture can be observed 
under a wide variety of conditions, and for 
convenience these are divided into two ty; 
Fresnel diffraction and Fraunhofer diffraction; 
Augustin Fresnel was the first person to 


p 


complete a mathematical analysis of the 
phenomenon. He did this in 1815. 

In theory, to observe a Fraunhofer diffraction 
pattern the point source used must be so distant 
that the incident wavefronts are effe tively 
plane, and the pattern must be observed on a 
screen placed at infinity as shown i Fig. 
7.15(a). In practice, the parallel light is pro- 
duced by placing an illuminated slit at the focal 


point of a converging lens, and the fringes are 
observed on a screen placed in the focal plane 
of a second lens (Fig. 7.15(b) and (c)) 

If the second lens is not used, and the screen 


is placed at a finite distance, a different pattern 
of fringes is seen which is called a Fresnel 
diffraction pattern. Another type of Fresnel 
pattern will be observed if the incident waves 
are not plane, wherever the screen is placed 


beyond the slit. 
Thus Fraunhofer diffraction patterns are 


merely special cases where diffraction is ob- 
served under carefully prescribed conditions; it 
happens to be very much easier to analyse 
mathematically and most of this section will, 


therefore, be devoted to it. First, however, we 
will look at one or two examples of Fresnel 
diffraction. 


Fresnel diffraction 


The Fresnel diffraction patterns for slits and 
circular apertures are rather different from the 
corresponding Fraunhofer patterns, and are 
shown in Fig. 7.16. A particularly interesting 
case is the pattern produced by a circular 
obstacle. Fresnel predicted that there would be 
a bright spot in the middle of the shadow and 
to other physicists’ great surprise, this was 
indeed found to be the case; it was an important 
Piece of evidence for the wave nature of light 
since it could not be explained by the corpus- 
cular theory. The pattern produced by any 
shape of aperture depends upon the position 
of the screen on which the pattern is observed; 
as the screen is moved further away from the 
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(b) The usual arrangement for observing Fraunhofer diffraction 


(c) Fraunhofer diffraction due to a slit source and a single narrow slit aperture 


Fig. 7.15 
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(a) Fresnel diffraction due to 
a point source and 
circular obstacle 


(d) A slit source with a slightly 
wider slit aperture 


(e) A slit source and straight edge 


Fig. 7.16 Fresnel diffraction patterns. 


aperture, the pattern becomes more and more 
like that observed under Fraunhofer diffraction 
conditions, 

An interesting case of Fresnel diffraction can 
be observed at the edge of a rain drop. When 
looking at a distant light through a rain drop 
on a window pane we would expect to find, at 
the edge of the drop, a sharp boundary between 
light and dark. Careful examination, however, 
reveals that the light region is crossed by fine 
dark lines, which are part of an edge diffraction 
pattern, and there is some brightness in the 
dark region; a similar pattern is shown in Fig. 
7.16(e) and (f). Try the experiment some time, 
especially if you are sceptical! 


(c) A point source and 
large circular aperture 


(b) A point source and 
small circular aperture 


Intensity # 
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(f) The distribution of intensity in a 
Fresnel edge diffraction pattern 


Many other patterns can be observed looking 
through easily made slits or small holes at bright 
lamps in your home. 

These patterns of maxima and minima may 
also be demonstrated using 3 cm radio waves, 
obstacles or slits a few centimetres in size, and 
a small sensitive detector. 


Fraunhofer diffraction at a single slit 


We have already learnt that a Fraunhofer 
pattern will be observed when two conditions 
are satisfied: 


(a) the aperture is illuminated by parallel 


light, usually provided by a source placed 
ìe focal plane of a converging lens; 
esulting fringe pattern is observed 
e focal plane of a second converging 
lens, or at infinity. 


Let us consider the Fraunhofer diffraction 
pattern produced by normal incidence at a 
single slit, The interference occurs between rays 


originating at different points in the slit, and 
then travelling different distances to the screen, 
as shown in Fig. 7.17. The lens, used to focus 
the image on to the screen, does not introduce 
any further optical path differences and there- 
fore the path differences to be considered are 
those such as NA in Fig. 7.17. It will be seen 
that the rays leaving the slit along the normal 
have no such path difference between them and 
at the centre of the pattern there will therefore 
be a maximum. 

We will now determine in which directions 
the intensity is a minimum. We have just stated 
that interference occurs between light from 
different points in the slit, and in Fig. 7.18(a) 
we have divided the slit into two halves; each 


half is subdivided further into small sections 


| These rays all in phase 
[esis central maximum 


SS 
> a a Phase difference between 


Ta these two rays depends on path 
difference p 


Fig. 7.17 The observation of a Fraunhofer diffraction 
pattern. 
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labelled A to Z in the top half, and A’ to Z' in 
the lower. Now consider rays from each section 
that have been diffracted through an angle 0, 
as shown. The path difference between the rays 
from sections A and A' is p, where p is given by: 


(7.24) 


As we are considering parallel rays, the path 
differences between the rays B and B’, C and 
C'... Z and Z' will be the same as between A 
and A’. Thus, if the rays from A and A’ cancel, 
because there is a path difference of A/2 
between them, rays from B and B’, C and 
C’...Z and Z’ will also cancel; light from the 
top half of the slit interferes destructively with 
light from the lower half of the slit and there 
will be darkness at the angle 6. The condition 
for destructive interference at the first minimum 
is therefore: 


p =ż}b sino 


5b sin 0 =A/2 
bsin =A (7.25) 


The next minimum will occur at approxi- 
mately twice the angle as shown in Fig. 7.18(b), 
and this can be proved by dividing the slit into 
four sections, each further subdivided as before. 
There will be a path difference of A/2 between 
corresponding points in the top and second 
sections, and also between corresponding 
points in the bottom two sections; thus there 
will again be destructive interference and a dark 
fringe is produced. A similar argument can be 
made for increased multiples of @ and we see 
that the general condition for destructive inter- 
ference is given by: 


dark 


fringes ree 


b sin 6,, = mÀ 

In between each of these minima there must 
be a secondary maximum, in addition to the 
central primary maximum. We might expect 
that these secondary maxima would be situated 
midway between the minima but a rigorous 
analysis shows that this is not quite true; they 
are situated at a slightly smaller angle, and their 
intensity decreases rapidly, as shown in the 
graph. The central maximum, which spreads 
through 2A/b from —A/b to +A/b, is seen to 
be twice the width of the subsidiary maxima, 
which only spread through A/b (Fig. 7.18(c)). 
A full analysis requires an integration across 
the width of the slit and readers are referred 
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(c) Intensity distribution in Fraunhofer diffraction 


Fig. 7.18 Fraunhofer diffraction at a single slit. 


to texts such as Jenkins and White, Funda- 
mentals of Optics, for a more rigorous treat- 
ment. The less rigorous argument used above 
does, however, help us to see the physical origin 
of the fringes observed, 

The positions of the minima are given by the 
equation: 


b sin Om = mà (7.26) 


as stated above. If Øm is small this can be re- 
written in the form 


À 

Om =m — 

"p 

As the distance from lens to screen in Fig. 7.17 
must be the focal length of the lens, f, the linear 


(7.27) 


distance from the centre of the pattern to a 
minimum is given approximately by: 


X = fm 
i.e. x= mÊ (7.28) 


Thus, for small angles, the minima are equally 
spaced and the spacing is roughly twice as great 
for red light as for blue, since the wavelength 
is twice as large. Moreover, the narrower the 
slit the broader the diffraction pattern. If 
the slit could be made the same width as the 
wavelength of light the first minimum would be 
at 90° and the whole screen would be occupied 
by the central maximum; we shall discuss the 
relationship of this result to the Young’s slits 


experiment and diffraction grating in the next 
Section. On the other hand, if the slit is very 
wide, the spacing of the fringes may be so small 
that the pattern becomes difficult to see. A 
single-slit diffraction pattern is shown in Fig. 
7.19. 

Q 7.13 


In each of the following questions assume that the 
wavelength of the light is 5x 1077 m. 


Calculate 
(a) the angular fringe width of a Young’s slits 
pattern if the slits are 0.5 mm apart; 
(b) the angular fringe width between successive 


diffraction minima from a slit of width 0.5 mm. 


In a pair of Young's slits the width of each slit is 
likely to be perhaps one-tenth of the slit 
separation, Calculate: 


(c) the angular fringe width of the diffraction 
pattern produced by a slit of width 0.05 mm. 


By angular fringe width we mean the difference in 
angle between one maximum and the next, or one 
minimum and the next. 


Fraunhofer diffraction at double slits 


When we discussed the interference of light in 
a Young's slits experiment, we considered only 
interference between light from different slits 
and not interference between light from 
different parts of the same slit; the phenomenon 
we have called diffraction, In fact both must 
Occur simultaneously. Young’s analysis predicts 
that there will be a series of dark and bright 
fringes across the field of view. The brightness 
of these fringes is determined by the diffraction 
pattern which is superimposed upon them—we 
might say that the fringes are modulated by the 
diffraction pattern. This effect could be ignored 
if the central maximum extended to 90° on 
either side; as noted above this is the case when 
the slits are the same width as the wavelength 


Fig. 7.19 Fraunhofer diffraction at a single slit. 
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of light. We will now consider what happens if 
this is not the case; we assume that the separa- 
tion of the slits is considerably larger than their 
width. 

Because a lens focuses all parallel light on to 
the same point on a screen, the diffraction 
patterns formed by two adjacent slits will, in 
the usual arrangement for the observation of 
Fraunhofer diffraction, superpose. When 
Fraunhofer discovered this fact, he was sur- 
prised to see that the pattern was crossed bya 
number of finely spaced fringes, which we 
would recognize as the Young’s slits pattern. 
The lenses shown in the arrangement in Fig. 
7.20 are to ensure that the diffraction is of the 
Fraunhofer type; they are not, of course, 
necessary for the observation of the Young’s 
slits pattern and do not introduce any additional 
optical path differences. 

Fig. 7.20 also shows the observed pattern; 
the dotted line represents the Fraunhofer 
diffraction curve which determines the intensity 
of the Young’s slits fringes. If a minimum in 
the diffraction pattern coincides with a bright 
fringe, the bright fringe will be missing and two 
such missing orders on each side are marked; 
whether, and where, these will occur will 
depend upon the spacing and width of the slits. 
The variation in brightness of the fringes is seen 
in the photograph. The equation for maxima 
in the Young’s slits pattern is: 


s sin 0 = mÀ 
i.e. sin 0 = mà /s (7.4) 
and the equation for a minimum in the diffrac- 
tion pattern is 

bsin@=m'A (7.26) 
ie. sin@=m'A/b 
If a minimum in the diffraction pattern 
coincides with a maximum in the double-slit 
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Fig. 7.20 Missing orders in an interference pattern. 


pattern there is a missing order; the condition 
for this to occur is: 


Thus, if the slit separation is ten times the slit 
width, the missing orders in the Young’s slits 
pattern will be the tenth (m'= 1, m = 10), twen- 
tieth, thirtieth and so on. 


Q 7.14 

A Young's slits experiment is set up with slits 
1mm apart. In the resulting fringe pattern it is 
observed that one in every twenty fringes is 
missing. What is the width of the slits? 


7.6 The diffraction grating 


In Section 7.2 we showed that two slits illumi- 
nated by parallel light gave a series of dark and 
bright interference fringes, which were caused 


Missing orders 


by the superposition of light from the two slits, 
If we increase the number of slits an int: resting 
thing happens, as shown in Fig. 7.21; the bright- 
ness and sharpness of the fringes increases but 
their separation remains unchanged. A diffrac- 
tion grating consists of a very large number of 
slits; try using a feather as a simple grating. 

Interesting patterns can also be obtained by 
looking at a light through a piece of nylon 
material in which the perpendicular sets of 
threads behave like two gratings at right angles; 
a good opportunity for this is a dark and rainy 
night when street lamps can be viewed through 
the fabric of an umbrella. 


The theory of the diffraction grating 


In Fig. 7.22 each slit in a diffraction grating acts 
as a source of secondary wavelets; Huygens 
principle enables us to predict the possible 
directions in which continuous wavefronts will 
travel beyond the slits by drawing envelopes to 
the secondary wavefronts; in all other directions 
the wavefronts will superpose destructively. 
One wavefront—the zero order—is propagated 
in the original direction, and there is also a 
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(e) 5 slits 


(f) 6 slits 


Fig. 7.21 Interference patterns produced by differing 
numbers of slit 
Series of other possible wavefronts starting with 
the first order and the second order marked in 
Fig. 7,22(a) 

In Fig. 7.22(b) we show the situation from 
the point of view of rays incident normally on 


the grating. Consider those rays which emerge 
from the grating at an angle @ to the incident 
direction. The path difference, p, between rays 
from the top two slits is given by: 


p=ssing 
and these two rays will therefore be in phase if: 
s sin 0 = mÀ 


A À 
ie, sin @=m— (7.4) 
s 


This is the same relationship as was derived for 
Young’s slits. Now the path difference for the 
lower two rays is also p and therefore these 


(g) A coarse grating with the same slit separation and 
slit width as in photographs (b)-(f); the secondary 
maxima are so faint as to be almost invisible 


(h) A grating with smaller slit separation and slit width 
has a greater fringe separation, and broader central 
region 


(Photographs by courtesy of Griffin & George) 


two rays will also be in phase if: 


À 
sinĝ =m- 
s 
This argument can be extended to any number 
of slits and the light coming from a grating will 
be in phase if: 


À 
sin 0 = my (7.4) 
bright 


fringes a 
o=m— if @ is small (7.29) 
Thus, the condition for constructive superposi- 
tion is the same as that for Young’s slits. 

A more detailed analysis shows that the 
fringe system produced by gratings contains 
extra subsidiary maxima, as shown in Fig. 7.24; 
we will, in this simplified treatment, ignore 
these. 
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The most important feature of the fringes 
produced by a diffraction grating is that they 
are very much sharper than those produced by 
Young’s slits. Similar intensity graphs are 
plotted for the two systems in Fig. 7.24, and 
the difference is clearly seen; it is the sharpness 
of the maxima that makes the grating such a 
powerful tool in the analysis of spectra. An 
argument showing why the maxima are so sharp 
is given on page 192. 

As in the case of Young’s slits, there is a 
broader pattern for light of longer wavelengths, 
or for smaller slit separations. Thus, a grating 
can be used for the production of spectra and 
the smaller the line spacing the greater will be 
the dispersion. The directions in which maxima 
are to be found is determined from the 
wavelength of light, as explained above. 

For example, suppose a grating has 10° lines 
per metre and is illuminated with light of 
wavelength 6x107 m. 


Now s=—=10fm 


Zero-order 


Diffraction 
grating 


(a) 


Fig. 7.22 The theory of a diffraction grating. 


3 À 
sin ĝ =m F (7.4) 


6x107 
Kia 
=m(6x10 *) 


The directions in which maxima of different 
orders will occur are tabulated below: 


For maxima: 


=m 


Angle between incident beam 


Order 
and direction of maximum 
m=0 a=0 
m=1 0 =3.4° 
m=2 0 =6.9° 
m=10 0 =36.9° 
m=16 0 =73.7° 
m=17 mA/s =1.02 impossible 


Note that the number of orders is limited by the 
restriction of @ to angles less than 90°, and thus 
there are no maxima beyond m = 16 since sin 0 
cannot be greater than one. 


Lens Screen 


(b) 
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Fig. 7.23 The formation of spectra by gratings. 


Q 715 

The same grating as that above produces a 
second-order maximum at an angle of 5.7°. What 
is the wavelength of the incident light? 


, The formation of spectra by gratings is shown 
in Fig. 7.23. If the incident light is white, the 
central maximum will also be white and the 
higher orders may overlap as in the production 
of white light fringes. Fig. 7.23(a) shows the 
arrangement of the different orders; note that 
the red light is diffracted through a greater angle 
than the blue, which is contrary to refraction by 
a prism. In Fig. 7.23(b), we see how a lens 
may be used to produce a focused spectrum in 
one order. Fig, 7.23(c) shows the arrangement 


(a) 
One type of reflection grating 


of a transmission grating spectrometer; its lens 
system is described in Section 8.6. 

Grating spectrometers have a number of 
advantages over prism spectrometers and are 
almost always preferred for accurate measure- 
ments. Using a grating it is easier to distinguish 
between lines of almost identical wavelength; 
for a grating with about 6000 lines per cen- 
timetre the visible spectrum in the first order 
will be spread over about 10°, whereas a typical 
60° high-dispersion prism gives a dispersion of 
only about 5°. 

Many gratings work by reflecting light from 
the flat areas between lines ruled on a surface, 
instead of transmitting light through slits. They 
are then called reflection gratings, and the 
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theory is similar to that given above for trans- 
mission gratings. A portion of one type of reflec- 
tion grating is shown in Fig. 7.23(d); this grating 
is blazed for the reason explained below. 


Types of grating 


In about 1820, Fraunhofer constructed the first 
gratings of fine silver wires stretched between 
parallel screws; there were only thirty wires to 
the centimetre, but he was able to make surpris- 
ingly accurate determinations of wavelength 
with them. Later he made gratings by the 
‘modern’ method of ruling lines with a diamond 
point on glass, producing about 500 lines to the 
centimetre; the ridges between the rulings act 
as the slits in the grating. 

This method was improved by H.A. Rowland 
in about 1880; he made a very accurate screw 
to advance the diamond point between each 
line and ruled gratings on soft metal with as 
many as 17 000 lines to the centimetre. Similar 
methods are still used, but much more sophisti- 
cated control systems have been developed to 
ensure that correctly shaped grooves are ruled 
in the right places. 

Replica transmission gratings can be made 
from a reflection grating by pouring a layer of 
transparent plastic called collodion over it and 
stripping it off when dry, Semi-opaque ridges 
are formed, separated by clear strips. In the 
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modern manufacture of replica gratings, the 
original lines are ruled in a spiral on a soft metal 
cylinder around which the replica grating is 
moulded; cheaper gratings are merely stamped 
out. 

In the most recently developed method of 
producing gratings, a metal surface is first 
deposited onto a glass plate. A laser beam is 
then used to form intense interference patterns, 
which can be used to vaporize strips of metal, 
leaving transparent strips behind. 

Gratings used in spectroscopy are usually 
‘blazed’ reflection gratings where the reflecting 
surface is at a carefully controlled angle to the 
plane of the grating, as illustrated in Fig, 
7.23(d); about 85% of the incident light of a 
particular wavelength will go into the order for 
which the grating was designed. Some reflection 
gratings are concave and thus no further lenses 
are needed to form an image; this enables us 
to investigate wavelengths in the ultraviolet to 
which glass would be opaque, and to avoid the 
chromatic aberrations which are produced in a 
lens. 


The sharpness of maxima 


We have already seen that the importance of a diffraction 
grating is that it gives sharp, bright fringes that are very 
suitable for measurements of wavelength. The distribution 
of the intensity of light in the pattern produced by Young’s 


slits, and that produced by a grating, were shown in 
Fig. 7.24. 
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Fig. 7.24 


Readers will recall from the last section that the brightness 
of Young’s fringes is modulated by the diffraction pattern 
due to one slit, and thus their brightness varies as shown. 
The maxima are at A/s, 2A/s,... but we see that there 
is still considerable brightness at angles to either side of 
m/s. 

The pattern produced by a diffraction grating, with the 
same slit spacing as a pair of Young’s slits, has maxima at 
the same angles with their brightness modulated by diffrac- 
tion in an identical fashion. However, the maxima are very 
much sharper and at angles to either side of mA/s there is 
almost zero intensity. As there are more slits to transmit 
the light, and the principal maxima are sharper, the bright- 
ness of the maxima must, by the conservation of energy, 
be much gr than before; in consequence, the intensity 
scales for the two graphs are very different. In the analysis 
which follows we shall show why the principal maxima are 
sharper than when produced by Young's slits. 

Let us consider a grating with N slits, with a spacing such 
that at an angle @ there is a first-order maximum, as shown 
in Fig. 7.25(a). The path difference between the top slit in 
the top half and the top slit in the bottom half of the grating 


will be NA /2, Suppose now that we consider the superposi- 
tion of light emerging at a slightly greater angle (0+ 4@); 
the path difference between successive slits is increased by 
a small amount to (A+6) and thus the path difference 


between rom the top slits in each half must now be 
(3NA +45) as shown in Fig. 7.25(b). 

Suppose that the light from these two slits is now just 
half a wavelength out of phase, and thus destructive interfer- 
ence occurs. Then 
g À 
increase in path difference = 
` À 
ië => 

2 
5=A/N (7.30) 


Now if the light from the top slits in each half of the grating 
Is exactly out of phase, so will be the light from the second 
slits in each half 

In this way, there will be destructive interference between 
Successive pairs of slits (1,4N+1), (2,4N+2), (3,4N+ 
Si; despite the fact that light from adjacent slits is very 
nearly in phase; thus the overall intensity will be zero, and 
the maxima will be very narrow. The greater the number 
of slits, the smaller the increase in path difference between 
light from adjacent slits needs to be for this to occur, and 
the narrower are the maxima. 

The path difference, p, between adjacent slits is given by 


p=ssin@ (7.1) 


when the angle is exactly 8. Hence fora first order maximum 
to occur: 


A=ssin@ 


Now, when the path difference is increased just sufficiently 
for the intensity to fall to zero we have: 


A+6=ssin(6+A@) 
A=ssin 6 
However sin (A+B)=sin A cos B+cos A sin B 


instead of 
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Hence A+6=ssin 0 cos A0 
+s cos 0 sin A0 
The angle A@ is small and we therefore have: 


cos A@~1 
sindé=A@ 
giving A+6=ssin 0+ scos 0 A0 
But à =ssin 0 
and therefore ô= s cos 0 A0 
ie. Ag= B 
scos 0 
or 0 gei from (7.30) 
Ns cos 0 


Fig. 7.25(c) shows that (Ns cos 8) is the projected size of 
the grating, D', seen from the position of the relevant 
maximum. Thus the ability of the grating to produce fine 
lines depends on its effective size; the grating can be regar- 
ded as a ‘large slit’ through which the waves pass. The larger 
the apparent size, the smaller the increase or decrease in 
angle has to be for the intensity to fall to zero, and the 
sharper are the fringes. The result may be written: 


dae 
D 
For example, a grating with 10 000 lines per centimetre 


and a total width of 2 cm produces a first-order maximum 
at an angle of 30° with light of wavelength 5x 1077 m. 


D'=(Ns) cos 0 
= (grating width) cos 6 
= (2 107) x 0.866 


A0 (7.31) 


= 1.73107? m 
But A@=A/D'. 
5x107 
Renee “1.73102 
= 2.891075 rad 
ie. A@=1.65 10> degrees 


The total angular width of the maximum will be 3.3 x 1077 
degrees; in practice, inaccuracies in the ruling will prevent 
the definition being quite as good as this. 


Q 7.16 

A grating with 5000 lines per centimetre is 1.5 cm 
wide. It is illuminated with light of wavelength 
6x107 m. Find the angle at which the 
second-order maximum occurs, and its total 
angular width. 


The production of spectra 


As a diffraction grating will produce very narrow maxima 
in directions that are determined by the wavelength of light, 
it can be used most successfully to produce spectra; in 
particular, it can separate two spectral lines that are close 
together. 
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Fig. 7.25 The sharpness of maxima formed by a diffraction grating. 


We showed above that for the grating specified the half- 
widths of a first-order maximum at @=30° for light of 
wavelengths 5 x 10 7 m is 2.89 x 10° rad, For a maximum 
of a different colour to be clearly discernible it would have 
to be farther from the original maximum than 2.89x 
10° rad, as shown in Fig. 7.25(d). Now, for a first-order 


maximum 


A=ssin@ (7.4) 

da 
Therefore — =s cos 6 

de 
ie, AA =s cos 0A0 (7.32) 
The grating has 10" lines per centimetre and therefore the 
spacing, s, must be 10°°m. So, in the region of 30°, the 
change in wavelength required to produce a change in angle 
of 2.89 x 10 `” rad, is given by 

AA = 107° 0.87 x (2.89 x 1075) 

ie, AA =2.5x 107" m 


The wavelength of the light considered was 5 x 107 m and 
thus the grating will separate wavelengths whose fractional 
difference in wavelength is given by: 


It will, in theory, detect a change in wavelength of five 
parts in one hundred-thousand. 


Q V7 
Use the algebraic equations and method above to 
show that for a grating of N slits the fractional 
difference in wavelength that can be detected in 
the mth order is given by: 
oe (7.33) 
à mN 


Copy this proof into your notes. 


The ratio d@/dA is called the dispersive power of the 
grating. Equation (7.32) shows that for a first-order 
maximum it can be expressed as: 

de 
dà scos@ 


and for an mth order maximum we can derive: 


de m 


oe (7.34) 
dà scosé 


The dispersive power is, therefore, increased in higher 
orders, and also if the slit separation is reduced. 

If 6 is small, variation in cos @ it is not important and the 
angular separation of the colours, A9, is proportional to the 
difference in their wavelengths, AA; under these conditions 
a normal spectrum is said to be produced. 
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7.7 Polarization 


The final physical ‘property’ of light that we 
shall discuss is one of the most important, for 
it provides evidence that light is a transverse 
wave motion rather than a longitudinal one. 
Most of the phenomena described earlier in this 
chapter could be observed with a longitudinal 
wave of suitable wavelength, but this is not true 
of polarization. 

We shall discuss the nature of light more in 
later chapters, but the reader must understand 
now what is meant when we say that it is an 
electromagnetic wave. There are electric and 
magnetic fields at right angles to each other, 
and their magnitudes vary with both time and 
position in the wave; thus, their magnitudes at 
a particular instant may be compared with the 
physical displacement of a wave on a string. 
Because the electric vector is most closely con- 
nected with the interaction of light with matter, 
it is the direction of the electric vector that we 
shall discuss; the plane containing the direction 
of propagation and the electric vector is called 
the plane of polarization (Fig. 7.26). 

In unpolarized light the direction of the elec- 
tric vector changes at random; this is because 
different atoms in the source produce light with 
random planes of polarization. This is like 
changing the direction in which the end of a 
rope oscillates when sending waves along it. 
Light that is plane or linearly polarized has a 
consistent plane of polarization, so that the 
electric vectors are always parallel. 

Radio and radar waves, which are produced 
by the oscillation of charges in aerials, are polar- 
ized with their electric vectors parallel to the 
direction of oscillation of a charge. Many 
receiving aerials can only respond to one plane 
of polarization; thus, if a receiving aerial is 
rotated with respect to a transmitting aerial two 
maxima and two minima will be detected per 
revolution. Television and radio aerials should 
be aligned with the detecting rod in the plane 
of polarization of the signal. 

The same effect may be observed with light. 
Polaroid is a material which prevents the trans- 
mission of light with one particular plane of 
polarization. If a light source is viewed through 
two sheets of polaroid, as shown in Fig. 7.27, 
and the second sheet of polaroid is rotated, 
then there will be total darkness twice per revo- 
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Fig. 7.26 


lution. This occurs when the planes of polariz- 
ation that are removed from the beam are at 
tight angles; the sheets of polaroids are said to 
be crossed. If the polaroids are aligned so that 
they both inhibit E-vectors in the same direc- 
tion, they are said to be parallel. 


Methods of producing polarized light 


We shall next consider a number of methods 
by which polarized light can be obtained. 


Polarized light 


(1) Polarization by selective absorption 


This is the method we have met already in the 
use of polaroid to produce polarized light. 
Selective absorption can also be illustrated by 
an experiment using 3 cm radar waves. These 
are radiated from an aerial in a plane polarized 
beam, as described above, and passed through 
a metal grill to the detector, as shown in Fig. 
7.28. When the metal grill is parallel to the 
electric vector the energy is absorbed because 
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it can be used to set electrons in the grill into 


oscillation, and there is no wave beyond the 
grill; when the grill is at right angles to the 
electric vector the energy cannot be absorbed 
in this way and the wave is able to continue to 
the receiv 

Crystals of some minerals and some organic 


compounds selectively absorb one of the com- 
ponents of unpolarized light; substances which 
have this property are said to be dichroic. 
Attempts were made in the nineteenth century 
to produce large dichroic crystals, so that wider 
polarized beams could be produced, but in 
1932, an American undergraduate called 
Edwin Land discovered a better method; he 
lined up lots of small organic crystals in sheets 
Of nitro-cellulose. The crystals were of 
herapathite, a sulphate of iodo-quinine. The 
sheets were larger and more robust than the 
Single crystals and have become known as 
polaroid. There are now a number of types of 
Polaroid on the market, but the principle of 
their manufacture is very similar to that used 
by Land. As the absorption of light is fairly 
Selective as to wavelength, the transmitted 


Linearly polarized 
light 


E-vector in 
this direction 
inhibited 


E-vector in 
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(b) Polaroid sheets crossed 


beam is coloured and polaroid, for example, 
often appears dark green. 


(2) Polarization by double refraction 


When a beam of light is passed through certain 
single crystals, such as calcite or quartz, it may 
be split into two parts; thus a double image is 
produced as shown in Fig. 7.29(a). One ray, 
known as the ordinary ray or O-ray, obeys 
Snell’s law, whereas the other, known as the 
extraordinary ray or E-ray, does not; for in- 
stance, when the incident ray is normal to a 
surface, the extraordinary ray is still refracted 
so that its angle of refraction is not zero. The 
ordinary ray will always lie in the plane of 
incidence, whereas the extraordinary ray will 
only do so in special cases. Typical paths are 
shown in Fig. 7.29(b). 

If the two rays are passed through a second 
crystal, each will form two more rays, an 
ordinary and an extraordinary one. As the 
second crystal is rotated relative to the first, the 
intensities of these four rays increase and 
decrease in turn; we conclude that the ordinary 
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Fig. 7.28 Polarization by selective absorption. 


and extraordinary rays produced in the first 
crystal are plane-polarized at right angles; Fig. 
7.30(b) shows the propagation of the E- and 
O-wavefronts in a crystal where the extraor- 
dinary wave moves more quickly than the 
ordinary wave. 

The anomalous behaviour of the E-ray is 
caused by the fact that its velocity through the 
crystal is different in different directions. Any 
line parallel to the axis of symmetry of the 
crystal is called an optic axis, as shown in Fig. 
7.30, and in this direction the two rays have 
the same velocity. In other directions, the 
extraordinary ray may move faster or slower 
depending upon the type of crystal. Crystals 
like this, which have different optical properties 
in different directions, are said to be anisotropic, 
whereas those with the same optical properties 
in all directions are said to be isotropic. 

In the special case shown in Fig. 7.30(a), the 
incident ray is normal to the surface ABCD, 
and lies in the principal section BB'DD'. A 
principal section is a plane which contains an 
optic axis and is perpendicular to one or more 
crystal surfaces; in this case, to ABCD and 
A'B'C'D’. The ordinary ray is undeviated and 
the extraordinary ray, although deviated, still 
lies within the principal section, which is also 
a plane of incidence. If the crystal is rotated 
about the ordinary ray, the extraordinary ray 
will describe a circle about it as well. Both rays 
are plane-polarized, the E-ray with its plane of 
polarization parallel to the principal section, 
the O-ray with its plane of polarization perpen- 
dicular to the principal section. 
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(3) Polarization using a Nicol prism 


A Nicol prism (see Fig. 7.31) consists of a 
double refracting crystal such as calcite, the 
crystal is cut in half as shown and then stuck 
together again with Canada balsam. As this 
material has a lower refractive index than cal- 
cite for the O-ray, total internal reflection can 
occur at the glass-balsam interface; it has a 
higher refractive index than calcite for the E-ray 
and thus total internal reflection is not possible 
here. 

ABCD is a principal section of the crystal, 
containing the optic axis and at right angles 
to a crystal face. The incident ray is therefore 
split into two plane-polarized components. The 
O-ray is polarized at right angles to the paper 
and the E-ray is polarized in the plane of the 
paper; thus the transmitted light is plane-polar- 
ized as shown. 


(4) Polarization by reflection 


So far we have looked at three methods of 
producing polarized light by transmission; this 
final method depends upon the reflection of 
light from an interface. A piece of polaroid can 
be used to show that at a certain angle of 
incidence, usually about 57°, the light reflected 
from a glass surface is completely plane-polar- 
ized; the plane of polarization is the same as 
the plane of the interface, as shown in Fig. 7.32. 
Further experiments will show that the angle 
at which this phenomenon occurs depends upon 
the refractive indices of the media involved. 
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Fig. 7.29 Double refraction. 


Now, when light strikes a glass block at an 
angle of incidence ĝa, some of the light will be 
reflected, at an angle of reflection also equal to 
Oa; the r inder of the light will be refracted, 

ngle of refraction, 0,, given by: 


ngsin@g=n,sin@, from (6.11) 


Malus found that when na=1, and n,=1.55, 
the angle of incidence at which the reflected 


Optic axis 


(a) 


Fig. 7.30 The theory of double refraction. 


ray was plane-polarized was 57.17°. Now 


1.55 sin @,=1 sin 57.17 
0.8403 
1.55 
=0.5421 
ive. 6, = 32.83° 
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Fig. 7.31 A Nicol prism. 


For the experiment described: 
Oa + Og=57.17° +32.83° 


ie. +0, = 90° (7.35) 


It follows from the figure that the reflected and 
refracted rays are at right angles; this is always 
the case whenever completely plane-polarized 
light is reflected from an interface, although the 
angles 6, and 6, will depend upon the refractive 
indices of the media. 

A plausible explanation of polarization by 
reflection is as follows. The incident ray sets 
the electrons in the atoms of the glass into 
oscillation in the direction of the electric vector, 
and the energy is re-radiated as the transmitted 
and reflected beams. If the latter is at 90° to 
the refracted ray, then only those vibrations 
perpendicular to the plane of incidence can be 
reflected; those in the plane of incidence have 
no component perpendicular to the direction 
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Fig. 7.32 Polarization by reflection. 


of reflection, since they are at 90° to the refrac- 
ted ray. Since the reflected ray is plane-polar- 
ized, the transmitted ray must also be partly 
plane-polarized, by the conservation of energy. 

The size of the angle of incidence can be 
calculated directly from the refractive indices 


of the two media. In the case we have discussed: 
02+ 0,= 90° (7.35) 
and nasin @,=n, Sin Oy 
=n,sin(90—@,) from (7.35) 
i.e. ng Sin Oa = Ng COS A, 
Hence tan 6, = Me 


Na 


This analysis can be applied to any two media, 
of refractive indices n; and nz, and the angle 


of incidence at which the reflected ray is plane- 
polarized, @,, is always given by: 
n 
tan 0,=— (7.36) 
ny 


This is known as Brewster's law; if medium 1 
is air we have: 


tan 6,=n2 (7.37) 


and 6, is known as Brewster's angle. 

When light is reflected from a metal surface, 
such as the silvered surface of a mirror, the 
effective refractive index of the metal is so high 
that 6,~90°; light reflected at smaller angles 
is not polarized. 

On the other hand, light from car headlights 
reflected off a road surface is partially plane- 
polarized. A good way of cutting down glare is 
to wear polarid sun glasses with a suitable plane 
of polarization. 


Q 7.18 
Calculate: 


(a) the effective refractive index of a medium if, 
when light is incident in air on its surface, 
Brewster’s angle is 89.9°; 

(b) Brewster's angle for an air-water surface 
(ñ= 1.33). 


Malus’ law 


When a light is viewed through two pieces of 
polaroid the first piece, which polarizes the 
light, is called the polarizer and the second, 
which detects the presence and direction of 


polarization, is called the analyser. Any such 
arrangement of polarizer and analyser is called 
a polariscope. 

We have described a number of ways of pro- 
ducing polarized light, any of which could be 
used in the polarizer and analyser of a polari- 


scope, It is. comparatively awkward to use 
pola ion by reflection and this is rarely used 
now gh it was once the main experimental 
method. 

Earlier in the Section we considered what 


happens when polarizer and analyser are 
parallel and what happens when they are 
crossed, Malus’ law enables us to predict the 
transmitted intensity when polarizer and 
analyser are inclined at an intermediate angle, 
0, as shown in Fig. 7.33. 

Suppose that Eo is the amplitude of the elec- 
ic vector incident on the analyser, after plane 
yn in the polarizer. Now this vector 
olved in two directions; in the plane 
ation of the analyser and at right 
angles to it. The component in the plane of 
polarization of the analyser is Eo cos 0, and this 
will be the amplitude transmitted by the analys- 


er; if @ = 0 it will be equal to Eo, and if 0 =90° 
it will be zero. 
Now intensity oc E? 
oc EG cos? 0 
Therefore I = Io cos? 0 


which is known as Malus’ law; it can be used 
as the basis of a method of comparing two light 
intensities by reducing the brighter intensity as 
described above until the intensities appear to 
be equal, and then measuring the angle 8. 
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Fig. 7.33 Malus’ law. 
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It is important to point out that the polarizer 
has also reduced the intensity of the original 
light, independently of the relative orientation 
of the analyser. By restricting the transmitted 
light to one plane of polarization, it reduces the 
intensity by one half, and thus the amplitude of 
the transmitted electric vector, E9, is less than 
the incident vector by the factor 1/V2. 


Q 7.19 

What is the angle between the planes of 
polarization of a polarizer and analyser when the 
final intensity is half the incident intensity? 

What will be the ratio of final and incident 
intensities when 0 = 0° and @ =90°? 


Applications of polarization 


(1) The wave nature of light 


A most important academic application of the 
theory of polarization is to show that light must 
be a transverse wave motion, rather than a 
longitudinal one; longitudinal waves cannot be 
polarized. However, the phenomenon also 
shows the importance of coherence in super- 
position experiments. An unpolarized beam of 
light can be regarded as consisting of two 
beams, plane-polarized at right angles, and with 
random phase differences between them. 
Suppose that these two components are now 
separated, for instance by double refraction, 
and one plane of polarization is rotated through 
90°, as explained in (3), below; the two beams 
now have identical planes of polarization and 
we might expect to be able to perform interfer- 
ence experiments with them. This is not, in fact, 
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Fig. 7.34 Polarization by scattering. 


possible because the two beams were initially 
incoherent. 


(2) Scattering 


If a beam of light is passed through a tank of 
water containing just one drop of milk, as shown 
in Fig. 7.34(a), the light scattered from the milk 
molecules can be shown, by looking through 
polaroid, to be polarized. The reason is similar 
to that given earlier to explain the polarization 
of light by reflection and is illustrated in Fig. 
7.34(b). The electrons are made to oscillate 
when the light hits them and the oscillation can 
be resolved into two components—oscillation 
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resolved in 2 directions 


Scattered 
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Unscattered light 
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—appears red 


along the direction of the scattered ray and 
oscillation at right angles to it. The plane of 
polarization of the scattered E-vector is deter- 
mined by the direction of this latter oscillation, 
and the scattered light is thus plane-polarized; 
there is no component of the E-field in the 
direction of propagation of the incident ray, 
Since light is a transverse wave motion. 

The amount of scattering by very small 
molecules is proportional to 1/A*, so we would 
expect more blue light to be scattered than red; 
it is for this reason that the sky looks blue, as 
shown in Fig. 7.34(c). The light that is left in 
the original beam will thus contain a higher 
Proportion of red and make a sunset appear 


fig. 7.35 The application of photo-elasticity to the study 
ck propagation in an aircraft wing, at the Royal 
Aircraft Establishment, Farnborough. (Crown Copyright.) 


red. This variation with frequency does not 
occur to such a large extent with larger particles 
such as water droplets and the light scattered 
from clouds therefore, looks white. Bees have 
cells in their eyes which are actually sensitive 
to the polarization of light and they utilize them 
to provide a sense of direction; a similar prin- 
ciple is used in a type of solar compass for use 
in the Arctic when the sun is below the horizon. 


(3) Optical activity 


Some solids, such as quartz crystals, and certain 
liquids, such as sugar solution, can rotate the 
plane of polarization of polarized light. The 
extent of the rotation depends on the ‘length’ 
of the sample and on the nature of the substance 
and its concentration, if in solution. Measure- 
ments of the angle of rotation can be used to 
determine the concentration of sugar solutions. 

In an analogous experiment, we find that if 
spirals of wire are inserted into polystyrene 
spheres, they will rotate the plane of polariz- 
ation of 3 cm microwaves; this occurs whether 
the spheres are arranged in a lattice or jumbled 
up. If the spirals are right-handed, the plane of 
Polarization will rotate to the right and vice 
versa. We conclude that the atoms in a sugar 
molecule, or quartz crystal, must also have an 
asymmetric ‘spiral’ shape, and this is true of 
most organic substances in living things; the 
Spiral shape is usually left-handed! 
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(4) Photo-elasticity 


Glass and some plastics become double refract- 
ing when they are stressed, because the stress 
tends to line up the molecules. The O-ray and 
E-ray will move at different speeds and thus 
phase differences will arise between them; if 
the sample is illuminated by polarized light and 
viewed through an analyser, coloured interfer- 
ence patterns can then be observed. This 
phenomenon is used by engineers to observe 
stresses in models of bridges, etc.; Fig. 7.35 
shows a stress concentration in the region of a 
tear in strained polyurethane rubber, used to 
represent an aircraft wing skin. 


Large electric 


Polarizer 


Analyser 


Fig. 7.36 A Kerr cell. 


(5) Kerr cell 


In 1875, Kerr discovered that glass becomes 
double refracting when subjected to an intense 
electric field, and this is true also of some gases 
and liquids, such as nitrobenzene. A Kerr cell 
is shown in Fig. 7.36 mounted between crossed 
polaroids; the liquid behaves as though the 
optical axis were in the direction of the electric 
field. When the cell becomes double refracting 
it tends to alter the plane of polarization and 
some of the light can therefore pass through 
the analyser. With suitable liquids, the time lag 
before the effect takes place may be as little as 
10° s, and the cell therefore acts as a very rapid 
electro-optical shutter. It has been used in 
accurate measurements of the velocity of light. 


204 Wave optics 
Bibliography 


Books 


Boulind, H.F. (1972) Waves or Particles? Long- 
man; this short and straightforward book 
includes some excellent colour illustrations 
on physical optics. 

Braddick, H.J.J. (1965) Vibration, Waves and 
Diffraction. McGraw-Hill. 

French, A.P. (1968) Electromagnetic Waves 
and Optics. Nelson; an MIT introductory 
science text. 

Hecht, E. and Zajaz, A. (1974) Optics. 
Addison-Wesley; advanced in places but 
relates the performance of optical systems 
clearly to the wave properties of light. 

Jenkins, F.A. and White, H.E. (1981) Funda- 
mentals of Optics. McGraw-Hill; standard 
university book. 

Longhurst, R.S. (1973) Geometrical and Phy- 
sical Optics. Longman; this university text 
contains an excellent selection of fringe 
photographs. 

Revised Nuffield Advanced Physics (1986) Par- 
ticles, Imaging and Nuclei. Longman; con- 
tains a well-illustrated article on ‘Imaging’ 
which shows how the wave nature of light 
affects the image that we see. 

Revised Nuffield Advanced Physics (1986) 
Teachers’ and Students’ Guides. Longman; 
for unit J in volume 2, the Teachers’ book 
contains details of some suitable experiments 
together with the underlying theory and the 
Students’ book contains some particularly 
useful structured questions. 

PSSC (1981) Physics (5th Edn.). Heath; Chap- 
ter 25 gives a brief, well-illustrated account 
of the more important phenomena. 


Shurcliff, W.A. and Ballard, S.S. (1964) Polar- 
ized Light. van Nostrand; a fairly mathemati- 
cal introduction to this topic. 

Tolansky, S. (1968) Revolution in Optics. 
Penguin, Chapters 7, 9; two chapters on 
modern interferometers and some recent 
applications of interference and diffraction. 

van Heel, A.C.S. and Velzel, C.H.F. (1968) 
What is Light? Weidenfeld and Nickolson 
Chapters 3-5; a non-mathematical discussion 
of the most important topics. 

Walker, J. (1980) Light and its Uses. Freeman; 
a Scientific American book applying some of 
the ideas in this chapter and the next 

Wright, G. (1973) Elementary Experiments with 
Lasers. Wykeham, Chapters 1, 4 and 6; 
details of basic experiments to demonstrate 
the phenomena of physical optics using a 
laser. 


Software 


Edward Arnold, Chelsea Science Simulations 
Interference and Diffraction of Waves, enables 
the intensity distribution to be calculated for 
point or slit sources over a range of param- 
eters, displaying the result as a table or a 
graph—in a more complex model the detailed 
application of Huygens’ Principle is con- 
sidered. 

G’SN Educational Software Physics Suite 
“Multiple Slit Interference’; enables intensity 
distribution to be plotted quickly for a wide 
variety of parameters. 

Longman Micro Software Dynamic Modelling 
System; ‘SLIT’, ‘1 SLIT’ and ‘2 SLIT’ provide 
an opportunity to look at the intensity distri- 
bution and the model on which it is based for 
one, two or more slits. 


8 


Optical instruments 


8.1 Introduction 

Optical instruments have a number of func- 
tions; they may help us to see an object more 
clearly making it appear larger; they may 
collect as much light coming from the object as 
possible, and thus make it appear brighter; they 
may us to record for posterity what an 


object looked like; and so on. One of the most 
difficult functions to understand is that of 
magnification, and we shall spend a little time 
discuss it in general before we consider 
specific types of instrument. 


vification and angular 
yn 


If a converging lens forms a real image of a real 
object On a screen, we can compare the size of 
the image and object, shown in Fig. 8.1(a): 


image height 


8.1 
object height ey) 


linear magnification = 


The term linear magnification is used to distin- 
guish this from angular magnification, which 
we shall consider below. 

When we look at an object or image its 
apparent size will in fact depend, not only upon 
its size, but also upon its distance from one’s 
eye, as shown in Fig. 8.1(b). The size of the 
Image On one’s retina is determined by the angle 
subtended by the object at one’s eye, 0; if @ is 


small we may write: 


object height 
distance from eye to object 


(8.2) 


where @ is measured in radians. 

If we say that an optical instrument makes 
an object appear larger, we mean that the image 
subtends a larger angle at the eye than the 
object did, and thus a larger final image is 
produced on the retina. We define: 


angular angle subtended at 
magnification, M__ eye by image 
~ angle subtended at 
eye by object 


(8.3) 


Angular magnification, sometimes called 
magnifying power, is calculated for an instru- 
ment adjusted in the way in which it is usually 
used; it is then said to be in normal adjustment. 
For a microscope it is most convenient to have 
the final image at the least distance of distinct 
vision, or near point, since this is the closest 
that the image can be seen clearly; if the obser- 
ver is drawing what he sees, the final image will 
be roughly the same distance from the eye as 
the bench on which he is drawing. Astronomers, 
however, usually use telescopes adjusted so that 
the final image is at infinity since the observer’s 
eye can be completely relaxed; the telescope is 
then said to be in normal adjustment. Slightly 
greater angular magnification will be obtained 
with the final image at the near point and the 
telescope is then in near-point adjustment. 


Object 6 
o > height 
Image J 
height 


Distance to 
object 


g 
i + 
n E E 


Increased 
distance 


(2) Magnification produced by a lens (b) The variation in the apparent size of an object 


Fig. 8.1 
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Usually, in optical instrument calculations, we 
assume that the near point is 250 mm from the 
eye. 

The angle subtended by the object without 
the instrument also depends on how far the 
object is from the observer’s eye. When carry- 
ing out calculations for telescopes, of course, 
the angle is that subtended by the object in the 
position in which it happens to be. In a micro- 
scope we are interested in comparing the 
apparent size of the image with the largest poss- 
ible apparent size obtainable without it; to 
achieve this the object is considered to be held 
at the near point. Thus microscope and telescope 
calculations will be carried out in slightly 
different ways. 


Field of view and the brightness of the image 


The field of view of an instrument, such as a 
telescope or microscope, is the angle subtended 
at the eye by the largest object which can be 
seen through the instrument. It is determined 
by the size of the eye lens. 

The brightness of the image is determined by 
the amount of light entering the instrument, 
and thus partly by the size of the objective lens. 

In any instrument there is an optimum posi- 
tion in which to place the eye which is called 
the exit pupil; a metal cap with circular hole is 
usually placed there so that the pupil of the eye 
is automatically in the right place. If the size of 
the exit pupil is equal to the size of the pupil 
of the eye, maximum field of view, brightness 
and resolving power are obtained. 

These ideas are applied to individual instru- 
ments in the sections following. 


Depth of field and depth of focus 


A lens, or optical instrument, forms an image 
in a particular place only from objects at one 
distance from the lens; objects at other dist- 
ances will be out of focus, as shown in Fig. 8.2. 
However, an object at a different distance may 
appear to be satisfactorily in focus, especially 
if the lens aperture is reduced, as shown. The 
variation in object distance for which the image 
is adequately focused is called the depth of field. 

The maximum distance the film on which an 
image is recorded can be moved, without the 
image appearing out of focus, is called the depth 


of focus. These terms are widely used in photo- 
graphy and further discussed in Section 8.7 on 
the camera. 


Resolving power 


The ability of an optical system to distinguish 
two adjacent objects is called its resolving 
power; it determines how much fine detail may 


(a) Object A in focus on film $7 


(b) Object B out of focus Large blur 


on film 


Small blur 


(c) Image of B made acceptable 
by use of stop 


Fig. 8.2 


be seen on an extended object. If we look at a 
distant approaching car at night, we cannot 
distinguish its headlamps as separate sources if 
it is more than about 2km away; when it is 
closer, their angular separation greater, 
they can be seen as separate lights. Similarly, 
if we | hrough a hole in a piece of card at 
light source, as shown in Fig. 8.3(a) 
at as we move away from it the lamps’ 
»ecome blurred together and indistin- 
The angular resolution, 0, of a system 
s the minimum angular separation 
» two objects can be resolved. by the 
Resolving power is then defined by: 
m——<———— oe 
angular resolution 

red in (rad) *. 

that the lamps are easier to resolve if 
look through is larger, and we also 
yare more distinct if the wavelength 
is shorter. This dependence upon 
and aperture suggests that the 
the separate sources is caused by 
t the hole. Although optical instru- 
ly have circular apertures, we will 
just con blurring caused by diffraction at 
aslit; this is simpler than, but similar to, diffrac- 


tion at a circular aperture. 
If tk were no diffraction at the slit, each 
source would form a sharp image. However, as 


diffraction occurs, there is a central maximum, 
of width determined by the wavelength and slit 
width, and to each side a succession of minima 
and secondary maxima. Each source will pro- 
duce an adjacent identical pattern; these are 
shown projected on a screen in Fig. 8.3(b). In 
each case, the angle between the central 
maximum and the first-order minimum is A/b. 

When both sources illuminate the one slit, 
instead of two line images being formed, two 
diffraction patterns will be seen. Under what 
condition can we still see that there are two 
images? This requires us to resolve the two 
central maxima. Rayleigh made the arbitrary 
assumption which has become known as 
Rayleigh’s Criterion; he said that the two 
maxima ought to be resolvable if the first-order 
minimum of one coincided with the central 
maximum of the other, as shown in Fig. 8.3(c). 
If the maxima are resolved, then we can see 
that there are two distinct sources. Note that 
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as the sources are self-luminous, they must be 
incoherent so interference cannot occur. 

If this criterion is accepted, then Fig. 8.3 
shows that the minimum angular separation at 
which the sources can be resolved is A/b. Hence 


angular resolution, 6 =A/b (8.5) 
resolving power = 1/0 
Lë: resolving power = b/A (8.6) 


Thus, the angular resolution of a system will 
be decreased if the aperture is made larger and 
the wavelength made shorter; the resolving 
power will be increased. 

Whenever there is an aperture in an optical 
system we must consider the extent to which 
diffraction effects will prevent us resolving two 
close points on an object; this problem is of the 
utmost importance in the design of optical sys- 
tems as it determines how much detail we can 
see. For a circular aperture, of diameter D, it 
can be shown that for the Rayleigh criterion to 
be satisfied, the angular separation, 0, must be 
greater than 1,22 A/D. 


i.e. angular resolution, 0 = 1.22 A (8.7) 
3 2D 
resolving power = 122A (8.8) 


The requirement to achieve high resolution 
suggests that telescopes and microscopes should 
have large apertures; a compromise must be 
found between this and the problem of aberra- 
tions introduced by large aperture lenses and 
mirrors. 


Q 8.1. 

What is the resolving power and angular 
resolution of a lens of diameter 30 mm when 
illuminated with light of wavelength 6 x 107’ m? 


The pupil of the eye is, of course, an aperture 
in an optical system, of diameter about 3 mm 
in daytime. 


À 
Hence 6=1.22 D 
and for light of wavelength 5 x 107m 
5x10” 
6=1.22 XST 
=2x10 rad 
16: @ =42 seconds of arc 
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two central maxima will be 
resolved if the first order mini- 
mum of one coincides with the 
maximum of the other 


Fig. 8.3 Factors affecting the resolution of a Pair of light sources, 


Thus, at a distance of 5 m we would expect to 
distinguish objects a distance x apart, where: 


x=5x0 
=5 2105 
=10x10*m 
=1.0mm 


We should, therefore, be able to distinguish 
two points about one millimetre apart on a 
wallpaper at the far end of a fair-sized room; 
readers are invited to compare their own per- 
formance with this estimate. 

It is likely that the reader will find, in fact, 
that his powers of resolution are not quite as 
good as this; the average person can only 
resolve objects provided that they are more 
than 1 minute of are apart, or 3X10‘ rad, 
because the definition attainable by the eye is 
further restricted by the spacing of the light- 
sensitive cells on the retina. 

Telescopes and microscopes increase the 
apparent size of the object, and thus the angle 
subtended at the eye by adjacent points on it. 
As the resolving power of the telescope itself 
will be much larger than that of the eye, the 
eye will be able to resolve finer detail than it 
would be able to unaided. 


Radio telescopes 


Before leaving this topic we will consider briefly 
why radio telescopes are so large. 

The parabolic mirror of a radio telescope acts 
as an aperture, which in the case of Jodrell 


From 
distant 
transmitter 


2 
Metal 


Movable table 


Fig. 8.4 An analogue interferometer. 
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Bank is 80 m in diameter. The radio waves that 
it receives from a star may have a wavelength 
of 0.2 m. 
Hence 6=1.22A/D 


0.2 
=1.22x— 
1:2 TA 


=3x10° rad 


We saw above that the human eye can distin- 
guish objects down to 3 x 10~* rad which is, of 
course, considerably better than the Jodrell 
Bank radio telescope. 

Thus, the resolving power of Jodrell Bank is 
considerably less than that of our own eyes, at 
the wavelengths to which it is sensitive. This is 
because the wavelength of the radio waves from 
stars is very large compared with that of visible 
wavelengths, and the size of the dish does not 
make up for this. To get some idea of the resol- 
ution ‘seen’ by Jodrell Bank, make a hole in a 
piece of tissue paper with 36 swg copper wire 
and look through it; this hole has the same 
angular resolution as the radio telescope. 

To improve the resolution at Jodrell Bank to 
equal that of our eyes, it would be necessary 
to make a dish ten times the size, and that is 
clearly absurd, especially for a steerable tele- 
scope. Instead, astronomers use a radio inter- 
ferometer. The principle of this is shown by the 
analogous arrangement in Fig. 8.4; 3 cm radio 
waves are used in this experiment. 

The transmitter is placed at one end of the 
room and the other items are placed on a table 


Beam from 
same 
direction 


Table rotated slightly 
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at the other end, so that they can be rotated 
on it as a unit. Signals from the distant transmit- 
ter are collected by the lenses and reflected at 
two metal sheets into the receiver. If they arrive 
in phase at the receiver, there is a large 
response, and if they arrive out of phase, the 
response is zero. The reflectors are first adjusted 
so that each path, on its own, gives the 
maximum response; both reflectors are then 
put in place so that the superposed signal is 
detected at the receiver. We now find that the 
apparatus can be adjusted much more sensi- 
tively than before to locate the direction of the 
source more accurately. 

Thus, if the table is rotated slightly, as shown 
in the second diagram, the beams of light 
reflected from sheets 1 and 2 travel slightly 
different distances to the receiver; they become 
out of phase. The effective aperture of the 
device is the distance, a, in the diagram. 

The radio interferometer at Cambridge can 
be set up with a pair of relatively small dish 
aerials located up to 1.6 km (1 mile) apart; the 
rotation of the earth is used to enable the inter- 
ferometer to build up slowly the information 
that could be collected by one very large dish. 
It has a much higher resolving power and is 
more suitable for some purposes than the 80 m 
Jodrell Bank telescope. 


Q 8.2 

Calculate the angular resolution and resolving 
power of the ‘1 mile’ radio interferometer, for 
radio waves of wavelength 0.2 m. Assume that the 
‘aperture’ is circular, 


The use of cameras with optical instruments 


In the sections on telescopes, microscopes and 
spectrometers, we shall show an observer view- 
ing a virtual image; the lens in his eye then 
forms a real image on his retina. In practice, 
the observer's eye is frequently replaced bya 
camera and the real image formed on the film 
enables a permanent record of events to be 
kept. 

The permanence of the record is not the only 
advantage of using a camera. The longer a 
camera shutter is open, the more light enters 
the camera and the more exposed is the film; 
the brightness of the image on the film 
depends on the sum total of all the light entering 


the camera during the exposure time, and the 
camera is therefore an integrating device. The 
brightness of an image on the retina, on the 
other hand, depends on the instantaneous 
intensity of the light from the source Thus, a 


camera may form an observable image of an 
object too faint to be seen by the : d eye; 
this is particularly important in as omy, 


where the intensity of light from a star in a 


distant galaxy may be very low. Fig shows 
a photograph of the Orion nebula 

There are situations, of course, wh the use 
of a camera is difficult. Objects viewed hrough 
a microscope may be moving and so too are 
objects in the sky. Telescopes have complex 
driving systems to ensure that the same stars 
or planets are kept in view for prolonged periods. 
Q 83 
The image on the retina is retained for about 
1/16 s. A photographic exposure of a star might 
last 4 hours. How many times more light would 
enter a camera in 4 hours than the eye in 1/165, 
assuming the apertures are the same? The eye 
pupil is about 6 mm in diameter at night; how wide 


would it have to be to receive as much light in 
1/16s as a camera of aperture 6mm does in 
4 hours? 


Fig. 8.5 Orion Nebula: stars in this photograph are at 
distances ranging from 8 to 400 light years away. 


8.2 Refracting telescopes 


Telescopes are used to provide angular 
magnification of distant objects and increased 
resolution of fine detail, and to collect as much 
light as possible to form a bright image. They 
are used to observe distant objects on the earth 
but an important application is in astronomy. 
As we shail see, the simplest form of telescope 
produces an inverted image but this does not 


matter except when viewing terrestrial objects; 
at the end of this Section we shall look at one 
type of telescope that will form an erect image, 


for use on earth. 


The astronomical telescope 


A simple astronomical telescope is shown in 
Fig. 8.6. The objective produces a real inverted 
image of a distant object and this image is then 
viewed through an eyepiece lens, as shown in 
Fig. 8.6(a); this eyepiece lens is a converging 
lens used as a magnifying glass, forming an 
enlarged virtual image as explained in Section 
8.4. The intermediate image is often arranged 
to be in the focal plane of the eyepiece lens 
and the final, virtual image is at infinity; the 
telescope is then said to be in normal adjust- 
ment. With this arrangement, the observer's eye 
is more relaxed and, as this is more comfortable 
for long periods of viewing, this is how tele- 
Scopes are usually used. Fig. 8.6(b) shows a 
telescope in normal adjustment forming an 
image at infinity of an object at infinity. 

A simple telescope may be made in the 
laboratory to illustrate the above description. 
A convex lens of focal length 500 mm is held 
in a clip attached to one end of a metre rule, 
as shown in Fig. 8.6(c). This lens is then pointed 
towards a bright lamp several metres away, and 
a ground-glass screen moved up and down the 
tuler; when it is about 500 mm from the lens 
a small, inverted image of the lamp is observed 
On the screen. A second convex lens, of focal 
length 50 mm, is now mounted in a similar clip 
and used to view the image; at any distance 
from the screen less than or equal to 50 mm, 
an inverted, magnified image will be seen 
through the lens. When the distance from lens 
to screen is exactly 50 mm, the image can be 
viewed with a relaxed eye, for it is at infinity. 
If the screen is now removed, without re- 
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focusing the eye, the final image can still be 
seen; the intermediate image is formed whether 
or not it is cast on a screen. 

The angle subtended at the telescope 
objective by the object is 6, as marked in Fig. 
8.6(b). This is the angle between light rays from 
the top of the object and those from the bottom; 
the bottom of the object is assumed to be on 
the axis. When calculating angular mag- 
nification, we assume that the angle subtended 
at the eye by the object is the same as the angle 
subtended at the telescope objective; in other 
words, we assume that the length of the tele- 
scope is negligible compared with the distance 
from telescope to object. For an object at 
infinity the intermediate image will be in the 
focal plane of the objective. Therefore, the 
angle @, is given by: 


bo if @, is small 


fo 
where A is the height of the intermediate image. 

The angle subtended at the eye by the image 
is shown in the diagram as 6;. For a telescope 
in normal adjustment, the intermediate image 
must lie in the focal plane of the eyepiece lens, 
as well as of the objective, and we then have: 


ah 
fe 
Thus, the angular magnification of a distant 


object produced by a telescope in normal 
adjustment is calculated as: 


6; if 0; is small 


9} 
angular magnification, M =— 


LE; M=— (8.9) 
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A laboratory telescope similar to that described 
earlier has an objective lens of focal length 0.8 m, 
and an eyepiece lens of focal length 0.2 m. What 
is its angular magnification and length? 


Thus, to obtain a large angular magnification, 
we require an objective of long focal length and 
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Fig. 8.6 


an eyepiece lens of short focal length. When 
telescopes were first invented, it was not poss- 
ible to produce very short focal length eyepiece 
lenses without introducing severe chromatic 
aberrations. To gain significant angular 
magnification, therefore, the focal length of the 
objective had to be very long indeed, resulting 
in telescopes of great length since the separation 
of the lenses must be (fo + fe). One example of 
such a telescope is illustrated in Fig. 8.7. The 
problem of chromatic aberration in the lenses 
of a telescope can be reduced by using more 
complicated lens systems. Nowadays telescope 
eyepieces almost always consist of multiple lens 
systems as shown, for example, in Fig. 8.6(d); 
objectives consist of achromatic doublets. The 
stops, S, prevent stray incident light, at an angle 
to the axis, from being reflected from the tele- 
scope walls; the latter are painted matt black 
for the same reason. 

A slightly greater angular magnification is 
produced if the final image is at the near point, 
instead of at infinity; in this case, the lens 
spacing is not equal to (f,+f-) and in most 
telescopes this spacing can be altered by a focus- 
ing arrangement. 
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Draw a ray diagram to show how a telescope can 
produce a virtual, inverted image 0.25 m from the 
eyepiece, of an object that is at infinity. Take fo = 
0.8 m and f,=0.1 m and measure the angular 
magnification from the diagram. 


Resolving power 


The resolving power of the telescope will 
be determined by the diameter of the objec- 
tive lens; the wider this is, the finer the 
detail that can be resolved. It is, however, 
difficult to manufacture large, perfectly-shaped, 
homogeneous pieces of glass; once made, they 
are also difficult to support without sagging, 
which produces unacceptable changes in the 
radii of curvature and thus the focal length of 
the lens. One of the largest telescope objectives 
is at Yerkes Observatory in America and has 
a diameter of 1m. For light of wavelength 
5.6107 m, the angular resolution will be: 


angular resolution = 1.22 2 (8.7) 


=6.8x10 rad 
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This is several orders of magnitude better than 
the angular resolution of the eye. Because of 
the importance of objective diameters, they are 
normally quoted when referring to a telescope; 
we speak of the 1 m (40 inch) refracting tele- 
scope at Yerkes. We shall see in the next section 
that reflecting telescopes can have larger objec- 
tive diameters and thus achieve much better 
resolution. 

A wide objective lens also admits more light 
into the system, and hence increases the bright- 
ness of the image. 


Entrance and exit pupils 


As stated above, the brightness of an image is 
determined partly by the amount of light enter- 
ing the system. In general, the aperture which 
limits the amount of light entering the system 
is known as the entrance pupil: thus the entrance 
pupil of a telescope is the objective, as shown 
in Fig. 8.8(a). 

Light from the objective, passing through the 
eyepiece, will form an image of the objective 
as shown in Fig. 8.8(b); the diameter of this 
image is called the exit pupil. If the eye is placed 
here, with a pupil at least equal in diameter to 
the exit pupil, it will receive all the rays from 
the objective which subsequently pass through 
the eyepiece as shown in Fig. 8.8(c); thus, it 
will observe the largest possible field of view. 
The exit pupil is usually a few millimetres 
beyond the last element in the eyepiece, and 
frequently the eyepiece is so constructed that 
the eye cannot be held any closer to the element 
than this. The position of the exit pupil is found 
by applying the lens equation to the eyepiece. 
Hence, by similar triangles: 

entrance pupil, D _ fo 
exit pupil, d fé 


and hence, from Equation (8.9), we have 


angular magnification M -2 (8.10) 
The angular magnification of a telescope may 
be measured by illuminating the objective and 
casting an image of it onto a screen placed 
where the exit pupil will be; the sizes of 
the entrance pupil and the exit pupil can 
then be measured directly and the angular 
magnification calculated. The sharply defined 
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Fig. 8.7 Huygens’ astronomical telescope. Smith (1738) Optics. 
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Fig. 8.8 Entrance and exit pupils. 


disc of light that is the exit pupil is sometimes 
called the eye ring. 

The ray passing through the centre of the 
entrance pupil is called the chief ray; it will 
Pass through the centre of the exit pupil, as 
shown in Fig. 8.8(c). 

_ Similar results can be derived for the reflect- 
ing telescope and compound microscope, 
described in later sections. 


Q 86 
Calculate, for a telescope in normal adjustment, 
with f,=0.8 m and f.=0.02 m, how far from the 


eyepiece the exit pupil will be. If the objective 
lens is 50 mm in diameter, calculate the size of 
the exit pupil. 


Galilean telescope 


Galileo was the first person to construct a tele- 
scope which produced an erect final image, and 
so could be used for observing distant terrestrial 
objects. A long focal length objective lens is 
used, as before, but the eyepiece consists of a 
short focal length diverging lens. It is placed 
between the objective and the intermediate 
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image, which then acts as a virtual object for 
the eyepiece, as shown in Fig. 8.9. If the virtual 
object is in the focal plane of the eyepiece lens, 
the final image will be at infinity. 

Galilean telescopes have a very small field of 
view because the eye cannot be placed at the 
exit pupil, and are nowadays only used in opera 
glasses; in modern binoculars totally reflecting 
prisms are used to invert the image, as explained 
in Section 6.3. 


Q 8.7 

Draw a ray diagram of an alternative form of 
terrestrial telescope, which has an additional 
converging lens to give a final erect image. Show 
that this telescope has a greater field of view than 
a Galilean telescope; what will be its disadvantage 
and how is this usually overcome? 


ee 


Virtual final 
image at 


8.3 Reflecting telescopes 


The advantages of reflecting telescopes 


We have already seen the need for large objec- 
tives in optical systems, in order to give good 
resolution and increased brightness; however, 
a large objective lens for a refracting telescope 
is difficult to manufacture, difficult to support 
and suffers from chromatic aberrations. 
Although the largest refracting telescope has a 
1 m (40 inch) objective it is, in fact, unusual to 
have lenses of diameters much larger than 0.2 m 
(8 inch), and to obtain larger objectives reflect- 
ing telescopes are used. The largest reflecting 
telescope, which is in Russia, has an objective 
of diameter 6 m (240 inch); the largest Western 
telescope is the 5m (200 inch) instrument at 
Mt. Palomar, in America. 
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Fig. 8.9 The Galilean telescope. 


One of the difficulties in the manufacture of 
ses is that stresses are set up during 
process of any large block of glass, 


which cause the refractive index to vary from 
place to place; it is interesting to note that the 
glass for the mirror at Mt. Palomar was gradually 
cooled over a whole year. Stresses in the glass 
used for mirrors matter less, of course, because 


the light does not pass through the glass. It is 


also po: > to consider alternative substances 
to glass for the construction of large mirrors; 
glass ceramics are particularly suitable since 


they have a low expansivity and therefore the 
heat generated in grinding, and the temperature 


changes during use, are less of a problem. 

The of grinding a mirror will be less than 
for a lens since there is only one surface to be 
ground instead of the four required in an achro- 
matic doublet. It will also be less likely to flex 
than a lens since it can be supported over the 
whole of its rear surface. 

The most important optical advantage is that, 
as there is no refraction of the light, there can 
be no chromatic aberration introduced by the 
objective. The fact that the light does not pass 
through any glass also means that there will be 
less loss of brightness in the system; as 


explained in Section 6.2, the light is reflected 
at the front surface of the glass with an efficiency 
of up to 85%, 


The optical system of a reflecting telescope 


Ina reflecting telescope, the intermediate image 
is formed by reflection in a large concave mir- 
ror, as shown in Fig. 8.10(a). In principle, this 
Image could then be viewed through an eye- 
Piece by an observer in exactly the same way 
as in a refracting telescope; this is shown in Fig. 
8.10(b). We see from the two diagrams that for 
a reflecting telescope in normal adjustment: 


6 
angular magnification, M So (8.3) 


o 


i.e. sl (8.9) 


However, as is clear from the diagram, the 
observer and eyepiece are likely to obstruct too 
large a fraction of the incoming light, unless 
the concave mirror is extremely large. 
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It is more usual to deflect the light to form 
a second intermediate image out of the incident 
beam, and it can then be magnified without 
cutting out any further light. There are many 
ways of doing this, and the two most common 
are shown in Figs 8.10(c) and (d); Cassegrain’s 
system was designed one year after Newton’s. 
Newton’s system does not alter the angular 
magnification at all, whereas the Cassegrain 
system can increase it by up to five times by 
increasing the size of the second intermediate 
image; diagram (d) shows the size of the second 
intermediate image being reduced by this sys- 
tem. With these arrangements the obstruction 
caused by the small mirrors can be negligible; 
major telescopes are usually provided with a 
number of systems for use in different circum- 
stances. 

On page 159 we discussed the use of a 
Schmidt plate to correct spherical aberrations 
in a concave mirror; this is used in conjunction 
with a spherical mirror which is easier to con- 
struct than a paraboloidal mirror. The system 
forms sharp images of points further from the 
axis and is of use where a large field of view is 
required. 

The greater aperture of the reflecting tele- 
scope gives it a much greater resolving power 
than a refracting instrument. The 5 m (200 inch) 
Mt. Palomar telescope has an angular resolution 
given by: 

À 

angular resolution, 0 = 125 
5.6x107 

5 
=1.4x10 rad 
=1/0 
=7,310° 


=1.22x 


resolving power 


This is five times the resolving power of the 
Yerkes telescope, which is one of the largest 
refractors. Fig. 8.11 shows the largest British 
telescope, the 2.5m Isaac Newton telescope 
belonging to the Royal Greenwich Observatory. 


8.8 
Oe Mt. Palomar reflector has a focal length of 
16.6 m. What would its magnification be if used in 
Newtonian form with an eyepiece of focal length 
100 mm? 
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(a) Formation of intermediate image by concave mirror (b) Ideal formation of final image in reflecting telescope 


$ 


Final image at infinity 


Top 
Concave mirror 


Bottom 


Yjddddititia/: 


Light 

rom inte lists 
distant rmeaia: 

object T man 


(c) Newtonian system 


Light Concave 
from mirror 
distant 
object 


First intermediate Final image 0 
image at infinity Laie 
toa == 
Second 
intermediate 
(d) Cassegrain system image 


Fig. 8.10 The reflecting telescope. 
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Fig. 8.11 The 2.5 m Isaac Newton reflecting telescope when it was at the Royal Greenwich Observatory, Herstmonceux; 
to give improved conditions for observation, this is now on the island of La Palma, in the Canaries. 
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8.4 The magnifying glass 


The simplest optical instrument giving an 
enlarged image of a small object is the magnify- 
ing glass, which is merely a converging lens of 
short focal length. It is probable that crude 
magnifying glasses were used by the Romans 
and certain that they were in use by Ap 1000; 
early examples were made from glass beads. 

An object that is to be viewed with a magnify- 
ing glass must be held between the lens and its 
focal point; an erect, virtual image is formed 
as shown in Fig. 8.12(b). In the analysis which 
follows, we shall make the simplifying assump- 
tion that the eye is immediately behind the lens. 
The angular magnification produced by a mag- 
nifying glass held some distance from the eye, 
as is often the case, is smaller and more difficult 
to analyse. 


Near-point adjustment 


In Fig. 8.12(b) the image is formed at the least 
distance of distinct vision, D, from the eye; in 
this position the magnifying power will be as 
large as possible and the magnifying glass is in 
near-point adjustment. The object is being held 
closer to the eye than the near-point but it can 
be seen distinctly because the magnifying glass 
forms an image at the near-point; the angle 
subtended at the eye by the image is 6;. Without 
the lens the object must be moved further from 
the eye until it is at the near-point, as shown 
in Fig. 8.12(a), and the angle subtended at the 
eye decreases to 6,. Thus, a magnifying glass 
produces angular magnification because it 
enables you to hold the object closer to the eye 
than would otherwise be possible. 

Now, from Fig. 8.12(b), if the angles are 
small: 


hi 
6;= D by definition 
ho Pep A 
therefore 0; = F by similar triangles 


Note that the object could not be seen at O 
without the aid of the lens because it is nearer 
to the eye than the least distance of distinct 
vision. If the object is to be seen distinctly 


(a) Without lens,object must be a distance 
D from observer's eye 


Object can be moved up to distance vat; 
which image distance v is equal to D 


(6) Magnifying glass in near-point adjustment 


Spry 
Winans ~~ 
— lat Infinity 


JE = 


o 
—f 


(c) Magnifying glass with image at infinity 
Fig. 8.12 


without the lens we must have 
as in Fig. 8.12(a) 


Hence, angular magnification 


i.e. == (8.11) 


u 
The distance from the lens, u, at which the 
object must be held to produce an image at the 


least distance of distinct vision, can be calcu- 
lated from the lens equation; the image distance 
will be negative since the image is virtual: 


Taa 
u a f 
L rT 
u fv 
Ii 
F eD 
D D D 
Hence = F D 


P D ; n 
ie. M ai | in near-point adjustment (8.12) 


from Equation (8.11). If the observer is using 
a magnifying glass to view a detailed object 
which he is drawing on a piece of paper, it is 
convenient to have the image at the near point; 
the image and the drawing will be the same 
distance from his eye. The magnifying glass is 
said to be in normal adjustment. 


Far-point adjustment 


The magnifying glass could be used in what is 
termed far-point adjustment, with the image at 
infinity; this situation is shown in Fig. 8.12(c). 
We have again: 


In this case, where the image distance is equal 
to (=œ), the lens formula gives us: 


Lia 
u v f 
N E: 
u “F =) 
1 1 
re u=f since 1/00 is zero 
Hence M -7 in far-point adjustment 


(8.13) 
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Thus, to obtain a high angular magnifica- 
tion a lens of short focal length, and therefore 
small radius of curvature, must be used. In 
fact, the angular magnification is limited to 
about x10 by aberrations, and to obtain more 
magnification and greater resolving power a 
compound microscope must be used. 


Q 89 

A man, with a least distance of distinct vision of 
250 mm, uses a lens of focal length 100 mm as 
a magnifying glass. What will be the angular 
magnification: 

(a) in near-point adjustment? 

(b) in far-point adjustment? 


8.5 The compound microscope 


The compound microscope was developed in 
about 1610 to enable a more detailed examin- 
ation to be made of accessible objects than was 
possible with either the eye or a magnifying 
glass. The arrangement of lenses is similar to 
that in a telescope, as we see in Fig. 8.13, but 
because the object is to be close to the objective 
lens, the theory is rather different. 

Each of the lenses shown in Fig. 8.13 will, 
in fact, be compound to reduce aberrations, 
but they are shown as single lenses for sim- 
plicity. The angular magnification can be made 
very large but it is, in practice, limited by 
diffraction effects; the oil-immersion objective, 
described later, can be used to increase the 
resolving power of the instrument. 

The objective lens forms a real, inverted 
image as in a telescope. However, to increase 
the angular magnification the object distance 
must be small with respect to the image dist- 
ance; the intermediate image is enlarged, not 
diminished, as shown. The image distance is 
restricted by the length of the microscope, and 
thus an objective of very short focal length is 
required. The eyepiece, used as a magnifying 
glass, further increases the angular magni- 
fication although, unlike a telescope, most of 
the magnification in a microscope arises at the 
objective. In Fig. 8.13(a), the final image is 
formed at the near-point, and the instrument 
is in normal, or near-point, adjustment; in 
Fig. 8.13(b) it is formed at infinity, and the 
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Fig. 8.13 The compound microscope. 


instrument is in far-point adjustment. We 
assume, in our analysis, that the eye is placed 
close to the eyepiece, as in our discussion of the 
magnifying glass. 


Microscope in near-point adjustment 


In Fig. 8.13(a) we see that the angle subtended 
at the eye by the image, 6;, can be expressed as: 


hy Sere 
6,= D if ĝi is small 

‘ hi ae vee 
ie. ði=— _ bysimilar triangles 


Now, the intermediate image is acting as a real 
object for the eyepiece. Therefore 


fe (—D) 
ie; Bg (8.14) 
Ue fe 
The size of the intermediate image, h;, can be 


calculated from the object and image distances 
for the objective: 


Bi a (8.15) 
As. Us 


Now, the largest angle which the object can 
Subtend at the naked eye and still be clearly 
Seen, ĝa, must be when it is held at the least 
distance of distinct vision, D. Thus, angular 
magnification 


y-a 
9 


_hi/ue 
h,/D 


i hi\/D 
Ke, = a 
M G 
Hence, from Equations (8.14) and (8.15), we 


have: 
U./D 
=2(7+1) 
sal mi: 


(8.16) 
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This equation should be compared with 
Equation (8.12), which gives the angular 
magnification for a magnifying glass in near- 
point adjustment. We see that the angular 
magnification of a microscope could be written: 


total angular magnification 
_ / linear magnification 
a ( produced by el 
angular magnification 
( produced by eyepiece ) 


Microscopes are usually used in near-point 
adjustment when we wish to draw what we see; 
the image viewed and the drawing are likely to 
be the same distance from the eye. Hence, for 
a microscope, this is termed normal adjustment. 


Microscope in far-point adjustment 


Fig. 8.13(b) shows a microscope in far-point 
adjustment, with the final image at infinity; the 
eyepiece has been moved further from the 
objective, so that the intermediate image is at 
the focal point of the eyepiece. We see that the 
angle subtended at the eye by the final image, 
at infinity, is again the same as that subtended 
by the intermediate image: 


CH ot if 0! is small 
Ue 
But uc=fe 
(pels 

and hence ði an (8.17) 


The position of the intermediate image with 
respect to the objective is unchanged, and hence 
its height is still Aj. 
We have, as before: 
hi vo 


15 
EE (8.15) 


Now, the largest angle subtended by the 
object in a position where it can be clearly seen, 
ĝo, is given by: 


9.=— (8.18) 


where D is the least distance of distinct vision. 
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Thus, the angular magnification is given by: 
oi 
M=— 


o 


-Hh from Equations (8.17) and (8.18) 


TT 
"e 


Again, comparison with Equation (8.13) 
shows that this formula may be written: 


Therefore (8.19) 


total angular magnification 
_ ( linear magnification 
A; ( produced by A 
z ti pectin 
produced by eyepeice 


The angular magnification of the microscope 
in far-point adjustment is slightly smaller than 
in near-point adjustment, However, it is less 
tiring to use the instrument like this for long 
periods since the eye can be completely relaxed; 
to examine some particular detail, the instru- 
ment can always be changed into near-point 
adjustment by adjusting the focusing, which 
alters the spacing between the lenses. 


Microscope calculations 


near-point adjustment M “(G+ 1) (8.16) 
do \Je 


far-point adjustment m=*(2) (8.19) 
Uo \fe 

In order to calculate the angular 
magnification of a microscope it is necessary to 
calculate first the object and image distances 
for the objective. 

Consider a microscope with an objective of 
focal length 3mm and an eyepiece of focal 
length 12 mm. Suppose the object distance for 
the objective is 3.1 mm. 


it 4 
Then —+—=— for the objective lens 
Uy Us fs 
Ee Bod 
Vo fo Uo 


ba 1 
+3 +31 
_ 01 
+93 
i.e. Vo =93 mm 
vo 93 
Hence ai 
=30 
In near-point adjustment we have: 
M~"2(241) from (8.16) 
Uo\fe 
=30(=37 +1) if D=250mm 
12 
i.e. M =655 
In far-point adjustment the angular magni- 


fication will be given by: 


-22 from (8.19) 
( 


250 
=30(72) 
i.e. M =625 
In more complicated calculations Uo and Vo can 


be calculated, for instance, by knowing the posi- 
tion of the intermediate image and the spacing 
between the lenses. 


Q 8.10 

A microscope has an Objective of focal length 
3.5 mm and an eyepiece of focal length 10 mm. 
If the microscope views an object 5 mm below 
the objective lens, what will be the angular 
magnification: 


(a) in near-point adjustment? 
(6) in far-point adjustment? 


What will be the spacing between the lenses in 
each case? 


The resolving power of a microscope 


Calculations of resolving power depend on more factors 
for a microscope than for a telescope. In a microscope the 
object studied is illuminated by a small source and so the 
light scattered from two adjacent points on it may be 
coherent and interfere; the lack of resolution caused by this 
effect is in addition to that caused by diffraction at the 
objective. It is as though two adjacent points act like the 
slits in a Young’s slits experiment. 


mum useful angular magnification of a micro- 
he limit of resolution; there is no point in 
ation if the object is merely seen to be 


indistinct be 


se of lack of resolution in the image. 

Similarly, good resolution at the objective is wasted unless 

there is sufficient angular magnification to enable those 

points made distinct by the objective to be seen as distinct 
by the eye or camera. 

Consider two points on an object O, and Oj, a distance 


x apart, as £ 1 in Fig. 8.14(a). If the objective subtends 
an angle 2@ at the object, the path difference between rays 


from O; and riking the edge of the objective is x sina 
as shown m (b); if the space between object and 
lens is fill ith a medium of refractive index n the optical 


path difference will be nx sin æ. Thus rays from O, will 
travel an optical distance nx sin æ further than rays from 


O; to the n of the lens, and nx sin æ less to the top. 
Limit of DE 
resolution 4 Aa as 
to objective 
+ —> 
Distance from 
(a) object to lens 
Cover slip 
<< 
Object _ 
Se 
Glass slide— z 
Condenser — 


Light from source 
and lens 


(c) A conventional microscope system 


Fig. 8.14 
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Ernst Abbe showed that the objects would be resolved if: 


2nx sina =A 
Es A 

j 2n sina 
n sin a is called the numerical aperture of the system. 

Theoretically, for a lens in air (n = 1), if the aperture of 
the objective were very much greater than the distance 
from it to the object, so that œ became equal to 90°, a limit 
of resolution of A/2 could be attained; two points a half 
wavelength apart on the object could be distinguished. To 
approach this standard of resolution objective lenses are 
required with a focal length as small as 0.3 mm, and very 
oblique light will be required to enter the objective. 

To obtain oblique light, wide-angle illumination by a 
source and condenser lens is required, as shown in 


(b) 


‘Cedar oil 


(d) An oil-immersion objective 
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Fig. 8.14(c); good illumination is also essential to maintain 
the brightness of the image despite very high magnification. 

The brightness of the image is also limited by refraction 
at the upper surface of the cover slip, and for glass of 
refractive index 1.5 the useful cone of rays from the subject 
is restricted to 82°, as shown. If a liquid of refractive index 
approaching that of the cover slip is placed between it and 
the objective, as shown in diagram (d), the cone angle can 
be increased considerably. Oil-immersion objectives also 
decrease the limit of resolution by increasing the numerical 
aperture of the system, as shown by Abbe’s equation above. 

Finally, the resolution of a microscope can be increased 
by decreasing the wavelength of the light; if ultraviolet light 
is used, the limit of resolution may be halved, depending 
on the wavelength used. In ultraviolet microscopy quartz 
lenses are required as glass is Opaque to the wavelengths 
used. In electron microscopes the fact that electrons can 
have a wave nature, discussed in Chapter 11, enables them 
to form images; because their wavelength is very much less 
than that of light, the resolution can theoretically be 
increased by a factor as large as 100 000, though present 
techniques cannot take full advantage of the shortness of 
electron wavelengths. 


8.6 The spectrometer 


A spectrometer is an optical instrument used for 
measuring accurately the directions of light 
rays, after they have been refracted by prisms 
or have been diffracted at gratings. Student 
instruments can measure angles to an accuracy 
of about one minute of arc, and good industrial 
spectrometers achieve accuracies of less than a 
second of arc. 

When used with a prism on the table, a spec- 
trometer can be used for measuring the angle 
of the prism and its angle of minimum devi- 
ation; hence the refractive index of the glass 
can be determined using Equation (6.20). It 
can also be used for observing and measuring 
spectral lines. 

Nowadays, grating spectrometers are more 
common than prism spectrometers. Accurate 
determinations of wavelength can be made 
from measurements of the angles at which the 
spectral lines are produced, provided that the 
spacing of the grating is also known; this can 
be determined, if necessary, by using other light 
of accurately known wavelength. Once the 
Spectra of different elements and compounds 
have been determined, spectrometers can be 
used to analyse substances; this is their most 
common industrial application. 

In many applications, it is more convenient 
to replace the eyepiece with a camera; this will 


be especially useful when the spectral lines are 
very faint, because cameras are integrating 
devices and the brightness of the picture can 
be increased by lengthening the exposure, 
Sometimes the spectrum is scanned with a 
photo-sensitive detector, whose output can be 
fed into a pen recorder or computing system. 
As photocells have a narrow wavelength range 
to which they are sensitive, thermopiles are 
sometimes used instead, detecting the heating 
effect of the spectrum over a much wider 
wavelength range. In each of these 
modifications, the instrument is known as a 
spectrograph, because it keeps a permanent 
record, 

A less expensive way of viewing a spectrum 
is through a direct-vision spectroscope. By com- 
bining two crown glass prisms, of lower refrac- 
tive index and dispersive power, with one flint 
glass prism it is possible to arrange that the 
deviations cancel at one wavelength, usually 
yellow, but that there is still some di spersion; 
a virtual image of a Spectrum at infinity is 
observed by the eye, sometimes against a cali- 
brated wavelength scale. 

Applications of spectroscopy are discussed 
further in Chapter 11. 


The optical system of a spectrometer 


The optical system of a spectrometer is shown 
in Fig. 8.15. The function of the collimator is 
to illuminate gratings and prisms with parallel 
light; the length from slit to achromatic lens 
can be carefully adjusted so that it is equal to 
the focal length of the lens. The slit is of adjust- 
able width, so that the amount of light admitted 
to the system can be varied; the spectral line is 
an image of the slit, so for accurate work the 
slit width should be reduced until the lines to 
be observed are just visible. The edges of the 
slits are usually knife edges and care must be 
taken not to touch them together, The source 
should be broad enough to illuminate the full 
width of the collimator lens evenly; sometimes 
a small prism enables light from a standard 
Source to be admitted to the bottom half of the 
slit so that the two spectra, which are formed 
above each other, can be compared. 

The function of the table is to support the 
grating or prism, and clamps are supplied to 
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(a) A spectrometer with transmission grating 


Reflection 
grating 


\ Zero order obeys 
law of reflection 


(6) Use of a reflection grating 


Fig. 8.15 


attach them to its top; it can rotate about a 
Vertical axis, and then be clamped in position. 
Levelling screws are provided so that the 
refracting edge of the prism, or the grating lines, 
are always parallel to the axis of rotation. 

The light due to one particular spectral line 
entering the telescope is parallel, as though 
from a distant line object, and the objective 
forms an image in its focal plane; there is also 
a set of crosswires in that plane. The intermedi- 
ate image, and the crosswires, are then viewed 
through a multiple lens eyepiece; for simplicity, 
Only one lens is shown in Fig. 8.15. The distance 
from eyepiece to crosswires is made equal to 


Crosswires in 
focal plane of 
objective and eyepiece 


-‘Eye-ring’ 


Eyepiece 


Prism 


(c) Use of a prism 


the eyepiece focal length, and the distance from 
crosswires to objective is adjusted to be equal 
to the focal length of the objective. 

Both the collimator and telescope can be 
rotated round the same vertical axis as the table, 
and their positions can be adjusted by fine 
screws. Once clamped, their angular positions 
are measured accurately with vernier scales. 

The optical system of an industrial spec- 
trometer will be the same in principle, but the 
detailed arrangement may be different. In 
chemical analysis, the substance being analysed 
must be made to emit or absorb radiation. Some 
methods of doing this are shown in Fig. 8.16. 
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Material to be analysed is placed within copper cathode. 
At low pressure discharge withdraws into cathode; 
material is vaporized and excited 


(a) Hollow cathode lamp 


Fig. 8.16 The production of industrial spectra, 


8.7 The camera 


In a camera a converging lens system forms a 
real, inverted image on light-sensitive emul- 
sion; the paper can subsequently be treated in 
such a way that a permanent image of the object 
is formed upon it. We will consider each optical 
component of the camera in turn, and then 
apply the particular problem of depth of focus 
to photography. 


Camera components 


As will be evident from any photograph, the 
field of view of a camera is large, frequently 
about 30°; this is very much larger, for instance, 
than the 1° field of view of a typical microscope. 
Thus, comparatively oblique rays must pass 
through the lens and this makes the reduction 
of aberrations more difficult. The cheaper type 
of fixed-focus camera usually has a convex 
meniscus lens, as shown in Fig. 8.17(a); this is 
stopped down so that only the central portion 
is used and quite good results can then be 
obtained. The shape of the lens reduces cur- 
vature of the field and use of the Stop reduces 
spherical aberrations; the aperture, or diameter, 
of the lens that is used is usually no more than 
one-eleventh of the focal length. Frequently a 
cemented doublet is used instead of a single 
meniscus lens to reduce chromatic aberrations. 
In more expensive cameras combinations of 


Tungsten e 
lead observation 


Gas under Aluminium 


electrode 


(b) Gas discharge tube 


lenses are used which are too complex to discuss 
here in detail; the Zeiss ‘Tessar’ system is shown 
in Fig. 8.17(b). 

The aperture of the lens is determined by an 
iris diaphragm, so that the amount of light 
entering the camera under different conditions 
may be controlled. This diaphragm can be seen 
in the early camera shown in Fig. 8.17(c); it 


consists of metal plates that slide over each 
other to reduce or enlarge the opening. Instead 
of measuring aperture as a distance, it is usual 
to use the relative aperture instead: 
; diameter of aperture 

relative aperture = — 1 

focal length 
The area of the aperture determines the amount 
of light entering the camera, and an increase 
in the focal length causes an increase in the size 
of the image; hence the relative aperture deter- 
mines the brightness of the image. When dis- 
cussing camera adjustments we often talk about 
the f-number, or stop-number: 


1 
relative aperture 
focal length 
~ diameter of aperture 
Thus an f-number of 2, written f/2, means 
that the aperture diameter is half the focal 


length; an f-number of 4 means that the aper- 
ture diameter is one-quarter the focal length. 


f-number = 


| 
| 
| 
| 
| 
k | 
Aperture 
v | 


(a) A neniscus lens 


| 
\ Í 


(b) Zeiss 


ar’ system 


Fig. 8.17 


For a lens of given focal length, the increase in 
f-number from 2 to 4 corresponds to a reduc- 
tion of the aperture diameter by a factor of 2, 
and of the aperture area by a factor of 4. The 
aperture area, controlling the amount of light 
entering the camera, is thus inversely propor- 
tional to the square of the f- number. 

‘ A sufficient choice of aperture-stops is pro- 
vided when successive stops change the aper- 
ture area by a factor of 2. The following table 
gives the appropriate values for f°, starting from 
4, and hence the full range of f-numbers avail- 
able on a good camera; some of the square 
Toots are approximations. 


adjustment 
to focus 
image 
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exposure-time 
adjustment 


33) 


aperture 
adjustment! 


(c) A Six-20 Kodak Junior camera 
dating from about 1935 


f 48 16 32 64 128 256 512 1024 
f 228 4-56 8 11 16 22 32 


< larger aperture higher f-number> 


The f-numbers available on the camera 
shown in Fig. 8.17(c) are marked under the 
lens. 

The time for which light enters the camera, 
or exposure time, is controlled by a shutter. This 
may be an iris diaphragm, like that used to 
control the aperture; in a multiple lens system 
it is placed between two lenses and can give 
exposure times as short as 1/500s. A more 
sophisticated system, the focal plane shutter, 
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Stop 


Film moved from 
image plane 


Object moved 


(b) Depth of field 
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==- 
|| 


< 


as a result of 
object moving 


fe =ø 


fe 
Equivalent focal length 


(c) Telephoto lens 
Fig. 8.18 


uses an opaque blind immediately in front of 
the film; when the picture is taken a slit, of 
variable width, in the blind moves across the 
film admitting light to each part of the film as 
it does so. Exposure times as short as 1/1000 s 
can be obtained by this method. 

To focus the image onto the film the lens can 
be moved backwards and forwards. Older 
cameras had the type of bellows slide shown in 
Fig. 8.17(c), but more modern cameras have a 
lens which can be screwed in and out. There 
are four ways in which the operator may be 


able to check that the object is in focus: 


(1) by estimating how far away it is and using 
figures marked on the lens casing; 

(2) by using a coupled range-finder which 
utilizes a ‘stereoscopic vision’ effect; 

(3) there may be a ground glass screen which 
can be inserted instead of the film, and 
on which the image can be observed. 
This is more common in large ‘plate 
cameras used by professional photogra- 
phers; 


(4) in a single lens reflex camera there is a 
mirror in front of the film, inclined at 45° 
to it, which reflects the image on to a 
viewfinder on top of the camera; the 
optical path to the viewfinder is identical 
hat to the film. When the shutter is 
the mirror is moved simul- 
isly out of the way. 


> from lens to film is always very 


near to the focal length, unless objects are very 
close indeed to the camera. 

Depth of focus 

The depth of focus of a camera is the distance 
the film can be moved without making the 
image on it indistinct. The depth of field is the 
distance that an object can be moved to or from 


without the image on the film 
idistinct; in practice this distance is 
also often referred to as the depth of focus. 
These distances are shown in Fig. 8.18. 

In both cases an extended image, A’B’ or 
X'Y' is formed on the screen; this will be a 
patch of light instead of a point. The diagrams 
show that if the lens is stopped down the size 
of these patches is reduced in proportion to the 
reduction in aperture. When a photograph is 
taken we frequently require objects at different 
distances from the camera to be in focus at the 
Same time; this is strictly speaking not possible, 
but if the lens is stopped down the blurring may 
not be noticeable. If the f-number is increased 
in this way, however, less light will enter the 
camera and the exposure will need to be longer; 
this may prove unsatisfactory if the object is 
Moving. Selecting the correct f-number for a 
Photograph is always a matter of compromise. 
' Finally we must ask what degree of blurring 
Is acceptable. We have seen, in Section 8.1, 
that the eye can resolve two objects if their 
angular separation is more than 1 minute of arc 
(3x10 rad). At a distance of 0.25m two 
objects on a photograph will have an angular 
Separation of 1 minute, if the distance between 
them, x, is given by: 


x =0.25x6 
=0.25x (3x 10-4) 
=7x10-5m 
=0.07 mm 
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Thus, as two objects 0.07 mm apart ona photo- 
graph can only just be resolved, blurring of up 
to this amount will be unnoticed by the eye. 
The resolution is also limited by the grain size 
in the film. 


Telephoto lenses 


When a convex lens forms a real image of a 
distant object the size of the image is propor- 
tional to the focal length, as the image is formed 
in the focal plane. Hence, for photographing 
distant objects, lenses of long focal lengths are 
required, which are cumbersome to use and 
require a long camera. 

A telephoto lens provides the same focal 
length but with a more compact arrangement, 
as shown in Fig. 8.18(c). The length of camera 
required is determined by the back focal length, 
but the equivalent focal length can bea great deal 
longer. Telephoto lenses are usually of fixed 
focal length and a variety of interchangeable 
telephoto lenses is required for maximum flexi- 
bility; nowadays, more complex zoom lenses 
are used instead. 

The telephoto magnification is defined as the 
ratio of equivalent focal length to back focal 
length. 
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Light, Waves and Matter 
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Light: waves or particles? 


9.1 The birth of 
geometrical optics 
In the next two chapters, we shall examine the 


way in which our understanding of the nature 
of light has developed over the years, and the 


experimental! basis for that knowledge. At the 
same time, there is a good Opportunity to see 
something of the methods of scientists, always 


testing existing theory against new facts, and 
always facing the possibility that one crucial 
experiment could challenge the basis of all their 


thinking to date. This chapter will look mainly 
at the wave—particle debate around the time of 
Newton, and its supposed resolution in the 
nineteenth century; in the next chapter, we shall 
discover that even as the debate seemed to be 
resolved, fresh facts re-opened the whole 
question. 


Although it is usual to think of the study of 
light as dating from the time of Newton, a great 
deal was in fact discovered by the ancient 
Greeks. Euclid, in the third century BC, used 
the angle law of reflection to construct theorems 
about mirrors. 

The fact that light rays change direction upon 
Passing from one medium to another had been 
noted even earlier than the time of Euclid, in 
this case by Aristotle in the fourth century BC. 
He observed that an oar placed partly in air 


Fig.9.1 The author reflects on waves. 


and partly in water appeared to be bent at the 
surface in a similar way to that shown in Fig. 9.1. 

The earliest quantitative study of refraction 
was undertaken in the first half of the second 
century AD by Ptolemy. In addition to stating 
the laws of reflection in the form in which we 
now know them, he also produced some well- 
documented experimental results on the refrac- 
tion of light. He graduated a circle by dividing 
it into 360 degrees and immersed it partly in 
water as shown in Fig. 9.2. He used two 


First marker Second marker 
s 


Air 


Water 


—Movable rod 


Fig. 9.2 Ptolemy's experiment to investigate refraction. 


markers; the first placed at a point on the cir- 
cumference, and the second at the centre of 
the circle. The movable rod was then adjusted 
so that it appeared to be in line with the two 
markers. He was then able to measure the 
angles ĝa and @,, shown in Fig. 9.2. His results 
are set out in Table 9.1: 


Table 9.1 
6,/degree 10 20 30 40 50 60 70 80 
6,,/degree 8 154 223 29 35 404 45} 50 


Ptolemy, Optics, Book V. 


Ptolemy apparently made little attempt to 
analyse the results and, in any event, his results 
were not accurate enough to give the law now 
accepted; he appeared satisfied with having 
obtained a series of readings. 
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The unnatural feature of the results quoted 
is that for equal changes in 0, the difference 
between values of @,, decrease by 3° each time. 
This seems rather contrived, being also com- 
pletely fallacious, and raises the interesting 
question as to whether the results were ‘fudged’ 
to give the numerical simplicity that was 
fashionable at the time! 

Further research on refraction was carried 
out by Alhazen, an eleventh century Arabian 
scholar who wrote Optical Thesaurus, a text 
which remained a standard work until the 
seventeenth century. He discovered that the 
ratio @a/Ow Was approximately constant for 
small angles of incidence. 

The laws of refraction, as we know them, are 
traditionally ascribed to Snell, but were prob- 
ably originally discovered experimentally by 
Hariot (1560-1621). He placed a prism ABC 
on a piece of paper with the face AB perpen- 
dicular to a line NOR drawn on the paper, as 
shown in Fig. 9.3. He looked along the line RO 
and placed a pin P in such a position that it 
appeared to be in line with RO. From his knowl- 
edge of the geometry of the prism, he could 
calculate the angles 6, and 8a. Repeating the 
experiment with prisms of different geometry, 
he was able to obtain a series of results and he 
found that: 


Fig. 9.3 Hariot’s experiment to investigate refraction. 


This result shows good agreement with modern 
determinations for most types of glass, which 
have refractive indices between 1.5 and 1.9, 
Willebrord Snell (1591-1626), who was 
Professor of Mathematics at Leiden, derived 
the same result in 1621, also from experimental 
results. Descartes, who re-stated and published 


the law in 1637, is responsible for attaching 
Snell’s name to it. His own derivation, however, 
was a theoretical one using the same ideas that 
Newton used later in his corpuscular theory. 


The Rainbow 


As early as the fourteenth century the rainbow 
was investigated in terms of multiple reflections 
and refractions of light. It was, however, 
Descartes in his treatise, Les Meteores, who 
provided an explanation for the position of the 
first and second bows; Fig. 9.4 shows an illustra- 
tion from this treatise which was published in 
1637 as a supplement to the Discours de la 
Methode. 

Although primarily a philosopher and 


mathematician, Descartes showed in his analy- 
sis of the problem a willingness both to observe 
and to experiment. Observing that a rainbow 
occurred whenever drops of water were illumi- 
nated by the sun, he concluded that it must be 


caused by the way in which the rays of light fell 
upon, and passed through, the drops. He also 
observed that the rainbow’s appearance did not 
depend upon the size of the raindrops, of which 
there were a great variety, and he therefore 
experimented with a large glass sphere filled 
with water. 

Descartes’ investigation of the glass sphere 
provided an explanation of the rainbow in terms 
of internal reflection within the raindrop, as 
shown in Fig. 9.4. He was unable to explain 
the formation of colours which, as Newton was 
later able to show, depend upon the variation 
in the refractive index of water for different 
colours of light. 


9.2 Fermat’s least-time 
principle 


Snell’s law provided physicists with a means of 
Predicting how light behaved when it passed 


from one medium to another, but it gave little 
indication as to why this relationship was 
Obeyed. We shall see later how this question 
can be related to the question of the nature of 
light, but here we take a brief look at a different 
approach developed by Fermat. 

Hero of Alexandra, who probably lived in 
the second century AD, originally advanced the 
hypothesis that light travels by that path which 
Involves the shortest distance. This hypothesis 
can be applied successfully to the problem of 
the reflection of light in a mirror, and thus the 
Statement that the angle of reflection is equal to 
the angle of incidence is equivalent to the state- 
ment that the light travels from P to Q via the 
Mirror in the shortest possible distance. It is easy 
to see that this result cannot be true in the case 
of refraction and, in about 1650, Fermat 
Modified Hero’s principle to say that light 
travels by the path involving the shortest time 
instead of the shortest distance. 

If We are to consider the time taken for a ray 
of light to pass from one point to another, we 
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must make allowance for the medium through 
which the light passes as we have seen, for 
example, that light travels more slowly in glass 
than in air. 

Now, although the shortest time between two 
points on a plane situated in one medium must 
necessarily be that for a straight line path, this 
is not the case where two media are involved. 
If you are standing near the bank of a lake and 
someone is drowning in the water a little way 
out from the shore much further down the lake, 
you will not, or should not, swim in a straight 
line from where you are to the drowning person. 
Instead, you should run along the bank until 
you are almost opposite him and then swim 
out, since you swim much more slowly than you 
Tun. 

In the same way, light will travel further in 
the less dense medium, than it would on a 
‘straight line route’, in order to travel less far 
in the more dense medium. 

A number of consequences follow from this 
principle. First, we can justify the principle of 
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reversibility. If a path takes the least time in 
one direction, then it will take the least time in 
the opposite direction also. 

Second, we have seen in a lens system how 
all rays from an object striking a lens surface 
will pass through one image point; there are 
thus a number of possible paths from object to 
image. Fermat’s principle suggests, and lens 
theory confirms, that this can only happen if 
the time taken along all paths is the same; this 
fact can be used to design lens systems. 

Third, it should be pointed out that in some 
optical systems the path followed is that corres- 
ponding to a maximum, rather than a minimum, 
time; it is better to say that paths immediately 
adjacent to the correct one will have almost 
identical times. 

In conclusion, Fermat’s principle requires 
that light travels more slowly in glass than in 
air, and this prediction was to be of great 
importance in the development of optics. 


Q 91 

A pin is placed 5 cm from the side of a parallel- 
sided glass block of thickness 10 cm and of 
refractive index 1.5. A ray of light makes an angle 
of incidence of 60° with the first side and passes 
through the block to a second pin, placed 5 cm 
from the other side of the block. Calculate: 


(a) the optical path for this ray; 

(b) the time taken for a light ray to pass between 
the two pins; 

(c) the optical path in a straight line from one pin 
to the other; 

(d) the time a ray would take to traverse this 
path. Note that this time is greater than for 
the actual path in (b). 


Take the velocity of light in air to be 3x10°ms™', 


9.3 The transmission of light 


In about 1650, whilst carrying out his 
researches into the nature of vacua, Torricelli 
observed that light could be transmitted without 
a material medium. Aristotle, in the fourth cen- 
tury BC, had also rejected atomism, holding 
that light is not made up of particles but is some 
kind of action occurring in a transparent 
medium filling space. The question of the nature 
of light and the ‘nature of the medium’ in a 
vacuum was to remain in the minds of physicists 


until it led finally, through the Michelson- 
Morley experiment, to the theory of relativity, 

It was seen, even in the seventeenth century, 
that the investigation of the speed of light was 
an important issue and the first problem was 
whether it had a finite speed or whether light 
travelled instantaneously. Galileo, in his book, 
Two New Sciences (1638) stated that ‘any 
theory of light must take into account whether 
light travels with finite or infinite speed’ and 
went on to suggest a means of establishing 
which of these was true; 


‘I devised a method by which one might accurately 
ascertain whether illumination, i.e. the propagation of 
light, is really instantaneous, The fact that the speed of 
sound is as high as it is, assures us that the motion of 
light cannot fail to be extraordinarily swift... , Let each 
of two persons take a light contained in a lantern, or 
other receptable, such that by the inte rposition of the 
hand, the one can shut off or admit the light to the vision 


of the other. Next, let them stand opposite each other 
at a distance of a few cubits and practise until they 


acquire such skill in uncovering and occ ulting their light 
that the instant one sees the light of his companion he 
will uncover his own. After a few trials the response will 
be so prompt that without sensible error the uncovering 


of one light is immediately followed by the uncovering 
of the other, Having acquired skill at this short distance, 
let the two experimenters, equipped as before, take up 
Positions separated by a distance of two or three miles 
and let them perform the same experiment at night, 
noting carefully whether the exposures and occultations 
Occur in the same manner as at short distances: if they 
do, we may safely conclude that the propagation of light 
is instantaneous; but if time is required at a distance of 
three miles which, considering the going of one light 
and the coming of the other, really amounts to six, then 
the delay ought to be easily observable. ... In fact, I 
have tried the experiment only at a short distance, less 
than a mile, from which I have not been able to ascertain 
with certainty whether the appearance of the opposite 
light was instantaneous or not, but if not instantaneous, 
it is extraordinarily rapid.’ 


Unfortunately Galileo’s experiment could 
only show that the velocity was either infinite 
or very large, for the accuracy was clearly not 
great enough to enable a measurement to be 
made, 


Q 9.2 
How long does a ray of light take to travel 6 miles 
(9.5 km)? 


The first piece of evidence on the matter was 
put forward in 1676 by the Danish astronomer 
Olaf Roemer. His method was based on the 


observation of the first satellite of Jupiter, and 
is shown in Fig. 9.5. 

The sun, S, sends out light in all directions, 
some of it towards Jupiter, J. The first satellite 
of Jupiter, whose orbit is marked, passes into 
Jupiter's shadow at X and emerges at Y. The 
earth’s orbit is marked and points A, B, C, D, 
E and F lie on it. Roemer measured the period 
of the orbit of the satellite by observing the 
time between successive disappearances at X, 
from points such as B and C, and by observing 
successive reappearances at Y, from points such 
as E and F 

Suppose that when the earth is at the point 
B, Jupiter's moon is just disappearing into 
shadow and suppose that the satellite next dis- 


appears about 425 hours later, when the earth 
is at C. Now, if the velocity of light is finite, 
YX 
Motion of 
Jupiter 
satellite 
l \ (This diagram is 
/ \ not to scale) 
Motion 
of 
earth 


A 


Fig. 9.5 Roemer’s measurement of the velocity of light. 
Figure adapted from Huygens’ (1678) Treatise on Light 
(reprinted by Dover). 


The transmission of light 239 


the time taken for the earth to travel from B 
to C is not exactly equal to the time taken for 
One revolution of the satellite; because the earth 
is further from Jupiter when it is at B, the 
observed time lapse will be decreased by the 
time taken for light to travel from C to B. 

Similarly, let E be a point from where the 
satellite is seen to emerge from shadow and F 
the point where this is next observed. Then the 
time lapse between E and F will be more than 
the period of the orbit by the time taken for 
light to travel from E to F. Thus the evidence 
for the finite velocity of light would be provided 
if the period measured when the earth was 
moving away from Jupiter was greater than that 
measured when it was moving towards it. 

When Roemer first analysed his results on 
the lines described above, he found no such 
difference, suggesting that the velocity of light 
was infinite. However, he improved the 
accuracy of his observations by allowing the 
satellite to carry out 40 revolutions between 
the observations at B and C, E and F. This gave 
an observable time difference from which he 
was able to calculate that light would take 22 
minutes to travel right across the diameter of 
the earth’s orbit from D to A. 

Roemer’s work, carried out while he was 
resident in Paris, was mainly based on observa- 
tions at the Royal Academy in Paris, of which 
he was a member. Given that the diameter of 
the earth’s orbit is roughly 2 x 150 million km, 
we can calculate the velocity of light from his 
data. 


300 x 10° km 
22 min 

_3x10''m 

~~ 1320s 

=2.3x108 ms! 


Velocity = 


: 8 -1 
The modern value is close to 3 x 10% m s` —a 


considerable tribute to Roemer’s work. 

It was to be almost 200 years before tech- 
niques for the accurate measurement of the 
velocity of light would be developed, but in the 
meantime Roemer’s work showed beyond 
doubt that it was finite but very high. This also 
explained why earlier attempts to measure it 
using light signals flashed between hills had 
been unsuccessful. 
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9.4 Early evidence for 
a wave theory 


From what has been said so far, it would appear 
that by the middle of the seventeenth century, 
optics had been reduced to a fairly well 
documented subject. It was known that light 
travelled in straight lines at high speed until it 
encountered a different medium. It could then 
be reflected or refracted and laws had been 
produced to predict the precise behaviour in 
both cases. In addition, Fermat had produced 
a theory which predicted both these laws and 
other phenomena. The development of the sub- 
ject hereafter should have been a case of merely 
applying these laws and principles to the rel- 
evant practical problems. 

It was in 1669 that Bartholinus, looking 
through a calcite crystal, observed two images 
instead of one. Calcite is a form of calcium 
carbonate sometimes called Iceland spar and 
the phenomenon is known as double refraction. 
As explained in Section 7.7, the rays forming 
one image lie in the plane of incidence and obey 
Snell’s law whilst the rays forming the other 
image do not. Clearly these observations could 
not be explained by the simple ‘ray treatment’ 
of light that we have discussed so far, 

Some doubt had, in fact, already been 
expressed about this simple ray picture. 
Grimaldi, who had been Professor of Mathe- 
matics at Bologna and was an ardent 
experimenter, had carried out some interesting 
light experiments which appeared in his book 
Physico-mathesis de Luine, Coloribus et Iride, 
published posthumously in 1665. 

Grimaldi examined the sharpness of 
shadows, using a hole in a blind as his source 
of light. He observed that as the source was 
made smaller, so the shadow became sharper, 
as a ray picture would predict; however, if the 
process was continued until the source was 
minute, the shadow became diffuse again. He 
also noticed that very small obstacles gave 
shadows that had fringes. We now call this 
phenomenon ‘diffraction’ and it was discussed 
in detail in Section 7.5, 

These experiments showed that the simple 
picture of absolutely straight light Tays was 
inadequate. There must be circumstances other 

than those of simple reflection and refraction, 


where light can change its direction of travel, 


The peculiar significance of Grimaldi's experi- 
ments is that the change in direction occurred 
whilst travelling in one medium and not at an 


interface between two media. 
Grimaldi observed that the effects which he 


had described occurred only when the hole or 
obstacle was itself extremely small. He thought 
that diffraction implied a periodic quality in 
light, rather similar to that seen in water waves. 


Robert Hooke, who re-discovered diffraction 
in 1672, was to write that light spreads out from 
a source ‘like the rings of waves on surface 
of the water’. 


9.5 Colour and the spectrum 


As has been explained earlier, the rainbow had 
provided early evidence that coloured light 
could be produced from white light. However, 
although Descartes had shown how the position 
of rainbows could be explained, no satisfactory 
theory of their colour could be formulated. 
Newton, who was to perform conclusive 
experiments on this subject, became interested 
in it when he attempted to construct an astro- 
nomical telescope as an undergraduate. He 


found that the main image was surrounded by 
a coloured border and it was perhaps in an 
attempt to solve this problem that he set out 
to investigate colour. 

To do this, he bought a prism at Stourbridge 
Fair in 1666 with which he carried out the 
following series of experiments shown in 
Fig. 9.6. The extract is quoted from his paper, 
‘A New Theory About Light and Colours’ pub- 
lished in Philosophical Transactions of the Royal 
Society, February 1672: 


‘In the year 1666 (at which time I applied myself to the 
grinding of optic glasses of other figures than spherical). 
I procured me a triangular glass prism, to try therewith 
the celebrated phenomena of colours. And in order 
thereto, having darkened my chamber, and made a small 
hole in my window-shuts, to let in a convenient quantity 
of the sun’s light, I placed my prism at its entrance, that 
it might be thereby refracted to the opposite wall. It was 
at first a very pleasing divertisement, to view the vivid 
and intense colours produced thereby; [Fig. 9.6(a)]..-- 
Then I suspected, whether by an unevenness in the glass 
or other contingent irregularity, these colours might be 
thus dilated. And to try this, I took another prism like 
the former, and so placed it, that the light passing 
through them both might be refracted contrary ways 
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Blue Spectrum 


White light 


(b)Second prism can convert spectrum back into white light 


a Prism rotated so that different 
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First prism produces Slit to 


a spectrum select a Deviation of 
colour selected colour 
measured at 
(c) Experimentum crucis second prism 
Fig. 9.6 
and so by the latter returned into that course from which 


the former had diverted it. For by this means I thought 
the regular effects of the first prism would be destroyed 
by the second prism, but the irregular ones more aug- 
mented, by the multiplicity of refractions. The event 
Was that the light, which by the first prism was diffused 
into an oblong form, was by the second reduced into an 
orbicular one, with as much regularity as when it did 
Not at all pass through them [Fig. 9.6(6)].... The gradual 
Temoval of these suspicions at length led me to the 
Experimentum Crucis, which was this: I took two boards 
and placed one of them close behind the prism at the 
window, so that the light might pass through a small 
hole, made in it for the purpose, and fall on the other 
board, which I placed at about 12 feet distance, having 
first made a small hole in it also, for some of the incident 
light to pass through. Then I placed another prism behind 
this second board, so that the light trajected through 
both the boards might pass through that also, and be 
“gain refracted before it arrived at the wall. This done, 
I took the first Prism in my hand, and turned it to and 
fro slowly about its axis, so much as to make the several 
Parts of the image cast, on the second board, successively 
Pass through the hole in it, that I might observe to what 
Places on the wall the second prism would refract them. 
And I saw by the variation of those places, that the light, 
tending to that end of the image, towards which the 
refraction of the first prism was made, did in the second 
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prism suffer a refraction considerably greater than the 
light tending to the other end. And so the true cause of 
the length of that image was detected to be no other 
than that light is not similar or homogenial, but consists 
of Difform Rays, some of which are more Refrangible 
than others; and therefore that, according to their par- 
ticular Degrees of Refrangibility, they were transmitted 
through the prism to divers parts of the Opposite wall 
(Fig. 9.6(c)]. 


In the first experiment, Newton showed that 
a beam of light passed through a prism, pro- 
duces an elongated patch of light, varying in 
colour from red to blue, which he termed a 
Spectrum (Fig. 9.6(a)). 

To test whether the colours arose through 
any unevenness in the glass, he passed the 
coloured light through a second identical prism, 
arranged as shown in Fig. 9.6(b). If the mere 
presence of the prism were responsible, then 
the effect would be increased by the second 
prism. Instead, the coloured light was combined 
together to produce white light again, suggest- 
ing that the colours are not ‘added’ by the prism 
but are part of the white light to begin with. 

To test his hypothesis that white light consists 
of a mixture of different colours of light each 
of which is refracted differently by the prism, 
Newton performed his ‘experimentum crucis’ 
shown in Fig. 9.6(c). Using the first prism to 
produce rays of light of different colours and 
placing the slit so as to select one particular 
colour, he then examined the refraction of 
coloured light by the second prism. He found 
that, in fact, the blue light was deviated through 
a larger angle than the red and he therefore 
concluded that: 


‘light consists of Difform rays, some of which are more 
Refrangible than others’. 


We would say that glass has different refrac- 
tive indices for different colours and that the 
angle of deviation caused by a prism depends 
on the refractive index. Detailed results, based 
on the geometry of the prism, have been dis- 
cussed earlier in Chapter 6, but we are here 
concerned mainly with Newton’s contribution 
to the understanding of the nature of light. 

Although Newton’s work was to be of great 
importance in the development of optics, it was 
at first badly received and strongly criticized. 
Robert Hooke, in particular, who was Secretary 
of the Royal Society, argued that light consisted 
of waves in an aether and that colours arose 
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when the light was refracted at an angle to the 
‘direction of thrust’ of the aether particles. His 
caustic criticism and the ensuing debate caused 
Newton to delay publication of his greatest 
optical work, Opticks, until 1704, the year after 
Hooke’s death. 

Unlike Hooke, Newton believed in a corpus- 
cular theory of light in which a ray consisted of 
a stream of minute particles, capable of 
reflection and refraction, which produced 
images by their action on the retina. Reflection 


(a) A time exposure of a ball being reflected from a 
steel plate. The angle of reflection equals the angle 
of incidence 


va SiN Og 


Vg COS Og 


(c) The geometry of refraction 


Fig. 9.7 The corpuscular model of reflection and refraction. 


was viewed in terms of balls bouncing off a table, 
as shown in Fig. 9.7(a). It is easy to show, if 
the collision is elastic, both that the speed of 


the particles is constant and that the ingles of 
incidence and reflection are equal. 


(b) A time exposure of a ball bearing rolling from a 
higher to a lower surface. The change in direction 
of the ball shows “refraction” 


Va Sin O; 


Newton explained refraction by arguing that 
the corpuscles travelled more quickly in glass 
than in air, being attracted into the glass surface 
as they travelled towards it. He assumed that 
the component of velocity parallel to the surface 
remained unchanged; again, an analogue using 
rolling balls is shown in Fig. 9.7. From Fig. 
9.7(c), it can be seen that: 

Va sin 6, = Vg sin 8, 

si Oa — Ue T 

sin Ôg UVa 
Since 0, > 0,, Newton predicted that the veloc- 
ity of light in glass was greater than that in air. 
As we shall see in the next section, the rival 
wave theory of light made just the opposite 
prediction. 

The formation of a spectrum can be explained 
by requiring light of different colours to have 
different velocities in glass, though it is interest- 
ing to note that Newton had to allow for a 
periodic character in light to identify the 
different colours: 


‘If by any means those [vibrations] of unequal bigness 
[wavelength] be separated from one another, the largest 
beget a sensation of a Red colour, the least or shortest 
adeep Violet, and the intermediate ones, of intermediate 
colours; much after the manner that bodies, according 
to their several sizes, shapes and motions, excite vibra- 
tions in the Air of various bignesses, which according 
to those bignesses, make several Tones in Sound.’ 

$ Words in square brackets are not original. 


Newton (1704) Opticks 


9.6 Huygens’ wave theory 


We have already described how Newton 
ascribed the properties of light to a corpuscular 
theory, and how he was able to use this theory 
to explain phenomena such as reflection and 
refraction. In this section, we shall see how 
another school of thought, led by the Dutch 
Scientist Christian Huygens, attributed the 
behaviour of light not to a corpuscular theory, 
but to a wave theory. 

Huygens, observing that sound spread out 
from a source like water waves, believed it to 
Consist of some sort of wave motion; he also 
believed that it was caused by the oscillation of 
the surface of the source, and transmitted by 
Collisions between the ‘small bodies’ in air. 
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In 1665, Hooke had argued that light, too, 
spread out ‘like the rings of waves on the surface 
of the sea’. Huygens also observed the parallel 
between the behaviour of light and the 
behaviour of sound and water, and he therefore 
set forth a new wave theory in his Treatise on 
Light. This was presented to the French 
Academy of Science in 1678, but not published 
until 1690. 

He discussed two phenomena which seemed 
to him to be in contradiction with Newton’s 
corpuscular theory. These were, firstly, that 
light has a high but finite velocity and, secondly, 
that two light rays can pass through each other 
without alteration. He argued that corpuscles 
would be unable to travel fast enough to fit in 
with Roemer’s then recent measurement of the 
velocity of light, and that they would collide 
when two beams crossed. 

He also assumed that the transmission of light 
must consist of the motion of some kind of 
matter, for it was given out by hot bodies which 
must themselves contain moving particles, For: 


‘this is assuredly the mark of motion, at least in the true 
Philosophy, in which one conceives the causes of all 
natural effects in terms of mechanical motion.’ 


Huygens (1690) Treatise on Light 


Thus light, like sound, consisted of wave-like 
motions in a medium, emitted by the vibrations 
of particles in the source. Huygens could see 
that the vibrations must be much more violent 
for the emission of light than for the emission 
of sound. He also knew that Torricelli had 
shown that light could pass through a vacuum 
which raised the difficult question as to the 
nature of the medium through which the light 
was passing. 

Huygens termed this medium the aether. He 
discussed the way in which a row of hard steel 
balls, placed so as to touch each other, will 
transmit an impact from a ball hitting one end, 
with the result that the ball at the other end 
will move; this behaviour is today familiar in a 
toy device known as a ‘Newton’s cradle’. 
Huygens reasoned that this motion depended 
upon the balls yielding elastically to a collision 
and that the impact was not transmitted 
instantaneously. He assumed that the speed 
of transmission depended only upon the 
elasticity of the balls and not upon the size of 
the impact. 
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He supposed the aether to consist of particles, 
presumably massless, which were very hard and 
very elastic. The transmission of light through 
the aether involved the motion and collision of 
aether particles, and their high elasticity 
accounted for the high value of the velocity of 
light. As the elasticity is constant throughout 
the aether, the velocity of light is a constant 
and does not decrease as the distance from the 
source increases. It was not, in fact, necessary 
either for the particles to be in straight lines, 
or for them to be stationary, for their motion 
due to the passage of light was merely superim- 
posed upon their ordinary motion. 

Huygens suggested that each point ona body 
acts as a source of spherical waves, and is at 
their centre. Thus, point A in Fig. 9.8 is seen 
to be giving out spherical waves. As should be 
clear from the above discussion, these were 
assumed to be longitudinal waves rather than 
transverse and were not thought to be gener- 
ated regularly. Thus the equally spaced semi- 
circles do not represent different waves sent out 
at regular intervals all viewed at the same time, 
but rather the same wave viewed at different, 
regularly spaced, time intervals. We would now 
refer to one of these semicircles as a wavefront, 
being defined as a line along which all the 
particles are in phase. 


Fig. 9.8 Wavefronts given out by a candle. Huygens 
(1678) Treatise on Light (reprinted by Dover). 


Each point on the flame is acting as a source 
of waves and thus points B and C are also at 
the centre of spherical wave patterns, These 
waves spread out into the same space that is 
affected by the waves from A. Thus one par- 
ticular aether particle will be affected by many 
wave motions all at the same time through 
impacts from all the other particles around it, 
Huygens did not see this as a problem: 


‘it being certain that one and the same particle of matter 
can serve for many waves coming from different sides 
or even from contrary directions, not only if it is struck 
by blows which follow one another closely but even for 


those which act on it at the same instant 
Huygens (1690) Treatise on Light 


In the same way, a ball bearing receiving a 
number of simultaneous impacts from other 
ball bearings will accelerate according to the 
resultant of those impacts. This is probably the 
earliest statement of the Principle of Super- 
position, though it was not seen as such at the 
time, 

Now, the particle motion that is caused by 
the arrival of a wave at a point will affect not 
only the next particle in a line leading away 
from the source, but also all the other particles 
that touch it. Thus, each point on a wave 
disturbs the medium all around it and acts as 
a secondary source of waves; this is the first 
postulate of Huygens’ Principle. The second 
Postulate is that the envelope of all these secon- 
dary wavelets at a later time gives the new 
Position of the wave. In Chapter 3, we saw that 
this construction could help us to understand 
phenomena such as the rectilinear propagation 
of light, refraction and diffraction; it is also used 
in the theory of double refraction. 

Huygens’ treatment of refraction depended 
upon light having a lower velocity in glass than 
inair, and he did attempt to provide an explana- 
tion for this, although experimental techniques 
were not good enough at that time to provide 
a direct measurement: 


‘and, moreover, one may believe that the progression 
of these waves Ought to be a little slower in the interior 
of bodies, by reason of the small detours which the same 
(i.e. body) particles cause. In which different velocity of 
light I shall show the cause of refraction to consist’. 


Huygens (1690) Treatise on Light 


9.7 Newton’s Opticks 


ady explained that Newton and 
believed in a corpuscular theory 
of light reas Huygens and his school 
believed that light was an irregular, longitudinal 
wave motion. Both theories could be applied 
to the phenomenon of refraction but with 
exactly opposite predictions; the corpuscular 
theory predicted that light would travel more 
quickly in glass than in air, whilst the wave 
theory predicted that it would travel more 
slowly. Unfortunately, the velocity of light 
being very large, it was almost two hundred 


years before experimental techniques had 
advanced sufficiently to enable this to be used 
as a test of the two theories. In the meantime, 


the greater influence of Newton amongst men 
of science enabled his views to become gen- 
erally accepted despite the fact that, to our eyes 
at least, the weight of evidence came down in 
favour of Huygens. 


Q 93 

Newton thought that the velocity of light in glass 
was 1.5 times larger than in air; Huygens thought 
that the velocity in air was 1.5 times larger than in 
glass. The velocity in air was known to be about 
3x 10°ms~'. What would need to be the length of 
the apparatus to observe a predicted difference 
between the time in glass and the time in air of 
9.18 according to Huygens’ theory? What would 
be the predicted time difference according to 
Newton’s theory for the same length experiment? 


Newton was not, however, without his critics. 
Hooke was one of his most bitter opponents 
and, as has already been pointed out, Newton 
delayed the publication of Opticks until after 
Hooke’s death. We have also seen, in Section 
9.5, that Newton had to allow that the cor- 
Puscles produced waves in the aether in order 
to explain the phenomenon of colour. He was 
Not without his doubts, which he expressed in 
a letter written to Hooke: 


‘Tis true, that from my theory I argue the corporcity of 
light; but I do it without any absolute positiveness . . . I 
know, that the properties, which I declar'd of light, were 


in some measure capable of being explicated not only 
by that but by many other mechanical hypotheses’, 


Newton (1672) 
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On the other hand, he was unable to 
completely accept a wave theory either, for he 
was concerned that there was little evidence to 
show that light could go round corners, In the 
following quotation from Opticks, he used the 
word ‘motion’ to mean ‘wave’: 


‘Are not all Hypotheses erroneous, in which Light is 
supposed to consist in Pressure, or Motion, propagated 
through a fluid Medium? . . . And if it consisted in Press- 
ure or Motion, propagated either in an instant or in 
time, it would bend into a Shadow. For Pressure or 
Motion cannot be propagated in a Fluid in right Lines, 
beyond an Obstacle which stops part of the Motion, but 
will bend and spread every way into the quiescent 
Medium which lies beyond the Obstacle. ... The Waves 
on the Surface of stagnating Water, passing by the sides 
of a broad Obstacle which stops part of them, bend 
afterwards and dilate themselves gradually into the quiet 
Water behind the Obstacle. . . , But Light is never known 
to follow crooked Passages nor to bend into the Shadow. 
The Rays which pass very near to the edges of any Body 
are bent a little by the action of the Body, as we shew’d 
above; but this bending is not towards, but from the 
Shadow, and is perform’d only in the passage of the Ray 
by the Body, and at a very small distance from it. So 
soon as the Ray is past the Body, it goes right on’. 


Newton (1704) Opticks 


It is interesting to note that even in the above 
passage, where Newton cites a lack of evidence 
for the bending of light round obstacles as an 
argument against the wave theory, he admits 
that the effect is present but in small degree. 
He was aware of diffraction but at the same 
time was worried that it was not an obvious 
enough effect. The clue in fact lies in the phrase 
‘a very small distance’, for what Newton just 
failed to put his finger on was that this is a small 
effect visible only when the obstacle, or slit, is 
very small. Water waves, of wavelength several 
feet, display the phenomenon around objects 
that are the same order of size as their 
wavelength; most objects or slits are many 
orders of magnitude larger than the wavelength 
of light. 

Even so, it seems likely that others read into 
Newton’s reluctance to accept the wave theory 
more than he intended. Certainly it was not 
until the beginning of the nineteenth century 
that the corpuscular theory was to be seriously 
questioned, and the intervening lack of interest 
suggests that most physicists believed that 
Newton’s theory was the key to optics. 

Newton himself was less sure. The last section 
of Opticks is devoted to a series of thirty-one 
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questions such as that quoted above; many of 
these revealed his own doubts about the inabil- 
ity of the corpuscular theory to explain the facts 
before him. Despite the awe in which he was 
widely held, he wrote towards the end of his life: 


‘I do not know what I may appear to the world; but 
to myself I seem to have been only like a boy, playing 
on the seashore and diverting myself in now and then 
finding a smoother pebble or a prettier shell than 
ordinary, while the great ocean of truth lay all undis- 
covered before me’, 


Newton (1727). 


9.8 Young and Fresnel 


There were few developments in the theory of 
light between the publication of Opticks in 1704 
and the beginning of the nineteenth century. 
Despite some criticism of his experimental 
methods by German philosophers such as 
Hegel, Newton’s authority was such that his 
corpuscular theory was widely accepted, and 
the crucial test of comparing the velocities of 
light in glass and air was not yet technically 
possible. The debate about the nature of light 
was not re-opened until another great scientist, 
with a breadth of interest almost as wide as 
Newton’s, turned his attention to the problem. 

Thomas Young was born in Somerset in 1773 
and as a schoolboy showed exceptional talents. 
By the age of fourteen he could speak a wide 
variety of classical and modern languages and 
he was later to be a pioneer in the interpretation 
of Egyptian hieroglyphs. His many authorita- 
tive contributions to the Encyclopedia Britan- 
nica included articles on Annuities, Carpentry, 
Egypt, Road Making and Tides; his epitaph in 
Westminster Abbey reads ‘a man alike eminent 
in almost every department of human learning’. 

At the age of nineteen, he went to London 
to study medicine and his early research was 
into the mechanism of the eye and the nature 
of colour. His PhD was awarded for work on 
the human voice and initiated his interest in 
the physics of sound waves. Newton had applied 
the idea of the interference of waves to the 
explanation of tides but, as we have seen, had 
not extended the idea to the study of light. 
Young based many of his ideas on observations 
of waves on a lake and revived the hypothesis 
that light was a wave motion. He believed that 


if light consisted of particles, they would be 
likely to be given out at a range of speeds and 
hence would not form a well-defined image; 
however, he knew that the velocity of a wave 
was a property of the medium and hence that 
all waves from the source travelled at the same 
speed. 

Newton had observed that when white light 
was reflected from a thin film, coloured patterns 
were often formed; these patterns are familiar 
to us in soap bubbles, or films of oil on the 
toad. He examined the effect in some detail by 
placing a lens ona reflecting surface and observ- 
ing the concentric series of coloured rings that 
is formed; we now refer to these as Newton’s 
rings and they were discussed in detail in 
Section 7.4. He discovered the relationship 
between the colour of the light reflected at a 
point and the thickness of the air film there and 
Suggested that the corpuscles of light, when they 
passed through the bottom surface of the glass, 
excited vibrations in the air film. He believed 
that these vibrations reached the glass block 
before the corpuscle and excited it into ‘fits’ of 
easy reflection which alternated with ‘fits’ of 
easy transmission; whether a bright ring would 
be reflected would depend on the ‘fit’ of the 
glass when the corpuscle arrived, and this would 
depend in turn upon the thickness of the film. 
The theory is unsatisfactory mainly because the 
mechanism is invented only to explain this 
phenomenon and is of no relevance elsewhere. 

Young observed the superposition of waves 
Occurring on lakes and realised that the resul- 
tant effect depended on the phase difference 
between the waves. In the arrangement to 
observe Newton’s rings, some of the light is 
reflected at the lower surface of the lens and 
some at the upper surface of the glass block; 
the phase difference between these two rays 
will give rise to the coloured rings as explained 
in Section 7.4, 

Young also showed that interference patterns 
could be formed when light from two slits super- 
posed on a screen. The theory of his double-slit 
experiment has already been given for waves 
in general, in Section 4.4; and it was applied 
to the interference of light in Section 7.2. The 
original description of how he used this experi- 
ment to obtain an estimate of the wavelength 
of light is given in this extract from a paper 
read to the Royal Society; modern experiments 
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would give a mean wavelength of about one 
46-thousandth of an inch, and a frequency of 
about 540 x 10'* Hz: 


Newton knew that light spreads into a 
shadow, blurring its edge and demonstrating a 
slight deviation from rectilinear propagation. 


‘Supposing the light of any given colour to consist of 
undulations, of a given breadth, or of a given frequency, 
it follows that these undulations must be liable to those 
effects which we have already examined in the case of 
the waves of water, and the pulses of sound. It has been 
shown that two equal series of waves, proceeding from 
centres near each other, may be seen to destroy each 
other's effects at certain points, and at other points to 
redouble them We are now to apply the same 
principles to the alternate union and extinction of 
colours. 

In order that the effects of two Portions of light may 
be thus combined, it is necessary that they be derived 
from the same origin, and that they arrive at the same 
point by different paths, in directions not much deviating 


from each other . . . the simplest case appears to be, when 
a beam of homogeneous light falls on a screen in which 
there are two very small holes or slits, which may be 
considered as centres of diver: ce, from whence the 
light is diffracted in every direction. In this case, when 
the two newly formed beams are received on a surface 
Placed so as to intercept them, their light is divided by 


dark stripes into portions ne ly equal.... The middle 
of the two portions is always light, and the bright stripes 
on each side are at such distances, that the light, coming 
to them from one of the apertures, must have passed 
through a longer space than that which comes from the 
other, by an interval which is equal to the breadth of 
One, two, three, or more of the supposed undulations, 
while the intervening dark spaces correspond to a 
difference of half a supposed undulation, of one and a 
half, of two and a half, or more. 

From a comparison of various experiments, it appears 
that the breadth of the undulations constituting the 
extreme red light must be supposed to be, in air, about 
One 36 thousandth of an inch, and those of the extreme 
violet about one 60 thousandth; the mean of the whole 
Spectrum, with respect to the intensity of light, being 
about one 45 thousandth. From these dimensions it 
follows, calculating upon the known velocity of light, 
that almost 500 millions of millions of the slowest of 
Such undulations must enter the eye in a single second. 


(1803) Philosophical Transactions of the Royal Society 


In his Paper Young also discussed the 
Observations of diffraction seen by Grimaldi. It 
NOW seems Surprising that his work was received 
at first with a great deal of scepticism and hos- 
tility. Support for Young came in 1815 from 
Fresnel, who made similar proposals about the 


In Section 9.4 we discussed the work carried 
out on this effect by Grimaldi, and in Fig. 9.9 
we see a modern photograph showing the alter- 
nate dark and bright lines occurring in the 
shadow of a pinhead. Fresnel wrote several 
Papers on diffraction and in 1818 he won a 
prize offered by the French Academy for the 
best discussion to date. 

Ironically the widespread acceptance of the 
wave theory came about because of the opposi- 
tion of Poisson, who was one of the judges in 
the French Academy competition. He proved, 
using Fresnel’s equations, that at the centre of 
a circular shadow, there should be a small bright 
spot; this was clearly absurd and the theory 
must be wrong. Fortunately Fresnel was an 
experimental physicist as well as a 
mathematician and he arranged to test this pre- 
diction by experiment. A modern photograph 
is shown in Fig. 9.10 and we see that both 
Fresnel and Poisson were right! 

Thus, support for the corpuscular theory 
began to crumble and it was no surprise when, 
in 1850, Fizeau and Foucault found that the 
velocity of light in water was indeed less than 
in air; Foucalt’s method is described in the next 
section. 

It is important to make some distinctions 
between Huygens’ wave theory and that of 
Young. Huygens had imagined light to consist 
of isolated longitudinal pulses whereas Young 
and Fresnel regarded it as a periodic transverse 


nature of light, based on his independent study 
of diffraction. Fresnel was a French bridge and 
road engineer who worked on optics in his spare 
time; his lens system designed for lighthouses 
1S still in use today. 


Fig. 9.9 Diffraction fringes formed in the shadow of a 
pin-head. 


(Photograph by courtesy of Griffin & George) 
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Fig. 9.10 Poisson’s spot. 


wave motion; this arose from their understand- 
ing of double refraction and of polarization. 

In 1817, Young proposed that light waves 
must be asymmetrical about their direction of 
propagation, and therefore be transverse rather 
than longitudinal. However, this raised a new 
problem because transverse waves had only 
previously been observed in solid media which 
offered resistance to twisting; liquids and gases 
transmit only longitudinal waves. Thus ‘space’, 
which transmits light, must be a ‘solid’ and the 
aether (ether) is seen to be a transparent, solid, 
all-pervading substance. It was known that the 
velocity of both transverse and longitudinal 
waves in a solid was given by equations of the 
form c = V(E/p), as shown in Section 2.5; since 
the velocity of light is very high, it follows by 
analogy that the aether must be of high elasticity 
and low density. The elasticity, for instance, 
must be higher than that of steel, 

We have seen already, in Chapter 7, and will 
see again in Chapter 10, that light is now 
thought of as an electromagnetic, rather than 
a mechanical, wave and some of these problems 
were peculiar to the mechanical viewpoint. 
However, the research stimulated on waves in 
solids was of wide application, for instance to 
the study of earthquakes, and the concept of 
the aether was to be of importance in the 
development of the theory of relativity. In the 
nineteenth century, scientists could not con- 
ceive of a wave motion without a medium and 
thus the existence of the aether was a concep- 
tual necessity. 


9.9 The velocity of light 


It has already become evident how important 
an accurate measurement of the velocity of light 
was to be to the development of an understand- 
ing of light; the final confirmation of the truth 
of Young’s wave theory would only come when 
it was shown experimentally that light travelled 
more slowly in water or glass than in air. 


Foucault’s method 


The first accurate terrestrial determination of 
the velocity of light was carried out in 1849 by 
a wealthy Frenchman called Fizeau; the value 
he obtained of 3.13 x 10° ms‘ is now regarded 
as being rather high compared with the cur- 
rently accepted value of 2.998 x 10° ms! but 
nevertheless it represented, at the time, an 
enormous improvement in accuracy over pre- 
vious measurements. Details of Fizeau’s 
method may be found in books such as Jenkins 
and White, Fundamentals of Optics 

The following year, a different method was 
developed by a former collaborator of Fizeau’s, 
called Foucault. He obtained a value of 
2.98 10°ms', and also showed that light 
travels more slowly in water than in air. We 
choose to discuss this method in some detail, 
because it is readily available for use in 
laboratories; the apparatus described differs 
slightly from that used by Foucault, to conform 


with present practice. 

The apparatus is shown in Fig. 9.11. A light 
source illuminates a set of crosswires, which act 
as an object for the small concave mirror M, a 
distance s away; M, can be rotated by a motor, 
and the large fixed concave mirror M; is so 
placed that the axis of rotation of M, is at the 
centre of curvature of My. The position of the 
crosswires is adjusted until an image of them 
is formed by M, at the centre of Mr. 

Now, the light falling on M; and forming an 
image of O at I, will itself be reflected by Mr; 
since all optical systems are reversible, M; will 
form a further image of the image I4, and it will 
be formed at O. In other words, O can be the 
object and I, the image, or I, can be the object 
and O the image. Most of the light forming the 
image at O is reflected by a glass plate to form 
an image at I, which can be viewed through an 
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Fig. 9.11 Foucault's method to measure the velocity of 
light. 


eyepiece. Thus, Iz is an image of O formed after 
two reflections in M,, and one in My. 

Suppose that the mirror M, is now rotating 
in an anticlockwise direction. When the light 
returns to M, from Mg, the mirror M, has turned 
through an angle a. The image of I, will now 
be formed at O' instead of O, and by reflection 
in the glass plate, at I instead of Iz. The image 
I} will also be fainter because light can only 
Pass through the system for a small part of each 
revolution of the mirror M,. 

Consider the ray from O striking M, at its 
mid-point. Since the distance from M to M, is 
n, the radius of curvature of Mg, the ray will 
then strike M; along a normal, no matter at 
what point it meets the mirror’s surface. It will 
therefore be reflected along its own path. The 
time taken, 1, before it returns to the centre 
Point of M, is given by: 


p= 2 (9.1) 

c 
Where c is the velocity of light. If the mirror is 
Totating with a frequency f, the angle, a, 
through which the mirror will have turned in 
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this time will be given by: 


a=2nft 
4r fr 


5 from (9.1) 


If the mirror is rotated through an angle æ then 
the reflected ray will be rotated through an 
angle 2a from the original incident direction, 
where: 


87 fr; 
c 


2a = 


(9.2) 
The image of O, instead of being reflected back 
to O, will therefore be displaced a distance d 
to O', where: 

d=2as 


_ 8n fris 
c 


ie. d from (9.2) 


OO!’ is reflected in the glass plate and d is 
therefore also the displacement of the image 
viewed in the eyepiece, II. It is usual to 
measure 2d, the displacement of the image 
when the direction of rotation of the motor is 
reversed. Now since 


ie 87 fris 
c 
8 
we have c= whe (9.3) 


The frequency of rotation, f, can be measured 
by reflecting the light beam into a photo-diode 
once per cycle and counting the number of 
pulses in a given time with a scaler. 


Q 9.4 
In an experiment to measure the velocity of light 
using Foucault's method the following data were 


obtained: 


radius of fixed mirror (2.05+0.02) m 
distance from crosswires 

to rotating mirror (0.6+ 0.005) m 
frequency of rotating 

mirror (485+ 15) Hz 


distance moved by spot 


when rotation reversed (1.2+0.3)X 104m 


Calculate the probable value of the velocity of 
light from this information; do the limits of error 
include the commonly accepted value? 
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As well as making an accurate determination 
of the velocity of light in air, Foucault placed 
a tube of water, of length about 3 m, between 
the two mirrors and showed conclusively that 
the velocity of light in water was less than that 
in air. This was, for the time being, the already 
heralded death knell of the corpuscular theory 
of light. 


Michelson—-Morley experiment 


It would not be right to leave a discussion of 
the measurement of the velocity of light without 
mentioning the Michelson—Morley experiment, 
which was crucial to the development of the 
theory of relativity. 

Light travels at nearly 3 x 10° m s~ '_trelative 
to what? In the middle of the nineteenth cen- 
tury, physicists argued that the velocity was 
relative to the aether—the all-pervading elastic 
medium discussed earlier, If this was the case, 
and if the earth moved through the aether in 
its orbit around the sun, then the velocity of 
light relative to the earth would depend upon 
the direction in which it was transmitted relative 
to the aether. If the light was transmitted in the 
same direction as the aether moving past the 
earth’s surface, then its speed relative to the 
earth would be increased; if it were transmitted 
in the opposite direction then the speed would 
be decreased. Michelson and Morley set out to 
test this deduction. 

A simplified version of their experiment is 
shown in Fig. 9.12 and utilizes the Michelson 
interferometer described in Section 7.4. A 
beam of light, travelling in the same direction 
as the earth, and therefore into the ‘aether 
wind’, is split into two Parts by a partially 
reflecting glass block G. Each beam then travels 
an identical distance to the mirrors M; or M2, 
where it is reflected. The two beams are recom- 
bined at G and viewed by an observer at O. 
With an extended source, circular patterns of 
maxima or minima are formed, as explained in 
Section 7.4. 

Suppose that the paths are identical in length. 
Classical theory Predicts that light would travel 
slowest from G to M- fastest from M- to G, 
and at an intermediate speed along GM, and 
M,G. As we see in Question 9.5, we expect 
the ray travelling to and from mirror M; to take 
a different time from the ray reflected from Mp, 


x 


Extended source 


te) 


> 


Direction of earth's motion 


Fig. 9.12 The Michelson-Morley experiment 


introducing phase differences. Michelson and 
Morley tested this conclusion by rotating the 
Whole apparatus, so that the directions of the 
two rays relative to the aether wind were 
changed; they were surprised to observe no 
change in the interference pattern 


Q 95 

A wind blows from the west at 50 km hour’! and 
an aeroplane is capable of an air speed of 100 km 
hour™'. Calculate: 


(a) the time taken for the aeroplane to fly 50 km 
west and return to its starting point; 

(b) the time taken for the aeroplane to fly 50 km 
north and return to its starting point. 


Note that these times are different. 


Thus, Michelson and Morley showed that the 
velocity of light relative to the earth is the same 
regardless of the earth’s motion through the 
aether. From this experiment, Einstein 
developed the idea that the velocity of light im 
vacuo is the same relative to all objects; there 
is no basic reference frame relative to which 
velocities are measured. Thus, if a rocket passes 
me at 2x10°ms_' and sends a light signal 
forwards at a speed relative to itself of 3% 


10° ms ', the speed of that light relative to me 
is only 3x 10° m s`". Clearly such strange con- 
cepts require an entirely new way of thinking 
and this was incorporated in the Special Theory 
of Relativity, published in 1905. This provided 
a new system of mechanics which was identical 
to that of Newton at low relative velocities, but 
entirely different when velocities approached 
the speed of light itself; in particular the idea 


The velocity of light 251 


of a stationary reference frame for the measure- 
ment of velocities was discarded. 


Bibliography 


The Bibliographies to Chapters 9 and 10 appear 
together at the end of Chapter 10. 


10 


Light: waves and particles 


10.1 Electromagnetic waves 


In Chapter 9, we saw how the corpuscular 
theory of light was replaced by the wave theory, 
which could be used satisfactorily to explain 
the various phenomena known as physical 
optics. The next development was the realiz- 
ation that light was a form of electromagnetic 
wave and that the previously separate sciences 
of electromagnetism and light could be united 
through the theories of Maxwell. 

James Clerk Maxwell was a Scottish physicist 
who contributed important theories to diverse 
fields of physics during his comparatively short 
life, from 1831 to 1879. He produced significant 
works on the kinetic theory of gases and on 
thermodynamics, but his most important 
achievement was the synthesis of light and elec- 
tromagnetism into a single science. Although, 
as we shall see, his theories have their limita- 
tions in some circumstances, they are neverthe- 
less fundamental to our understanding of light 
and have many practical applications; in the 
same way, Newton’s laws of motion are still 
relevant today, despite the development of the 
theory of relativity. 

In the 1860's, Maxwell showed theoretically 
that an oscillating charge will lose energy by 
radiating it into the surrounding space. The 
radiation was shown to be in the form of a wave 
motion, with electric and magnetic fields as the 
variable quantities. If this radiation reaches a 
wire, an alternating voltage is induced by the 
oscillating fields; this is the basis of radio recep- 
tion. Maxwell predicted that the radiation 
would obey the laws of reflection and refraction, 
and that ina vacuum the velocity of propagation 
would be nearly 3 x 10° m s~}, the same as that 
of light. He concluded that light itself must be 
an electromagnetic wave: 


‘This velocity is so nearly that of light, that it seems we 
have strong reason to conclude that light itself (including 
radiant heat and other radiations if any) is an electromag- 
netic disturbance in the form of waves propagated 
through the electromagnetic field according to elec- 
tromagnetic laws.’ 


(1865) Philosophical Transactions of the Royal Society 


Hertz’s ‘electric waves’ 


The experimental verification of Maxwell's 
work did not occur until 1886 when Hertz, a 
German physicist, showed that an oscillating 
current emitted electromagnetic waves with 
similar properties to light. There is a most 
readable account of his original experiment in 
Electric Waves by Hertz, now reprinted by 
Dover. 

In a modern version of his experiment, a 
voltage of about 5000 V is applied to a gap 
between two polished rods, as shown in Fig. 
10.1(a). A second pair of rods is connected to 
a sensitive galvanometer; the diode enables 
alternating currents in the right-hand circuit to 
be detected. When sparks are produced 
between the two rods in the transmitting circuit, 
a signal is detected in the receiving circuit at 
distances up to several metres away. 

When the voltage is first applied to the rods, 
Opposite charges will be stored on each; a 
simplified shape for the electric field set up in 
the gap is shown in Fig, 10.1(b). The stored 
charge, and the resulting field, increase until 
ionization of the air occurs and a spark jumps 
across the gap; conduction through the air is 
easy once ionization has occurred. At this 
instant, there is a current down both rods and 
through the gap, and a magnetic field is formed 
around the rods, as shown in Fig. 10.1(c); the 
charge stored on the rods is decreasing and so 
is the electric field. When the current, and hence 
the magnetic field, are decreasing a voltage 1S 
induced in the rod which will tend to maintain 
both current and field. As a result, the rods 
become oppositely charged and an electric field 
is set up in the opposite direction as shown in 
Fig. 10.1(d). A current now begins to flow in 
this new direction (Fig. 10.1(e)) and the charges 
reverse again. The cycle of oscillation of electric 
and magnetic field will continue, but with 
decreasing amplitude, until the electric field is 
too small to cause ionization; the rods will then 
charge up to form another spark. The oscilla- 
tions in the gap are analogous to those in an 
organ pipe, and the rods and the space between 
them act like a resonator. 
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Fig. 10.1 The spark transmitter. 
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Thus, there is in the region of the gap an 
alternating electric and magnetic field; this is, 
of course, more complicated than the simple 
picture presented above. These oscillations 
cause the propagation of a wave consisting of 
an alternating electric and alternating magnetic 
field, and it is this electromagnetic wave that 
induces an alternating voltage and current in 
the receiving circuit. Experiments, similar to 
those carried out by Hertz, to demonstrate the 
wave nature of electromagnetic radiation are 
described in Section 10.2. 


Marconi and radio 


Hertz’s experiment showed that electromag- 
netic waves could be transmitted, at least in a 
laboratory, as Maxwell had predicted. The 
possibilities of their use for communication over 
greater distances was immediately appreciated 
by an Italian called Marconi. Despite wide- 
spread scepticism, he gradually extended the 
range of his transmissions until, fifteen years 
later in 1901, he claimed the first successful 
trans-Atlantic transmission. Although there is 
now some doubt about his earliest results, we 
know that radio signals can be transmitted 
around the world by reflection from the ionos- 
phere. At the time, his achievement was per- 
haps as unlikely as an ant being able to see 
round to the other side of a ball-bearing; 
Marconi, however, persevered at a task which 
everyone else thought to be impossible, and in 
due course this perseverance brought him a 
considerable fortune. 

An aerial for the reception of short 
wavelength, very high frequency (VHF), radio 
transmissions is usually a metal rod about 1 
metre long. The alternating electric field in the 
wave induces an alternating voltage in the rod 
which is then amplified. For long-wavelength 
transmissions, where the wavelength may be 
several hundred metres or more, the receiving 
aerial is often a coil wound on a ferrite rod 
which acts like a search coil in an alternating 
magnetic field. Thus, one method depends on 
the alternating electric field and the other on 
the alternating magnetic field, both of which 
are associated with electromagnetic waves, 


Q 101 
The diameter of a ball-bearing is 0.5 cm and of 
the earth about 6 x 10° km; the wavelength of light 


is about 5x107 m, and of radio waves about 
500 m. Calculate the ratio wavelength/ diameter 
for each situation described above. 


10.2 The electromagnetic 
spectrum 


Common properties of electromagnetic waves 


Maxwell predicted that light was an clectromag- 


netic wave, and both Hertz and Marconi 
showed that other electromagnetic waves, with 
wavelengths 10° to 10° times as great, could be 


produced and transmitted. We now know that 
electromagnetic waves can have wavelengths 


varying from about 10° '* m to 10° m, and this 
enormous range is called the electromagnetic 
spectrum ; that range of it to which our eyes are 
sensitive, from about 4x 10 7m to 7x 107m, 
is called the visible spectrum or light. The only 
difference between that part which lies within 
the visible spectrum and the rest of the elec- 
tromagnetic spectrum is the wavelength, and 
hence frequency, of the waves. The term light 


is sometimes taken to mean that which comes 
from the sun, which is a slightly wider range of 
wavelengths than the visible spectrum, includ- 
ing ultraviolet and infrared waves as well. 

As all types of electromagnetic radiation are 
waves, they ought to show wave properties. 
Various experiments involving wave superposi- 
tion have been described in earlier chapters to 
show the wave nature of light; similar experi- 
ments must be possible with other electromag- 
netic waves. Lloyd’s mirror is a convenient 
experiment to set up and in Fig. 10.2 three 
arrangements of Lloyd’s mirror are shown to 
demonstrate the interference of light, 3cm 
radio waves and 30 cm radio waves. The 30 cm 
waves are transmitted using the same rods as 
were used to demonstrate Hertz’s experiment; 
to demonstrate interference, a constant- 
frequency oscillator must be used instead of the 
high voltage spark described earlier. Fig. 
10.2(d) shows how stationary waves can be set 
up using either VHF radio or ultra high 
frequency (UHF) television signals; in this case 
the wavelength would be of the order of 3m 
or 0.5 m respectively. It is not easy to demon- 
strate the wave properties of X-rays and y-ray$ 


in a laboratory, but the reader may be familiar 
with the principles of X-ray diffraction experi- 
ments which are widely used to determine the 
structure of substances. 


Q 10.2 
In a Lloyd’s mirror arrangement for microwaves, 
the distance from transmitter to receiver is 200 cm 


and the transmitted wavelength is 3cm. A 
maximum response is obtained when the distance 
from transmitter to the point at which reflection 
occurs on the reflecting plate is 106 cm. The plate 
is moved fur way from the direct line; what 


will be the distance from transmitter to plate when 
the next maximum occurs? There is no phase 
change upon reflection at the metal plate. 

Q 10.3 

An experiment is set up as shown in Fig. 10.2(d) 
to measure the wavelength of a UHF television 
transmission. It is found that the detected signal 
fluctuates between two maxima when the plate is 
moved 15 cm. What is the wavelength of the 
waves? 
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(a) Lloyd's mirror interference for light, A ~ 10-&m 
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(c) Lloyd’s mirror interference for | GHz waves, À ~ 0.3m 


Fig. 10.2 
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We have already discussed the polarization 
of light in Section 7.7. If the receiving pair of 
rods in Hertz’s experiment is rotated until it is 
at right angles to the transmitting pair no signal 
will be detected; the planes of polarization of 
transmitter and receiver are at right angles and 
correspond to crossed polaroids. This may also 
be demonstrated using 3 cm microwaves, and 
radio and television signals; thus it is essential 
to set up an aerial appropriately for the plane 
of polarization of the signals transmitted, 

Maxwell was impressed by the fact that his 
electromagnetic waves had a theoretical veloc- 
ity close to that of light; since then it has been 
possible to measure the velocity of electromag- 
netic waves in vacuo over a wide range of 
wavelengths and some typical results are quoted 
in Table 10.1; the close similarity between these 
results suggests strongly that all the waves are 
identical, apart from their wavelengths and 
therefore frequencies. In fact, since 1983, a 
metre has been defined as the distance travelled 
in 1/299 792 458 of a second by light in a 
vacuum, and thus the velocity of light is 
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(d) Stationary wave interference for radio and 
u.h.f. television signals (à ~ 3m, 0.5 m 
respectively) 
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299 792 458 metres per second exactly. We will 
consider below how some of these measure- 
ments at different wavelengths may be made. 
Hertz knew that the frequency of the oscilla- 
tions produced by his apparatus depended upon 
the capacitance and inductance of the complete 
transmitting circuit. He measured the 
wavelength of his electromagnetic waves by 
interference of the direct wave with those 
reflected from a metal plate using the method 
shown in Fig. 10.2(d); the receiver gave a null 
reading at the position of the nodes formed. In 
one measurement, he found that when the 
frequency of oscillations was 3x10’ Hz, the 
wavelength of the emitted wave was 9.6 m. 


c=fà 
=(3x107)x9.6 
=2.88x10"ms™' 


Hence 


This was close enough to the accepted value 
for the velocity of light to justify Maxwell’s 
claim that light was an electromagnetic wave. 


Q 104 
How far apart were the nodes in Hertz’s 
experiment? 


Another indirect method was used in 1946 by Essen and 
Gordon-Smith. They measured the frequency of the 
stationary electromagnetic waves that could be set up inside 
a metal cylinder, or resonator. It can be shown that the 
frequency, f, of waves set up in a right-circular cylinder is 
given by: 


Ai D e) 


where D and L are the diameter and length of the cylinder, 
n is the number of half-wavelengths in the resonator, r a 
constant depending upon the mode and Q the quality 
factor. For electromagnetic waves of wavelength about 
0.1m they calculated that the velocity of light must be 
2.99792 10° ms~!; this value is quoted in Table 10.1. 


Table 10.1 


The velocity of y-rays 


The value for the velocity of y-rays was obtained by the 
experiment shown in Fig. 10.3(a). The coincidence counter 
can distinguish separate events if there is a time of at least 
10-° s between them. Positrons emitted by the “Cu source 
are stopped and annihilated in its metal container, and two 
y-Tays are emitted simultaneously as a result. The length 
of cable between counter 2 and the coincidence counter is 
adjusted until the pulses from counter 1 and counter 2 
arrive simultaneously. The time taken by y-ray 1 to travel 
the extra distance in air to counter 1 is now equal to the 
time taken for the signal from counter 2 to travel the extra 
length of the cable. If the speed of signals in coaxial cable 
is known, the velocity of y-rays in air may be calculated, 
The value obtained was 2.983 10" ms | using y-rays of 
wavelength 2.5 107!? m. 


The velocity of microwaves 


The velocity of 3 cm radio waves, or microwaves, can be 
measured using the arrangement in Fig. 10.3(/). The output 
of the microwave transmitter is modulated by a rapid 
switching circuit so that it produces short pulses at 200 kHz. 
These pulses are sent through a wax lens to a distant reflector 
and returned to a detector; after amplification they are 
displayed on a double-beam oscilloscope along with the 
transmitted pulses. The oscilloscope timebase is set to have 
a sweep speed of 1 zscm™', and from the spacing of the 
two pulses the time delay can be estimated. In the upper 
diagram, there is only a small path in air and the delay is 
much less; the reflected signal has, however, still been 
changed in shape. 

Great care is required to align the reflectors, and even 
So the reflected signal is small and must be amplified; the 
time delay that is observed is also small. However, although 
the result of the experiment is only likely to fall within 
about 25% of the value for the velocity of light, it does 
Suggest that with more accurate methods, they could be 
found to be the same. 


Q 10.5 

In a typical experiment the oscilloscope trace was 
set at a sweep speed of 1 «scm ', and the spacing 
of the pulses on the screen was 3 mm. The total 
path was 100 m. Calculate the velocity of the 
microwaves. 


Type of wave Wavelength/m 


Velocity/10* ms"! 


Radio 6.4 

Radar 0.1 
Infrared 4.2x 10° 
Light 5.6x107 
y-rays 2.5x107"? 


2.9978 +0.0003 
2.99792 +0.00009 
2.997 925 + 0.000 001 
2.997 931 +0.000 003 
2.983 +0.015 
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Fig. 10.3 
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It must be emphasized that Maxwell proved 
that the velocity of light and of other elec- 
tromagnetic waves are the same in vacuo; in 
other media dispersion will occur as the velocity 
of electromagnetic waves depends on their 
wavelength. In practice, the difference in 
velocities between air and a vacuum is so small 
that it can usually be ignored. The refractive 
index of air is about 1.000277 at room tem- 
perature, and is almost independent of 
wavelength. 


Ultraviolet and infrared radiation 


The wavelength of an electromagnetic wave is 
determined by its frequency, and this in turn is 
determined by the source of the energy. In this 
section, we shall see that certain ranges of the 
electromagnetic spectrum, such as radio waves 
or X-rays, are given names that are connected 
with the conditions of emission or detection. 

As stated earlier, the visible spectrum con- 
tains those wavelengths to which our eyes are 
Sensitive. The most important source of light 
in man’s evolution is the sun, and it is not 
Surprising then that the middle of the visible 
Tange coincides with that wavelength at which 
the sun gives out most energy. The radiation 
from the sun does not, however, contain only 
visible light; it also contains radiation of longer 
and shorter wavelength. It is the radiation of 
shorter wavelength, known as ultraviolet radi- 
ation, that makes us go brown in hot weather, 
whereas that of longer wavelength, known as 
infrared radiation, keeps us warm. 

It is easiest to demonstrate the existence of 
ultraviolet and infrared radiation using a pro- 
jector lamp; a similar experiment could be per- 
formed in bright sunlight. The parallel beam 
projector is set up to illuminate a high-disper- 
sion prism, as shown in Fig. 10.4. Without the 
prism in place, the lens is adjusted so that it 
forms an image of the lamp the same distance 
away as the screen, and the prism is then placed 
in the position of minimum deviation. A visible 
spectrum is formed upon the screen. 

A detector can be made ofa Photo-transistor, 
dry cell and milliammeter, connected in series. 
Although it gives a response when placed in 
the visible region, the response increases 
towards the red end of the spectrum and there 
is a peak beyond the visible red region. This is, 
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Fig. 10.4 
therefore, the region of the spectrum where the 
most energy is arriving and it is termed the 
infrared; the wavelength is longer than for red 
light and the frequency lower. Hot objects give 
out more infrared radiation than cooler ones 
and infrared radiation is associated with the 
emission of heat. Infrared photography from 
satellites is used to Survey vegetation, as some 
types of ground cover give out more heat than 
others, 


Fluorescent Paper gives out visible light when 
ultraviolet radiation falls upon it, so it may be 
used to enable us to observe the presence of 
ultraviolet in the spectrum. The paper is pinned 
to the screen and some fluorescence can then 
be seen beyond the blue end of the visible 
Spectrum. It is helpful also to pin totally non- 
fluorescent paper to the screen for contrast, but 
this is hard to obtain as nowadays all paper has 
a certain amount of fluorescence to make it 
appear whiter. A more extended ultraviolet 
Spectrum is seen if the light is allowed to fall 
on daylight printing paper; when it is developed 
the blackened area goes considerably beyond 
the blue end of the spectrum. The region 
beyond the blue is termed the ultraviolet and 
this light has a shorter wavelength but higher 
frequency. Larger amounts of ultraviolet radi- 
ation are dangerous to the eyes and care must 
be taken with ultraviolet lamps; fortunately, 4 
considerable proportion of any ultraviolet pres- 
ent can be absorbed by a glass screen. In fact, 
to get the best results in the ultra-violet region 
of the spectrum, a quartz prism and ‘quartz 
window’ in the lamp should be used. 


Electromagnetic spectrum chart 


The electromagnetic spectrum is shown in the 


chart of Fig. 10.5; the column headed ‘energy 
of a photon’ may be ignored until the end of 
the chapter. The frequencies and wavelengths 
of the main types of radiation are shown; the 
boundaries are marked with wavy lines to indi- 


cate that they are approximate and, in many 


cases, arbitrary. Some wavelengths can be 
classified as two types of wave depending upon 
their origin; for instance, waves of wavelength 
10°'' m are usually termed X-rays if they come 
from electron transitions outside the nucleus 
but y-rays if their origin is in energy transitions 
inside the nucleus, as shown on the chart. There 
is, of course, no physical difference between these 


waves at all, other than in their frequency and 
wavelength. 


The possible origin of each type of wave is 
shown to the left side of the chart, some of the 
Possible detection methods are shown in the 
middle and a selection of uses to which the 


waves are put, on the right. We shall see later 
that different frequencies of electromagnetic 


radiation come in lumps of energy of different 
size; this explains both why they are produced 
in different ways and why different methods of 
detection are available for different frequen- 


cies. Further reference to this chart will be made 
and it should be carefully studied as required. 

In our discussion of the nature of light so far 
the evidence requires a wave interpretation. 
The phenomena of physical and geometrical 
optics have been explained, important connec- 
tions established with the subject of elec- 
tromagnetism, and a coherent picture of the 
electromagnetic wave spectrum presented. It 
was perhaps the zenith of classical physics. A.A. 
Michelson, in 1894, even said that there were 
no fundamental discoveries left to be made, but 
only increasingly refined determinations of the 
Physical constants to six or seven decimal 
Places, However, as we shall see in the next 
Section, the problems that remained led to a 
complete revolution in physical thinking 
equivalent only to that which occurred at the 
time of Newton. Just as Newton’s laws of 
Motion and gravitation enabled the purely 
empirical laws, such as those of Kepler, to be 
explained in terms of a smaller number of more 
fundamental laws, so quantum mechanics 
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provided a basis for matters as diverse as 
magnetism, spectra, atomic bonds and the 
structure of matter itself. 


Q 10.6 

The chart of the electromagnetic spectrum is on a 
logarithmic scale. Suppose that a larger chart is to 
be made with a linear scale. The scale is to be 
such that the wavelength range from 10°° m to 
107 m—roughly the visible spectrum—occupies 

1 cm. How long, roughly, will the chart be if it is 
to include wavelengths from 107" m to 10° m? 
Try to relate this to a well known distance. How 
long would a ray of light take to travel along the 
chart? 


10.3 The photo-electric effect 


We have placed considerable emphasis in 
earlier sections on the similar properties of 
electromagnetic radiation of different wave- 
lengths. However, we must also be able to 
explain why it is, for instance, that light affects 
ordinary photographic film, whereas radio 
waves do not, however intense the radiation or 
however long the exposure. It would appear 
that it is not only the energy density that is 
important in these effects, but also the 
frequency or wavelength of the radiation con- 
cerned, 

There were other problems at the end of the 
nineteenth century which required explanation. 
In his experiments, Hertz had applied a high 
voltage across two metal spheres separated by 
a small gap and he noticed that the sparks 
jumped the gap more readily if it was illumi- 
nated by ultra-violet radiation. 

The following year, Hallwachs showed that 
if a metal plate is charged negatively and placed 
in a beam of ultraviolet radiation, the charge 
is rapidly lost; on the other hand if it is charged 
positively, the charge is retained. This experi- 
ment can be repeated conveniently using a gold- 
leaf electroscope with a zinc cap placed a few 
centimetres from an earthed mesh; ultraviolet 
light releases negative charges from the surface 
of the zinc, but not positive charges. 

In 1899 Lenard showed that these negative 
charges were electrons, particles which had only 
recently been identified by J.J. Thompson. The 
emission of electrons, stimulated by ultraviolet 
light, explained Hertz’s observations; the 
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All scales are logarithmic: all wavelength time approximate 


Fig. 10.5 The production, detection and uses of the electromagnetic spectrum. 


emitted electrons acted as charge carriers in the 
gap. For more details of the establishment of 
the properties of the electron, the reader is 
referred to a book such as Bennet Electricity 
and Modern Physics or Millikan The Electron. 

Other metals, such as the alkali metals, show 
the same effects when illuminated by visible 
light. The emission of electrons from a metal, 
stimulated by ultraviolet or visible light, is 
known as the photoelectric effect, and it was 
investigated in some detail by Lenard at the 
turn of the century; his results were to challenge 
the whole of the understanding of the wave 
nature of light at that time. 


Experiments on the photoelectric effect 


Although much of Lenard’s work can be done 
with metal surfaces in the open air, the results 
are more consistent if the surface from which 
the electrons are to be emitted—the emitter— 
and the surface at which they are to be collec- 
ted—the collector—are contained in a vacuum 
enclosure. This prevents the surfaces becoming 
dirty or oxidized during the experiment. A 
simple vacuum photo-cell is shown in Fig. 
10.6(a). In the circuit shown in Fig. 10.6(b) the 
emitter is electrically isolated, being connected 
only to the input of a very high resistance 
voltmeter, such as the d.c. amplifier illustrated; 
the current through the voltmeter is so small 
that it does not alter the potential difference 
between collector and emitter at all. When the 
emitter gives out electrons it becomes positively 
charged and thus has a positive potential with 
respect to the collector; this potential difference 
is then measured by the voltmeter. 

The photo-electrons will reach the collector 
if the kinetic energy with which they are emitted 
Is greater than the work they must do moving 
through the potential difference between emit- 
ter and collector. 


Now work done = charge x voltage 
=qV 
and kinetic energy = mv’ 


(10.1) 


where m is the mass of the electron and v is 
the velocity of emission. 

en the source of electromagnetic radi- 
ation is first switched on, the potential 
difference between emitter and collector will 
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rise until it is just sufficient to prevent further 
electron flow: 


i.e. qV =4mv? (10.2) 


Thus, by measuring the potential difference 
with the voltmeter, and knowing the charge on 
an electron, it is possible to calculate the kinetic 
energies of the emitted photo-electrons; any 
calculation based on Equation (10.2) ignores 
relativistic effects. 

It is also possible to use a microammeter with 
the photo-cell to measure the size of the photo- 
current, from which the number of photo- 
electrons emitted per second may be 
calculated. 


Q 10.7 

An electron is brought to rest by moving through 
a potential difference of 3 V. Its charge is 

1.6 107° C and its mass 9.1 x 107°" kg, 
Calculate: 


(a) its kinetic energy, 
(b) its velocity, 


before it entered the field. Ignore relativistic 
effects, 


If a suitable metal, such as potassium, is used 
for the emitter the photo-cell can be made 
sensitive to visible light. It is then placed so 
that a spectrum falls onto the emitter as shown 
in Fig. 10.6(c); the small slit can be moved to 
select the colour entering the photo-cell, and 
striking the metal surface. 

Experiments using this arrangement give 
three important results: 


(1) the energy of the photo-electrons bears a 
linear relationship to the frequency of the 
light. For a given metal, there is a threshold 
frequency below which no electrons are 
emitted at all, however great the intensity; 

(2) the energy of the photo-electrons is 
independent of the intensity of the light; 

(3) the number of electrons emitted is propor- 
tional to the intensity of the light. 


The intensity of the incident light must be 
reduced by stopping down the beam and not 
by reducing the voltage supplied to the lamp, 
because if the brightness of the lamp is reduced 
the relative intensities of colours in the spec- 
trum are also changed. 
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Vacuum 


Emitter 
— 


sf 
Collector 


(a) Vacuum photo-cell 


Parallel beam 
projector and prism 


(c) Experimental arrangement 


Fig. 10.6 Investigation of the photo-electric effect. 


Analternative method of obtaining the above 
results is to allow the photo-current to flow 
through a microammeter and then apply a 
measured voltage in the Opposite direction until 
the photo-current falls to zero. The size of the 
measured voltage is equal to that measured by 
the previous method; the circuit diagram is 
shown in Fig. 10.7. 


Input capacitance 


High resistance voltmeter 


(b) Electrical circuit 


Card with slit 


Vacuum photo-cell 
connected to 
d.c. amplifier 


Einstein’s theory of photo-electricity 


These results are at variance with the wave 
theory of light that has been developed so far. 
According to wave theory, high-intensity light 
would stimulate a lot of energetic photo-elec- 
trons whatever its frequency, and there should 
be no such thing as a threshold frequency: 
Clearly a new approach was needed. 


Applied 
voltage 
adjusted 
until 
current 
in micro- 
ammeter 
is zero 


Conventional | _ 
current 


Fig. 10.7 


In 1905, Einstein published three papers, 
each of fundamental importance to the 
development of physics. The best known is his 
paper on relativity but his Nobel prize was, in 
fact, later awarded for the paper on the photo- 
electric effect. In the extract printed below, 
Einstein explains the observations we have dis- 
cussed above 


On a Heuristic Point of View about the Creation and 
Conversion of Light 


`... According to the assumption considered here, when 


a light ray starting from a point is propagated, the energy 
is not continuously distributed over an ever increasing 


volume, but it consists of a finite number of energy 
quanta, localized in space, which move without being 
divided and which can be absorbed or emitted as a 
whole. The usual idea that the energy of light is 


continuously distributed over the space through which 
it travels meets with especially great difficulties when 
one tries to explain photoelectric phenomena, as was 
shown in the pioneering paper by Mr Lenard. 
According to the idea that the incident light consists of 
energy quanta with an energy (Af) ..., one can picture 
the production of ... (electrons) by light as follows. 
Energy quanta penetrate into a surface layer of the body, 
and their energy is at least partly transformed into elec- 
tron kinetic energy. The simplest picture is that a light 
quantum transfers all of its energy to a single electron; 
we shall assume that that happens. We must, however, 
not exclude the possibility that electrons only receive 
part of the energy from light quanta. An electron obtain- 
ing kinetic energy inside the body will have lost part of 
its kinetic energy when it has reached the surface. 
Moreover, we must assume that each electron on leaving 
the body must produce work W, which is characteristic 
for the body. Electrons which are excited at the surface 
and at right angles to it will leave the body with the 
greatest normal velocity. The kinetic energy of such 
electrons is 


Af-W 
If the body is charged to a positive potential V and 
surrounded by zero potential conductors, and if V is 


just able to prevent the loss of electricity by the body, 
we must have 


Ve =hf-W 


where e is the .. . (charge) of the electron... 
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. .. If the formula derived here is correct, V must be, 
if drawn in Cartesian coordinates as a function of the 
frequency of the incident light, a straight line, the slope 
of which is independent of the nature of the substance 
studied. ... 

... If every energy quantum of the incident light 
transfers its energy to electrons independently of all 
other quanta, the velocity distribution of the electrons 
... Will be independent of the intensity of the incident 
light; on the other hand ... the number of electrons 
leaving the body should be proportional to the intensity 
of the incident light . . `. 

Einstein, A. (1905) Ann. Phys., 17, 132. Translation in 
ter Haar, D. (1967) The Old Quantum Theory, Pergamon. 


Einstein proposed that light energy came in 
quanta. This was not an original idea, for Planck 
had used the idea of ‘lumps’ of energy—or 
quanta—to develop a theory of the radiation 
of energy from hot bodies. In 1900 Planck had 
tried to derive a mathematical expression to 
describe the energy distribution in the heat 
radiation spectrum, and had eventually pro- 
duced a formula to fit the experimental facts. 
He then realized that this empirical formula 
could be derived theoretically assuming that 
energy was emitted in ‘lumps’ rather than in a 
continuous stream; the amount of energy E, in 
a quantum was equal to hf, where f was the 
frequency of the radiation and A a constant, 
now known as Planck’s constant: 


E=hf (10.3) 


Not unexpectedly, the new theory was 
regarded as too radical and unconvincing by 
most physicists of the time, and Planck himself 
was most disturbed by it. He preferred to view 
natural processes as continuous and initially he 
held on firmly to the ‘continuous’ Maxwellian 
wave theory of electromagnetism; the quantiz- 
ation process he applied only to the emission 
of heat radiation. Maxwell’s theory had proved 
most successful in accounting for the properties 
of light and extending physicists’ understanding 
to other parts of the electromagnetic spectrum. 
Planck had produced a completely new 
approach to the concept of the radiation of 
energy, which explained the facts it had been 
designed for, but which did not seem to be 
necessary elsewhere in physics. 

Einstein, however, showed that the idea of 
the quantization of energy could be used to 
explain Lenard’s experiments on the photo- 
electric effect. As a result, the theory became 
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widely accepted as 
throughout physics. 

Quanta of light are frequently called photons, 
and the energy of a photon of ultraviolet light 
will be about twice the energy of a photon of 
red light. It is most improbable that more than 
one photon can give energy to any one electron 
since the probability of a ‘double event’ is the 
product of the individual probabilities; thus if 
a metal is illuminated by light of frequency f, 
no one electron is likely to gain more energy 
than Af from the light, however great the 
intensity. If the intensity is increased there will 
be more photons of energy hf and thus more 
electrons can each gain the same energy as 
before. 

The electrons in a metal have a continuous 
range of energies up toa maximum, An electron 
with the maximum energy still requires an 
energy W to escape from the metal surface; 
this can be supplied by any photon of energy 
greater than W. Thus, the incident light must 
have a frequency greater than, or equal to, the 
threshold frequency, fo, where: 


a general principle 


hfo= W (10.4) 
chord 2 Cannot 
e! 
Incident light Scape surface 
hf =W { w 
Range of 
electron 
energies 
= 
a (a) Frequency of incident light 
D equal to threshold 
ü 
Maximum 
Incident light l kinetic energy (hf-W) 
Af>Ww 


(c) Frequency of incident light 
above threshold 


Fig. 10.8 The emission of photo-electrons. 


Incident light 
Af<w { 


Incident light 
Af>Ww 


Less energetic electrons within the metal cannot 
be released by light of this frequency, and no 
electrons at all are emitted if the frequency is 
reduced. These situations are shown diagram- 
matically in parts (a) and (b) of Fig. 10.8: these 
diagrams are charts with energy as the vertical 
axis. 

If the light is of frequency, f, which is higher 
than the threshold, the photons will have more 
energy than W. The remainder of the energy 
will be given to the electron as kinetic energy, 
mv’, and for an electron which has the 
maximum energy within the metal, we have: 


(dmv?) =hf-Ww (10.5) 
=hf—hfy 
ie. Gmv’?)max = Alf- fo) (10.6) 


Electrons which have less energy than the 
maximum within the metal will have less kinetic 
energy than this; these situations are shown 
diagrammatically in parts (c) and (d) of Fig. 
10.8. 

Thus, as the frequency of the light is increased 
the energy of the emitted electrons will also 
increase. The relationship is linear but not 


Cannot 
escape 


Ww 


(6) Frequency of incident light 
below threshold 


Kinetic < (hf-W) 
}energy 


(d) Electron with less energy 
than maximum 


proportional, since the constant factor W is sub- 
tracted each time. If the intensity of the light is 
increased, the number of photons is increased 
but their energy remains constant; hence a 
larger number of photo-electrons will be emit- 
ted, each with the same energy as before. 

The variation of the maximum energies of 
photo-electrons with the frequency of the 
incident light is shown in Fig. 10.9 for a series 
of metals. The intercept on the y-axis enables 
us to determine the energy W required to 
remove the most energetic electrons from each 
metal. The slopes of the graphs are all identical, 
being equal in size to Planck’s constant; it is 
the slope of the graph described by the 
equation: 

(2m) max = hf — W (10.5) 
The graphs give a value for Planck’s constant 
of about 6x10 “Js, close to the currently 
accepted value of about 6.63 x10 **Js. 

An alternative method of calculating a value 
of h is to take readings of the maximum kinetic 
energy of the emitted electrons at two frequen- 
cies for a particular metal. We then have: 

Gmo’) = hf -W 
at one frequency 


at the other frequency 
©. Gmv?), — (dmv )o=h(fi-fr) 


3 Gmv’) —(4mv)> 
ie. h=————— (10.7) 
i -A 


In each case }mv? is the maximum kinetic 
energy. 


Q 10.8 
In an experiment, illustrated in Fig. 10.6(b), with 
a potassium photocell, a maximum voltage of 

-37 V is measured when the cell is illuminated by 
blue light of frequency 6.5 x 10'* Hz; ultraviolet 
light of frequency 7.8 x 10" Hz produces a voltage 
of 0.91 V. Calculate Planck's constant and the 
minimum energy, W, required to remove an 
electron from potassium. The charge on an 
electron is 1.6x10~'° C, 


_In the experiments described above the 
kinetic energy of the electrons was measured 
because the collector was negative with respect 
to the emitter, If the maximum potential 
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difference through which the electrons can 
move is V, and the charge on an electron is q, 
we have: 


(10.2) 


Instead of measuring the energy in joules, we 
sometimes use the electron-volt (eV); an elec- 
tron-volt is the energy an electron gains in being 
accelerated from rest through a potential 
difference of 1 volt. The amount of energy in 
an electron-volt is therefore given by: 


Gmv’)max=qV 


energy=qV 
=(1.6x10™™)x1 
=1.6x10 "J 


The kinetic energy of an electron that can just 
pass through an opposing potential difference 
of V volts, is V electron-volts. 

The minimum energy required to remove an 
electron from a metal, W, is given by: 


W =hfo (10.4) 


where fo is called the threshold frequency. An 
amount of work, W, is done on the electron 
and this is equivalent to moving the charge, q, 
through a potential difference of ® volts. ® is 
called the work function of the metal, and is 
measured here in volts. If V is the retarding 
potential difference the equations we used 
earlier may be re-written in terms of potential 


differences. 


266 Light: waves and particles 
The kinetic energy of a photo-electron was 
shown to be: 
Gmv? )mnax = hf — W (10.5) 


where the kinetic energy was related to the 
stopping potential V by the equation: 


Gmv’)max =q V (10.2) 
Hence aV =hf-W (10.8) 
where W =q® from above (10.9) 
Therefore qV =hf-—qb 
= LE (10.10) 
q 
Q 10.9 


Calculate the energy of an electron, in electron- 
volts and joules: 


(a) if it is accelerated from rest through a 
potential difference of 6 V: 

(b) when emitted from a metal if it is then 
brought to rest by a retarding potential 
difference of 2.33 V. 


10.4 The properties of photons 


Energy of photons 


Einstein and Planck showed that the energy of 
a photon, E, is given by the equation: 


E=hf (10.3) 


where f is the frequency of the radiation and 
h is Planck’s constant, 6.6x10° Js. We can 
use this to work out the energy of photons of 
different typical types of radiation; values given 
in Table 10.2 are approximate, 


It is possible, given the energy of a photon, 
to calculate how many are emitted in one 
second by a source of a given power, as shown 
in Fig. 10.10. For example, for a 100 W light 
bulb: 

number of photons 

A power 
energy of a photon 


1C 
= 10°° photons per second 
A weak y-ray source, on the othe: vand, may 
emit 10* y-Photons in one second, each of 
energy 2x 107" J. The power emitted is given 
by: 


power = (number of photons/second) 


(energy/ photon) 
=10*(2x 107") 
=2x10°W 
Laboratory sources are weak; if there were 107° 
y . . 
photons per second as in the case of the light 


bulb, there would not be much container left: 
power = 107°(2« 10°") 
=2x10 W 
= 10 000 two-bar electric fires! 


Some other comparisons of this type are to be 
found in the chart and in the questions. 


Q 1010 

A powerful transmitter of Radio 2 VHF emits 
2x10% photons per second at a frequency of 
90 MHz. What is its Power output; to how many 
two-bar fires is it equivalent? 


Table 10.2 
Wavelength/m Frequency/Hz Energy of photon/J 


Radio 2 1.5x 10° p 

BBC London 3.2x107 9.5% 10" santo 
Infrared 4.2x 1073 7.1x 10" $7510 
Green light 5.6 10-7 54x10" eE 
Ultraviolet 2.5 1077 1.2x10'5 oan a ae 
X-rays 15x 19-7 2.0x 10'8 13x107" 


y-rays 1.0x 107'? 3.0 107° 2.0x 107'3 
Similar information is conveyed by the left-hand scales in Fig. 10.5 and Fig. 10.10. 
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Fig. 10.10 This graph shows the variation in photon energy with frequency, together with the power of some typical sources 
of electromagnetic waves. 
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The number of photons given out by a light 
bulb may sound very large; how far apart are 
they? Suppose your eye is 1m from a 100 W 
light bulb, and has a pupil of area 4 mm’: 
fraction of emitted photons entering eye 

area of pupil 
area of 1 m sphere (4zr7) 
_4x10°° 
— 
=3x107 
ai 1 
~ 3.000 000 
number of photons entering eye per second 

107% 
*3x10° 
=3x10"" 


Thus it is impossible for us to distinguish 
between individual photons as they enter the 
eye. Photons travel at 3X 10° ms": if all the 
photons entering the eye did so in a single 
stream we would have: 


‘distance between photons’ 
_ distance travelled by photon in 1 second 
~ no. of photons entering eye in 1 second 
3x 108 
“3x 105 
~10%m 
~10° mm 


Q 10.11 

How ‘far apart’ are y-photons if they enter a 
counter at one thousand per second: assume they 
are in a single stream. 


The momentum of Photons 


All particles that we meet in mechanics have 
momentum, defined as the product of the mass 
and velocity of the particle, Cana photon, which 
has no rest mass, have momentum? Maxwell 
predicted that electromagnetic waves would 
exert a pressure on an obstacle and in 1899, 
Lebedev succeeded in measuring it, in an 
elegant experiment using a mirror anda torsion 
balance. It is now known that the pressure at 


the earth’s surface due to the sun’s radiation is 
10°Nm”, compared with a pressure due to 
the atmosphere of 10°Nm *. The pressure 
exerted by the sunlight, like that exerted by a 
jet of water from a hose pipe, is proportional 
to the rate of change of momentum of the beam 


of photons. 

The theory of relativity can be used to relate 
the momentum of photons, p, to their energy, 
E; it can be shown that: 

p= E (10.11) 
of 
=M 
A 
h 
i.e. =~ (10.12) 
Le p 7 


where f is the frequency and A the wavelength 
of the photons. 

Thus, although a photon has no rest mass, 
when it is moving with its velocity, c, it can be 
regarded as having a mass-equivalent given by: 


m= 


i.e. m= from (10.11) 


aty air 


or E=mc 


This is the same equation as is used elsewhere 
in the Theory of Relativity to relate mass and 
energy. 


Q 10.12 

If the pressure at the earth’s surface due to 
Sunlight is 10-° N m™ calculate the number of 
Photons arriving per second and hence the power 
per square metre incident at the earth’s surface. 
This will, of course, be less than the power per 
Square metre incident on the atmosphere because 
of absorption. Take A =5.5x 107 m. 


10.5 The nature of light? 


The next obvious step in our argument is to 
state which theory is correct, but unfortunately 
it’s not quite so simple as that! Physical optics 
and Maxwell’s electromagnetic theory provide 
evidence for a wave theory; the photo-electric 
effect and related phenomena provide evidence 


for a quantum picture. It is true that the quanta 
have a frequency but they behave in many ways 
like particles; the essence of a wave, on the 
other hand, is that the energy distribution is 
continuous 


Cut two fine slits, about 5 mm long, close 
together in a piece of thin card. Take it outside 
on a dark night and look through the slits at a 
Street light, preferably of the gas-discharge 
type. If the card is held close to your eye, you 
will be able to see Young’s slits fringes. Now 
look at distant house lights to see if the fringes 
can still be observed, You will probably find 
that they can just be seen at distances up to 
1.5 km away 


Let us suppose that each slit measures 
5mmx(.2 mm. The fraction of the emitted 
photons that pass through either slit will be 
given by: 

area of slits 


fraction = _————___—___—_ 
area of sphere radius 1.5 km 


_2x5x0.2x10° 
47 (1500) 
Teor 


If the light bulb that is visible is rated at 100 W, 
the maximum possible number of photons 
emitted per second is 10°”; in fact, much of the 
electrical energy is converted into heat and the 
number of photons of visible radiation will be 
less than this. 


<. maximum number of photons 
enteringtheeye  =107" x10” 
~ 10’ per second 
Hence, assuming that the photons arrive in a 
single beam: 
3x10 
10’ 
=30m 


separation of photons ~ 


The significant point about this result is that 
only one photon is likely to be between the slits 
and the retina at once; with what does it inter- 
fere? If a photon is a particle it can go through 
either one slit or the other, but not through 
both. How is it that these ‘single’ photons hit 
the retina in exactly the right places to build 
Up an interference pattern? 
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; Let us consider the energy arriving at a point 
in an interference pattern from the points of 
view of both theories. According to the ‘par- 
ticle’ theory, the energy arriving is determined 
by the equation: 


energy arriving at _ number of photon/s x 
a point/s energy of a photon 


The wave theory predicts that: 


(amplitude of wave at 


energy arriving at < 
that point)? 


a point/s 


The experiment described above shows us 
that all photons do not follow identical paths. 
Each photon must go to a point in the interfer- 
ence pattern, and more must arrive where the 
bright fringes are to be and less where there is 
to be almost total darkness. It would be imposs- 
ible to predict where a particular photon will 
go but the large numbers that arrive over a 
period of time will be correctly distributed to 
give the expected pattern. 

We can say that it is more probable that a 
photon will go to a bright fringe than to a dark 
one; the concept of probability is very impor- 
tant in quantum physics. Hence, instead of com- 
bining the two relationships above to give: 


number of photons _ (amplitude of wave at 
eS oc Be 
arriving/s that point) 


we say: 


probability of a 
photon arriving 


This process of building up a predictable 
pattern from the chance arrival of photons is 
illustrated in Fig. 10.11. Six photographs .of a 
woman were taken, with a wide range of light 
intensities. When a relatively small number of 
photons had arrived, the random nature of their 
arrival was apparently important, and the 
picture confused. When a very large number 
had arrived, the expected pattern was clearly 
formed. It is like throwing dice; throw one and 
you cannot tell whether it will be a ‘six’ or not, 
but throw six hundred, and you will get very 
nearly one hundred ‘sixes’. 

Thus, both theories appear to be necessary 
to explain all the properties of electromagnetic 
waves, although as we have seen they may 
appear to be contradictory. In a photo-electric 
experiment, the quantum theory is needed to 


(amplitude of wave 
at that point)“ 
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(a) 310% photons 


(d) 7.6 x 10° photons 


Fig. 10.11 Six photographs of a woman’s face taken with incre: 


explain the absorption of photons and emission 
of electrons; nevertheless, the value of the 
frequency of light used in calculations is deter- 
mined from measurements of the wavelength 
using wave superposition methods. The diffrac- 
tion of X-rays may be analysed experimentally 
by considering their wave nature; however, the 
X-rays are detected by a Geiger tube which 
produces pulses as each X-ray photon arrives, 

One possible Over-simplification is to say that 
the particle theory is used to discuss interaction 
with matter, and the wave theory used to 
explain propagation. The truth is perhaps that 
there is no conceptual picture adequate to the 
reality and we must resort to the abstractions 
of the mathematics of quantum mechanics to 
try to provide one theory that will explain all 
situations. 


(b) 1.2x10* photons 


(e) 3.6 x 10° photons 


(c) 9.310" photor 


(f) 2.810” photons 


asing numbers of photons 


‘Things on a very small scale behave like nothing that 
you have any direct experience about. They do not 
behave like waves, they do not behave like particles, 
they do not behave like clouds, or billiard balls, or 


weights on springs, or like anything that you have ever 
seen. 

Newton thought that light was made up of partic i 
then it was discovered ... that it behaves like a wave. 
Later, however ... it was found that light did indeed 
sometimes behave like a particle. , . . Now we have given 
up. We say, “It is like neither” J 
Because atomic behaviour is so unlike ordinary 
experience, it is very difficult to get used to and it appears 
Peculiar and mysterious to everyone, both to the nov a 
and the experienced physicist. Even the experts do no 
understand it the way “they would like to, and it $ 
perfectly reasonable that they should not, because all oF 
direct human experience and of human intuition applies 
to large objects. We know how large objects will act, 
but things on a small scale just do not act that way. 


but 
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Waves and the nature of matter 


11.1 Types of spectra 


The last two chapters have been concerned with 
the nature of light, but in this final chapter we 
will apply our knowledge of light and under- 
standing of waves to a discussion of the struc- 
ture of matter. We saw earlier that a wide range 
of electromagnetic waves can be used to investi- 
gate atomic structure, and we shall begin by 
seeing what can be learnt from the study of 
spectra, 


Continuous and line spectra 


Newton passed rays of sunlight through a prism 
and observed a continuous spectrum with 
colours ranging from violet to red. All very hot 
objects give out light; that from a piece of 
common salt vaporized in a bunsen flame is 
always yellow, whilst that from a hot poker is 
red. A fluorescent tube, on the other hand, 
which is comparatively cold, also gives out a 
lot of light; the energy in this case comes from 
an electrical discharge. In all these cases there 
is an energy transformation, for instance from 
nuclear, heat or electrical energy, into light 
energy. 

Thomas Melville, in 1752, was one of the 
first physicists to realize that luminous gases 
gave a different type of spectrum from that 
produced by hot objects, such as the sun. 
Luminous gases emit Spectra that consist only 
of a number of discrete lines, or in some cases 
bands; each line corresponds to a particular 
wavelength of light. William Herschel, in 1823, 
proposed that it might be possible to identify 
the presence of elements by identifying their 
characteristic line spectrum, for he realized that 
different gases emit different lines. This tech- 
nique is an important part of modern chemical 
analysis; it is, for example, possible to detect 
the presence of as little as 10°'* kg of sodium 
in any compound vaporized in a bunsen flame. 

Hot objects, such as the sun or a poker, emit 
continuous spectra in which the wavelength 
varies continuously. Light from the sun ranges 


over the whole of the visible spectrum and 
more, whereas most of the energy from a red 
hot poker falls near the red end of the visible 
spectrum. 

Examples of different types of spectra are 
shown in Fig. 11.1. 

The two examples of line spectra shown are 
of hydrogen and mercury. The hydrogen is con- 
tained at a low pressure (2 mm Hg) in a sealed 
tube and the molecules are split into separate 
atoms by the discharge between electrodes in 
the tube; a potential difference of about 5000 V 
is applied and a characteristic pale pink colour 
produced. The spectrum is formed with either 
a prism or a diffraction grating; in spectroscopic 
work the diffraction grating is normally used 
and the wavelength of the lines may be calcu- 
lated as explained in Section 7.6. The spectrum 
of mercury vapour is also shown and can be 
Seen to contain different lines from those in the 
hydrogen spectrum. 


Band spectra 


The molecular nitrogen spectrum consists not 
just of single lines but of bands; each of these 
consists of a series of closely spaced lines which 
become progressively closer together towards 
the head of the band. This is called a band 
emission spectrum and it is produced only when 
the discharge is too weak to dissociate the 
molecules into atoms. Band spectra tend to be 
characteristic, not of the elements present, but 
of a particular type of bond, such as an O—H 
bond. 


Fraunhofer lines and absorption spectra 


Woollaston, in 1802, was the first person to see 
that the continuous spectrum produced by the 
sun was in fact crossed by a series of dark lines, 
although he failed to appreciate their 
significance. However, in 1814, Joseph Fraun- 
hofer was examining the sun’s spectrum and 
decided to use these dark lines as reference 
points in his investigation of other spectra. He 
discovered and labelled about 700 dark lines, 
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Fraunhofer lines 486 656 nm 
KH FRE D Cc 6B A 
Violet Blue Green Yellow Red 
rie. 11.1 Fraunhofer dark lines in the visible spectrum of sunlight. Only a few of the prominent lines are shown (adapted 
tom A. B. Arons Development of the Concepts of Physics Addison-Wesley, 1965). 
although improved techniques have since continuous spectrum of the bulb but with dark 


revealed that there are about 15 000; they are 
now referred to as Fraunhofer lines. It was 1859 
before Kirchhoff observed that the wavelength 
of many of these dark lines corresponded 
exactly with those of emission lines for various 
elements. He proposed that the dark lines arose 
because atoms which could emit light energy of 
a certain wavelength could also absorb energy 
at that wavelength. Therefore if, say, hydrogen 
Were present in the outer layers of the sun, it 
would be able to absorb energy from the con- 
tinuous spectrum at the same wavelengths at 
which it emits light when excited in a gas dis- 
charge. 

This effect can be seen in the simple labora- 
tory demonstration in Fig. 11.2. A car head- 
lamp bulb emits a continuous white-light spec- 
trum; this may be seen by viewing the bulb 
through a direct-vision spectroscope as shown 
in Fig. 11.2(a). A sodium pencil placed in the 
bunsen flame in Fig. 11.2(b) emits yellow light 
In all directions; the characteristic yellow lines 
of the sodium spectrum are seen. If the head- 
lamp bulb is placed behind the bunsen, as shown 
in Fig. 11.2(c), the spectrum observed is the 


lines where the sodium yellow lines were; this 
can be seen most effectively by switching the 
bulb on and off alternately. The sodium vapour 
has absorbed light at those wavelengths at 
which it also emits light; when the light is re- 
radiated, however, it is emitted in all direetions 
and thus there is a net loss of intensity in the 
forward direction. The spectrum seen in this 
case is known as the absorption spectrum of 
sodium. Because of Fraunhofer’s original 
labelling of the dark lines in the solar spectrum, 
the very close prominent yellow lines are known 
as the ‘sodium D lines’. 

Fraunhofer lines are used to analyse the ele- 
ments present in the outer layers of the sun, 
and in 1870 a set of lines was found that did 
not correspond to any known element. The 
existence of a new element called helium (Gk; 
helios = the sun) was proposed and twenty years 
later it was identified in a laboratory as one of 
the inert gases. Absorption spectra are also used 
in spectrographic analysis on earth. In order to 
explain these various types of spectra we must 
first look at the ways in which atoms can absorb 


and emit energy. 
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Which, if any, of the elements hydrogen and 
mercury are shown to be present in the outer 
layers of the sun by the evidence of the 
photographs in Fig. 11.1? 


11.2 Spectra and energy levels 


The section on the photo-electric effect showed 
that light can only cause the emission of elec- 
trons from a particular metal if the frequency 
of the incident light is greater than a minimum 
threshold frequency; this is because the energy 
of the light photon has to be greater than the 
energy required by the electron to escape from 
the surface. 

When we analyse line spectra we find that 
atoms of a given element can only absorb and 
emit light of certain frequencies; that is to say, 
these atoms can only absorb or emit photons 
of certain energies. Thus the atoms, instead of 
being able to have any energy, can exist only 
in certain energy states, or energy levels; the 
energies of the photons must be equal to the 
difference between two energy levels. For light 
of frequency, f, the energy of a photon, E, is 
given by: 

E=hf (10.3) 
where A is Planck’s constant. When a photon 
is absorbed the atom moves to a higher energy 
level, as shown in Fig. 11.3, and when energy 
is emitted it moves to a lower energy level. The 
energy level structure of an atom is analogous 
to a flight of stairs, where your potential energy 
can only change by an amount equal to the 
difference in energy between two steps. 

According to this theory, if an atom had two 
energy levels 5.6x10-"J apart, light of 
frequency f could be absorbed and emitted 
where: 


difference between 
photonenergyi= energy levels 
ie. hf =5.6x10 "J 
pS 
66x10” 
=8.5x 10'* Hz 


It is usual, in fact, to express atomic energies 
in electron-volts: 


energy difference__ energy in joules 


in electron-volts 


charge on an electron 
5.6x 10°” 
ESSN 
=3.5eV 
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The wavelength of the light emitted as a result of 
the transition between two energy levels in the 
krypton-86 is 1/1 650 764 metre. Calculate, as 
accurately as you can, what the difference in 
energies must be between these two levels, giving 
the answer in joules and in electron-volts. The 
velocity of light is 2.997 925x 10° ms™', the 
charge on an electron is 1.602 10x107” C, and 
Planck’s constant is 6.625 59x 107™™ J s 


To explain the types of spectra that are obser- 
ved we have introduced the idea of energy 


levels. Before developing this idea further we 
need to see whether it can be applied to other 
phenomena; as we pointed out in C hapter 10, 


a theory that only explains one phenomenon is 
unlikely to attain much credibility. Thus we 
look for independent evidence for energy levels, 
in other words evidence which is not dependent 
upon spectral phenomena. 


The Franck-Hertz experiment 


Energy is given to a cricket ball by hitting it 
with a bat, and an alternative way of supplying 
energy to atoms might be to hit them with other, 
fast-moving particles. If we found that energy 
was taken in from such collisions only in quanta 
of certain energy, then this would provide 
independent evidence for the existence of 
energy levels. 

Most collisions between atomic, or sub- 
atomic, particles are elastic; the total kinetic 
energy of the particles is the same after the 
collision as it was before. In contrast, the col- 
lision between a lump of plasticine and a wall 
is inelastic ; all the kinetic energy has been con- 
verted into other forms of energy such as heat. 
In 1914 J. Franck and G. Hertz, the nephew 
of H. Hertz, investigated to see whether 
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(b) Observation of a line emission spectrum 
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(c) Observation of a line absorption spectrum 


Fig. 11.2 
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ibe kinetic energy of the electrons during 
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Fig. 11.3 


is a modern version of the original apparatus 
and is illustrated in Fig. 11.4. 

The electrons are produced by indirect heat- 
ing of a cathode K, where they are released by 
the process known as thermionic emission. They 
are then accelerated by two grids, gı and gp, 
kept at voltages positive with respect to the 
cathode; the accelerating voltage can be varied 
up to about 30 V. The whole glass envelope 
contains mercury vapour at very low pressure 
and the accelerated electrons are likely to 
collide with the mercury atoms in the en- 
closure. 

When we discussed the photo-electric effect, 
we saw how a retarding voltage could be used 
to measure the kinetic energies of electrons, 
and the same technique is used in this experi- 
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ment. The collector A is made 1 V negative 
with respect to g> and electrons must therefore 
have a minimum kinetic energy at g of leV 
if they are to reach the collector. 

In the discussion following, we assume that 
the collector current is determined partly by 
the accelerating potential difference between 
the cathode and gv. If this potential difference 
is made too large it ceases to have any further 
effect on the current, which then depends only 
upon the rate of emission at the cathode; ail 
the emitted electrons are reaching the collector 
and the tube is said to be saturated. The poten- 
tial differences in this experiment are much 
smaller than those required for saturation. 

Thus, as the potential difference between the 
cathode and gy is increased the collector current 
increases, as shown at the beginning of the 
graph in Fig. 11.5(a). However, when the 
potential difference reaches 4.9 V the current 
drops considerably before rising again; further 
drops occur at 9.8 V, and at succeeding 4.9 V 
intervals, 

At the start of the experiment the vast major- 
ity of the mercury atoms are in their lowest 
energy level—this energy level is called the 
ground state. The results Suggest that the first 
excited energy level is 4.9 eV above the ground 
state; when the electrons have been accelerated 
through 4.9 V they have just enough energy to 
excite the atoms. They use all their kinetic 
energy to do this and have none left to over- 
come the potential difference between 22 and 
the collector; as a result the collector current 
falls suddenly at an accelerating potential 
difference of 4.9V. Once this potential 
difference is greater than 5.9 V the electrons 
have enough energy to give up 4.9eV to a 
mercury atom and still have 1 eV left to reach 
the collector; the current rises again. However, 
electrons with an energy of 9.8 eV have just 
Sufficient energy to excite two mercury atoms 
in succession and, therefore, at this voltage the 
current falls for a second time. 

The early experiments were not very sensitive 
and produced simple results like those in Fig. 
11.5(a). The existence of a single energy level 
is shown and its energy in joules is given by: 


energy =4.9 eV 
=(1.6x10"')x 4.93 
=7:8X10-27 


Thus, a mercury atom can accept energy ina 
quantum of 4.9 eV (7.8 10 "° J), 

We shall see in Section 11.3 that exciting an 
atom into higher energy states can be associated 
with moving one or more electrons into orbits 
that are further from the nucleus. Removing 
an electron from an atom completely is called 
ionization ; the energy required to do this, called 
the ionization energy, is shown in | ig. 11.5(b) 
together with a number of other energy levels 
for mercury atoms. 

When discussing energy levels it is usual, in 
fact, to regard the energy as zero when the atom 
is ionized; all other states are then e xpressed 


as negative energies and the ground state of 
mercury, for instance, is then at (10.3 eV), 
The advantage of this approach is that the zero 


from which energies are measured is the same 
for all atoms. The energy level structure of 
mercury from this point of view is shown in Fig. 
11.5(c). 

This experiment provides independent 
evidence for the existence of energy levels ina 
mercury atom, and we will now examine a mer- 
cury spectrum to see if it predicts the same 
energy level structure. 
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The ionization energy for a mercury atom is seen 
to be 10.3 eV higher than the ground state. What 
is this energy in joules and how fast would an 
electron have to travel to ionize a mercury atom? 
Ignore relativistic effects and state at the end 
whether this assumption is justified. The mass of 
an electron is 9.1 x 10™™ kg. 


The spectrum of mercury vapour 


A suitable experiment to investigate the spec- 
trum of mercury vapour is shown in Fig. 11.6. 
A mercury discharge lamp shines through a 
small slit in a screen onto a concave reflection 
grating; the reflected spectrum falls onto 
fluorescent paper attached to the screen. The 
lamp has a hole drilled in it so that the ultravio- 
let light will not be absorbed by the glass, and 
the slit in the screen is about 1 mm wide. The 
concave grating is placed at a distance from the 
Screen equal to its radius of curvature (typically 
about 0.5 m) and orientated so that the zero- 
order line is above the slit, with a spectrum to 
either side. It is important to distinguish which 
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Fig. 11.4 The Franck-Hertz experiment. 
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lines lie in the ultraviolet and which do not; a 
piece of glass may be inserted in the beam to 
absorb the ultraviolet light, leaving only the 
visible spectrum on the screen. 

If the lamp is run at low power, the spectrum 
contains six lines. Line A is the zero-order line 
and lines C, E and F are also at visible 
wavelengths; they form the visible part of the 
first-order spectrum and are, in fact, the violet, 
green and yellow lines respectively. Lines B 
and D are absorbed by a piece of glass and 
must, therefore, lie in the ultraviolet part of the 
spectrum. As ultraviolet light has a shorter 
wavelength than violet light, line B is clearly 
the first-order ultraviolet line and line D is the 
second-order line for the same wavelength. 

Our thesis is that each line corresponds to a 
jump from one energy level to another, and if 
that is the case, the lines of shortest wavelength 
and highest frequency, will correspond to the 
largest jumps, since we are assuming the 
relationship E = hf. We wish to see whether the 
first energy level is 4.9eV above the ground 
state; if so, photons of energy 4.9 eV will be 
emitted when the atom changes from this state 
to the ground state. From the evidence above 
we cannot, however, tell which lines correspond 
to transitions to the ground state; to do this we 
look for an absorption effect using cold mercury 
atoms, which have a very high probability of 
being in the ground state, 

A small quantity of mercury vapour is puffed 
through the light from the lamp by squeezing 
a small polythene bottle containing mercury; 
the bottle must not be warmed to increase the 
amount of vapour, as it is very poisonous. The 
ultraviolet lines vanish; light of this frequency 
must have been absorbed by the cold mercury 
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Fig. 11.6 The spectrum of mercury vapour, 


atoms. Hence, it is the ultraviolet line that cor- 


responds to transitions between the ground 
state and a higher energy level 
The wavelength of the ultraviolet line is meas- 
ured by using the usual formula for a diffraction 
grating and is found to be 2.53x107m, 
Alternatively, if the wavelength of the green 
line immediately adjacent to the second-order 
ultraviolet line has been determined in this way, 
the wavelength of the ultraviolet line may be 
obtained by comparison. Therefor 
f velocity of light 
requency = ——— 3 
q 7 wavelength 
3x10" 
253x10 
=1.19x10" Hz 


Hence 
energy of photon, E = (Planck's constant) 
X (frequency) 
=(6.6x10 >") 
x(1.19x10'5)J 
=7.83x10 "° J 
A Te Ca TaS 
= eV 
1.6x10 
i.e. E=4.89eV 


Hence, the energy level involved is 4.9eV 
above the ground state; this agrees with the 
information deduced from the Franck and 
Hertz experiment. These two independent 
experiments present strong evidence for the 
existence of discrete energy levels in atoms, and 
hence for the truth of the quantum hypothesis. 
In general, the agreement between energy level 
measurements by collision experiments and by 


spectral analysis is rarely as precise as is sug- 
gested above; the spectral information is the 
more accurate and is thus used to investigate 
the energy level structure of atoms and 
molecules in detail, 


Q 11.4 
An ant of mass | mg lives on a flight of irregular 
stairs. The first step is 1 mm above the ground. 


Supposing that all the potential energy an ant 
loses could be converted into a photon, calculate 
the frequency of the resulting electromagnetic 
wave when the ant steps down from the first step 
to the ground. What type of electromagnetic 


photon would it be? 
We see from this question that the energy level 


differences in an atom are very small indeed. How 
many mercury atoms would each have to give out 
an ultraviolet photon to emit the same amount of 


energy as the ant? What mass of mercury would 
that be? The relative atomic mass of mercury is 
200 and Avogadro's number is 6 x 10% mol’. 


Fig. 11.7 shows how the mercury spectrum 
described in the experiment is related to the 
simplified energy level structure mentioned ear- 
lier; there are, of course, a great many other 
lines not visible with the elementary apparatus 
used, and the complete energy level structure 
is much more complex than that shown. 
Remember that the energy of the photons, and 
hence the frequency of the emitted light, is 
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determined by the difference in energy levels; 
a transition between two high energy levels will 
cause a photon of low energy to be emitted if, 
as is often the case, the energy levels lie close 
together. 


Q 115 

Copy and complete the chart for the green line in 
Fig. 11.7 and identify the energy levels between 
which the corresponding transition must occur. 


The interpretation of other spectra 


Spectra of many types can be interpreted in 
terms of an energy level structure; they can be 
used to identify substances or interatomic bond 
arrangements. Some uses of spectroscopy at 
different wavelengths are shown in Fig. 11.8. 


11.3 Atomic energy levels and 
the Bohr theory 


In the last section we showed that the energy 
level structure of a mercury atom predicted 
from the spectrum of mercury vapour coincided 
with that predicted by the Franck and Hertz 
collision experiments. We shall now try to 
explain briefly the energy level structure of 
atoms in terms of the arrangement of the elec- 
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Fig. 11.7 The spectrum and energy level structure of mercury. 
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trons that are outside the nucleus. This is a 
complex subject and we shall consider only the 
simplest case, that of hydrogen, which has just 
one electron outside a nucleus consisting of one 
proton. For a more complete discussion, the 
reader is referred to books on atomic physics 
such as Bennet Electricity and Modern Physics 
or Caro, McDonnell and Spicer Modern 
Physics. 


The spectrum of hydrogen 


The lines in a hydrogen spectrum form a num- 
ber of series, in each of which the lines get 
closer and closer together towards the short- 
wavelength end. The first progress towards 
understanding these series was made in 1885 
by Balmer who was able to produce an 
empirical mathematical formula which predic- 
ted the wavelength of the lines in the series that 
now bears his name; this series is shown in Fig. 
11.9. The formula derived by Balmer is: 


71 3 Balmer series 
-== R| ‘7 
A oF a n>2 


where n is an integer greater than 2, R is a 
constant and A is the wavelength. The formulae 
for the wavelengths of lines in two of the other 
Series, the Lyman and the Paschen, are: 


(11.1) 


x7 R(4-4) Lyman series (11 5) 
A 1° J n>1 


Paschen series (11.3) 


and iS 


The same constant, R, is used in each formula; 
it is now known as the Rydberg constant and is 
found to have the value 1.096 78x10’ m`". 
The frequency of the lines can be calculated 
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using the equation: 


a a velocity 
a 4 wavelength 


or, directly, by using formulae of the form: 


1 1 
f=cR(-z--7) (11.4) 
ny nî 
Lyman series: n;=1,n2>1 
Balmer series: nı =2, n2>2 


Paschen series: nı =3, n2 >3 


The wavelengths predicted by Balmer using 
his formula were extremely close to those 
measured by Ångström as shown in Table 11.1. 

Balmer was impressed by the close corres- 
pondence: 


‘(this) is really a striking evidence for the great scientific 
skill and care with which Ångström must have gone to 
work!’ 


So far we have taken the various lines in the 
hydrogen spectrum and arranged them in series, 
each accurately described by Equation (11.4). 


Table 11.1 


Wavelength/10 7m 


Observation 


Prediction 
6.564 67 6.562 10 
4.862 72 4.860 74 
4.34171 4.3401 
4.102 92 4.1012 


The next stage in the discussion is to relate the 
frequencies of the lines to the energy level 
structure of hydrogen. For this we must recall 


Fig. 11.9 Hydrogen spectrum: the Balmer series. 
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that: 


energy of a photon =(Planck’s constant) 
X (frequency) 


where the energy of the emitted photon is, of 
course, equal to the change in energy of the 
atom. Thus, if an atom changes its energy state 
from E, to E, we have: 


E,—E£, =hf 


where f is the frequency of the emitted light. 

Let us consider the Lyman series, which is 

described by Equation (11.2), rewritten in the 

form: 

face 5) (11.2) 

=eR(> a 

where mcan beanywholenumbergreaterthan Li 
This equation can be rewritten: 


and if we are considering an energy transition 
from E, to E, we then have: 
hcR hcR 
E, -E, ==> -7 
1 n2 


It is possible to explain the Lyman series of 
lines by postulating that E, represents the 
ground state, or lowest Possible energy level, 
of hydrogen where: 


The transitions to the ground state may be from 
a series of other states whose energy is deter- 
mined by the value of n 2 


p, -AR 
n2 
Both energies must, of course, be negative since 
the ionization energy is taken to be zero, as 
explained in the last section, 

The energy level structure giving rise to the 
Lyman lines is shown in Fig. 11.10. The highest 
frequency line in the series will be caused bya 
transition from the ionization level to the 
ground state. 
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Fig. 11.10 Hydrogen Spectrum: the Lyman series. 


The next important thing to realize about 
these three series is the relationship between 
them; we might Suppose that they would involve 
three different sets of energy levels but this is 
not, in fact, the case. Let us use Equation (11.1), 
(11.2) and (11.3) to write down expressions for 
some of the energy differences in the series 
(Table 11.2). We see immediately that the con- 
stant lower energy for transitions in the Balmer 
Series (—hcR /2) is just the first excited energy 


Table 11.2 


Balmer Paschen 


(ny =2) (n1 =3) 


level for the Lyman series; the Balmer lines 
involve transitions not to the n =1 level, but 
to the n = 2 level. Similarly the Paschen series 
lines involve transitions to the n =3 level, as 
shown in Fig. 11.11. Thus, the same sets of 
energy levels are used but with a different lower 
level for each series; because the energy 
differences are much smaller for all Balmer lines 
mey are of much lower frequency than Lyman 
es, 

Having related the frequencies of lines in the 
hydrogen spectrum to energy levels, we now 
need to discuss how these energy levels can 
arise within the atom. We shall look at two 
theories of how this can be explained; the first 
was proposed by Bohr, and the second by 
Schrédinger. 


Bohr’s theory of the atom 


4 1911 Geiger and Marsden bombarded thin 
eets of gold with a-particles. Analysis of the 
angles at which these particles were scattered 
enabled Rutherford to show that an atom con- 
of a relatively small, but massive, positively 
; arged nucleus with negatively charged elec- 
Tons in the surrounding space. Newton’s second 
law predicted that the electrons, which were 
attracted by electrostatic forces to the nucleus, 
ye move in circular or elliptical orbits. Thus, 

| atom was seen to be like a miniature solar 
System, with small planet-like electrons orbiting 
a large sun-like nucleus. It was a convenient, 
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Fig. 11.11 Hydrogen spectrum: Lyman, Balmer and 
Paschen series. 


simple picture which explained a considerable 
proportion of the atomic physics known at the 
time. 

However, it had one serious flaw. In the last 
chapter, we saw that radio waves are emitted 
by electrons accelerated backwards and for- 
wards in an aerial; classical physics predicts that 
whenever electrons accelerate they will radiate 
energy. An electron moving in a circle is 
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accelerating towards the centre of the circle and 
hence should lose energy; detailed analysis pre- 
dicts that any orbital electron will have given 
up all its energy and collapsed into the nucleus 
within 10 '°s. 

In 1913, the Danish physicist Niels Bohr put 
forward his theory of the atom which, whilst 
leaving many questions unanswered, at least 
codified the problems in a number of assump- 
tions. Once these assumptions had been made, 
however, it was possible to derive equations for 
the frequencies of the spectral lines in the 
hydrogen spectrum, He made the following 
proposals: 


(1) An orbital electron can exist only in certain 
orbits. If the mass of the electron, m, is 
multiplied by its velocity, v, and by the 
radius of its orbit, r, we obtain its angular 
momentum. Bohr assumed that the 
angular momentum of the electron was 
limited by the equation: 


ah 

mior =n m 

where A is Planck’s constant and n an 

integer usually referred to as a quantum 
number, 

(2) An electron does not radiate energy whilst 
moving within the same orbit. 

(3) When an electron changes to an orbit of 
lower energy, energy is emitted as a quan- 
tum of radiation of energy equal to the 
difference in orbit energies. 


(11.5) 


It is important to appreciate that these assump- 
tions were an arbitrary introduction of Planck’s 
quantum ideas into classical mechanics but, 
nevertheless, could be used to derive some 
quantitative results. We shall restrict our dis- 
cussion of these results to electrons moving in 
circular orbits. 

In the hydrogen atom the force between the 
electron and the proton is given by Coulomb’s 
law: 


z e 
electrostatic force, F = 
4TEo 


a (11.6) 


where e is the charge on both electron and 
proton, r their separation and £o the permit- 
tivity of free space. Now by Newton’s second 
law, the force F acting on a mass m moving in 


a circle of radius r with velocity » is given by: 
p="? 
r 
e mu 
Hence 7=— from (11.6) 
4TEeor r 
i Z : (11.7) 
16s =mv i 
i.e ae 1 
From Bohr’s theory we have: 
h 
muor =n = (11.5) 
which may be squared and rearranged to give: 
2 nh? 
i 11.8 
a 4r mr“ t ) 
Equations (11.7) and (11.8) give 
C A 
4reor 4r mr 
: 2h 
i.e. r= (11.9) 
mme 
Substituting in Equation (11.9) we can calculate 
a value for r corresponding to n = | 
a (6.6 x 1074)? x (8.9 x 10") 
ae X(9.1 X10) X (1.6 x 10°)? 


=0.5x10 "m 


This represents the radius of the atom in its 
ground state and is the same order of magnitude 
as the experimentally measured value. 


Q 11.6 
Calculate the radius of a hydrogen atom in its first 
excited state. 


In our discussion of energy levels we con- 
sidered an electron to have zero energy when 
it was completely removed from the atom, and 
negative energy when it was in one of the bound 
energy levels. Thus, the potential energy of the 
electron, E,, will be given by the equation: 

re z (11.10) 


Aveor 


The potential energy is zero at r = 00, as shown 
in Fig. 11.12, and becomes more and more 
negative as the electron approaches the nucleus. 
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Fig. 11.1 The potential energy of the electron in a hydro- 
gen ator 
As t lectron is moving round the nucleus 
it will also have kinetic energy, Ex, given by: 
E,=3mv (11.11) 
2 
e 
= from (11.7) 
87reor 
Hence the total energy of an electron, E, is 
given b = 
B= ESB, 
2 2 
e e 
=- + 
4meor 87reor 
2 
; e 
ie. E=- (11.12) 
87reor 
But we have already shown that: 
he 
r= (11.9) 
mme 
and hence: 
e mme? 
Beye as 
87e0 n°h’eo 
i.e ga i m (11.13) 
n? Besh’ i 


Thus, we may obtain a value for the total energy 
of an electron: 


1 (9.1% 107*)(1.6 x 10 
n> 8(8.9X 10 )"(6.6x10 **)" 


—19)4 
) 


1 
=-5:2.16x10 85 
n 
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In the ground state n = 1, and hence: 
E,=-2.16x10"°J 

This agrees closely with the value —2.18 x 107'®J 

obtained from spectroscopic data. The dis- 

crepancy arises, in fact, from errors in quoting 

the constants above to two figures only. 

The potential energy is related to the total 
energy by Equations (11.10) and (11.12) and 
must, therefore, equal —4.32x10°'*J in the 
ground state, as shown in Fig. 11.12. 

Thus, in an energy level transition from (n = 
m) to (n=1) the energy released by the atom 
will be given by: 


energy emitted = E2- E; 


=-216x10"(5-5) 
TAR E 


A e R | 
=2.16x10 (5 -—7) 
The frequency of the resulting spectral line is 


given by: 
energy emitted 


Planck’s constant 
2.16 x = ttt ) 


frequency = 


Hence f= an 


hil A 
=3.27x10 lee: 
1 ing 
But from the formula for the Lyman series we 
have: 
(11.2) 


_3.27x10" 
meng x10" 
=1.09x 10’ m" 


Hence 
1 


This compares well with the experimental value 
of 1.09678 10’ m`". 

Thus, Bohr could predict atomic radii, the 
equations for the various series of hydrogen 
lines and a value for the Rydberg constant. In 
fact, his accurate predictions of the wavelengths 
of lines in the hydrogen spectrum were correct 
to one part in forty thousand. These results 
were sufficient to lead many to accept the 
assumptions, but they still formed an unhappy 
marriage between classical mechanics and 
quantum mechanics. It must also be realized 
that the theory worked much less well for atoms 
other than hydrogen, because of the interac- 
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tions between the larger number of particles. 
With hindsight, it is perhaps surprising that so 
much came out right, but an even more radical 
understanding of the nature of matter was 
needed before really satisfactory theories could 
be developed. 


11.4 Matter waves 


In the last chapter we found that to account for 
all types of optical phenomena it was necessary 
to assume that light had a particle nature as 
well as a wave nature. In 1924, Louis de Broglie 
proposed in his Ph.D. thesis that particles must 
have a wave nature associated with them. Thus, 
he introduced a symmetry into modern physics 
which was to question all the accepted classical 
assumptions about the nature of matter. As we 
shall see in the final section, his theory enabled 
him to explain the quantization of electron 
orbits which, in Bohr’s theory, had been merely 
an arbitrary assumption. 

de Broglie proposed that a particle of 
momentum p had an associated wavelength, A, 
given by: 


re (11.14) 
P 


which can be written, for non-relativistic 
speeds, as: 


(11.15) 
mv 

for a particle of mass m travelling with velocity 
v. He regarded a particle as being ‘localized but 
with a guiding wave’. The intensity of the wave 
at a point was proportional to the probability 
of finding the particle there; the intensity was, 
of course, also proportional to (wave 
amplitude)“. 

The wavelength of a 100 eV electron can be 
compared with that of a 20 g marble moving at 
a typical speed of 1 cm s™". 


Energy of 


5 harge on ener, 
(i) electron = (E 8 ) x ( 4 sy) 
maoues electron ineV 
=(1.6x 107") x (100) 
=16x 0 
=3mv* 


neglecting relativistic effects. 


+ 0 /2%1.6x107-” 
Te nl hoa RE Tia 


v =5.93x10°ms ! 


Therefore A PES 


(11.15) 
mv 
_ 6.6x10 
~ (9.110) x (5.9 x 109) 
i.e. electron _ 1.2x107!° m 
wavelength 
(ii) For the marble: 
=+ (11.15) 
mov 
__ Gero” 
(2x10 x(10° 
i.e. marble _ 30 
wavelength > 2-3 X 10° m 


The marble wavelength is very short compared 
with that of the electron and its wave nature is 
relatively unimportant. 


Q 117 

(a) A neutron has a mass of 1.7 x10 ” kg. 
Calculate with what speed, and thus with what 
kinetic energy, it must be moving to have a 
wavelength identical to that of the 100 eV 
electron. Convert the energy into eV. 

(b) Estimate the wavelength of a cricket ball 
bowled by a fast bowler. State clearly your 
assumptions. 


We may use relativistic formulae for particles 
of zero rest mass to extend the results above 
to include photons. Suppose that the photons 
travel at velocity c and have a relativistic mass 
M. Their momentum p is still given by: 


p=Mc 
where relativity relates their energy, Æ, to their 
relativistic mass by the following equation: 


E=Mc’ 
Hence E=pc 
=e from (11.14) 


ie. E=hf (10.3) 


This is Pianck’s formula for the energy of a 
light photon or ‘particle’, showing that de Bro- 
glie’s proposals were consistent with Planck’s. 

We saw, in Section 10.4, that photons have 
momentum; Equation (10.12), derived there 
from the relativistic relation between energy 
,entum, is now seen to be de Broglie’s 


Q 118 
Calculate the ‘mass’ of a photon of green light 
x107 m) travelling with the velocity of 


e that the ‘mass’ of the photon only has 
at this velocity; its rest mass is zero. 


When a photon collides with a particle at rest 
zeneral, lose some of its momentum 
c energy to the body. Hence de Bro- 
glie’s equation predicts that its wavelength will 
increase and its frequency decrease. This effect 
had first been observed by Compton in 1922, 
and is shown in Fig. 11.13. 


Evidence for the wave nature of particles 

When de Broglie put forward his hypothesis 
it was greeted with scepticism; ‘la Comédie 
Française’ was how one physicist described 
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Fig. 11.13 The Compton effect. 


Matter waves 287 


it. Nevertheless, within three years, two 
American scientists, Davisson and Germer, had 
produced evidence for the wave nature of 
electrons. 

They scattered low-energy electrons off the 
surface of a crystal of nickel and observed that 
there was an angular variation in reflected 
intensity similar to that observed in the light 
reflected by a reflection grating. They assumed 
that the lines of atoms acted like the ruled lines 
on a grating and were able to calculate the 
wavelength of the electrons; the value of 
Planck’s constant obtained from this agreed 
with that calculated from the photo-electric 
effect to an accuracy of 1%. Their apparatus is 
shown in Fig. 11.14. 

The interatomic spacing in nickel, s, is 
2.15 10°'° m and the direction, 0, of the first 
reflected maximum will be given by: 


ssind=A (7.4) 


where A is the wavelength of the electrons. In 
fact, a full analysis involving multiple layers of 
atoms is more complex, but yields the same 
value for A. Davisson and Germer found that 
the first maximum was at @ = 50°. 


A =(2.15 x 10° '°) (sin 50) 
=1.65x10°'°m 


Hence 


Now the electrons had been accelerated 
through a potential difference of 54 V. We 
therefore have: 


energy of shar 
e ge on) s ( 
sco ( electron 


energy in ) 
in joules 


electron-volts, 
= (1.6% 10°") x54 
=8.64x10 J 
But the kinetic energy of the electrons must be 
equal to the energy stored in the electrons by 
this acceleration: 
Amv? =8.64 x10 J 


Now (mv)? =2m(3mv”) 
=2x(9.1x 10°!) x (8.64 x 10°") 


ie mv =3.97X10™ kgms * 


We can now calculate a value of Planck’s 
constant from the wavelength obtained above, 
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Fig. 11.14 Davisson and Germer’s experiment. 


Heater 


using Equation (11.15): 
h IEE 
A =— at non-relativistic speeds 
mv 


ie. h=A(mv) 
r h =(1.65x 107™™°) x (3.97 x 10°74) 
=6.53x10 “Ts 


This value of Planck’s constant agrees well 
with the accepted value of 6.6 X 107°% J s. 

If electrons have a wave nature we would 
expect them to show properties such as diffrac- 
tion and interference, and the experiment 
described above shows that this is indeed the 
case. A similar demonstration utilizes an elec- 
tron diffraction tube, as shown in Fig. 11.15(a). 

A beam of electrons is produced by ther- 
mionic emission and accelerated onto a fluores- 
cent screen at the far end of the tube. If a target 
of graphite, for instance, is placed in the beam, 
a series of concentric rings is formed. The pat- 
tern is similar to that produced in the diffraction 
of X-rays by polycrystalline materials, shown 
in Fig. 11.15(c). Each layer of graphite atoms 
acts like a two-dimensional diffraction grating 
and produces a pattern of spots; the succession 
of randomly orientated ‘gratings’ produces 
circles instead of spots. 

Thus, electrons show the same diffraction 
phenomena that electromagnetic waves do, 
provided that the dimensions of the aperture 

or grating are suitable. We expect more ener- 


~ Nickel 
crystal 


4 surface 
getic electrons to have a larger momentum and 
thus a smaller wavelength; experience with 
other forms of diffraction leads us to suppose 


that the angular distribution will be reduced and 
this is seen to be the case in the composite 
photograph in Fig. 11.15(b). f 
Finally let us examine a remarkable experi- 
ment published by Möllenstedt in 1956, shown 
in Fig. 11.16(a). A fine wire is placed in a beam 
of electrons from an electron gun and, as expec- 
ted, a shadow is produced on a photographic 
film. The wire is then given a positive charge 
so that the beams of electrons are ‘bent 
inwards’. We would expect the shadow to disap- 
pear, and a bright region to be formed where 
overlap occurs. Instead, the bright region is 
crossed by dark and bright interference fringes, 
such as those obtained in a Young’s slits experi- 
ment; the electron experiment is, in fact, more 
nearly analogous to the arrangement known as 
Fresnel’s biprism, shown in Fig. 11.16(b). It 
would appear that in the dark fringes the elec- 
trons annihilate, but it would be more correct 
to say that their wave amplitudes are such that 
they never arrive, being deviated into the bright 
fringes. A simplified version of the apparatus 
is shown; complex electron microscope ‘lenses 
are needed to produce a pattern such as that 
in the photograph. ; 
As before, there are many paradoxes in this 
‘dual’ approach to the nature of electrons. An 
electron must go one side of the charged wire 
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(a) Ar ən diffraction tube and power supplies 


4 (aw 


(c) X-ray diffraction pattern formed by a polycrystalline 
material 


(b) A composite photograph showing the electron 
diffraction patterns obtained at different voltages. 


Fig. 11.15 
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Fig. 11.16 (a) Möllenstedt’s experiment with electrons. (Photograph first published in 
Zeitschrift fiir Physik, vol 145, 1956.) 


or the other. If, however, those going one side some of the problems which are as real for 
are stopped by a screen, the intensity at certain electrons as they are for photons. 

points in the pattern will increase rather than 
decrease because an interference pattern is no 


i i W: f 
longer formed. It is also possible to reduce the aves of chance 


intensity in the experiment so that there is, on Earlier we stated that: 

pe only Maier ine at (met of ee = ( intensity of ) 
me; it is now most unli at two electrons 5 

Sio J an electron at a point electron wave. 


will arrive at the screen simultaneously, but an z 
interference pattern is still produced. These are œ (amplitude) 
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Fig. 11.16 (b) Fresnel’s biprism with light 
and hence we have: 
chance of an electron intensity of 
arriving in a short time T ro ye e 
interval ectomi 


« (amplitude)? 


In these ways, we imply that the electrons 
behave like waves; we do not, however, say 
that the electrons are waves, but rather that 
phenomena such as the diffraction of electrons 
require the application of wave ideas. Other 
wave concepts, such as that of oscillation, are 
not used at all for they seem to have no rel- 
evance to electron waves. 

It has since been possible to show that other 
small particles also exhibit wave properties; 
there is now a great deal of evidence for what 
are known collectively as matter waves. 
However, when a massive particle such as a 
cricket ball is treated in this way, the wavetrain 
is so specifically defined that there is no appreci- 
able chance of the ball deviating from the path 
predicted by Newtonian mechanics. 


11.5 Waves in atoms 


Wave mechanics 


de Broglie applied his concept of matter waves 
to the study of atomic structure by combining 
with it the idea of stationary waves. We saw in 
Chapter 4 that progressive waves are reflected 
at the boundaries of a medium; thus in a closed 
system the waves travelling in opposite direc- 
tions may superpose constructively to form 
stationary waves. This will only occur at certain 
frequencies; each frequency is such that the 
length of the medium is a whole number of 
half-wavelengths, as shown in Fig. 11.17(a). It 
is impossible to set up stationary waves of other 
frequencies or wavelengths, because construc- 
tive superposition does not occur. 

A similar argument may be put forward in 
the case of waves travelling round a ring. If 
waves travelling in opposite directions round 
the ring superpose constructively, stationary 
waves are set up as shown in Fig. 1 1.17(b). This 


N 
N 
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(a) Stationary wave on a straight rope 


(b) A stationary wave set up on a loop of wire; in this case 2 


mr=4\ 
Fig. 11.17 


will occur only at frequencies for which the 
i q ce of the ring, 27r, is a whole num- 
velengths: 


(11.16) 

This idea, that waves confined in a region can 
only have certain wavelengths, can be applied 
to electrons within atoms. For instance, we may 


2ar=ndr 


consider an electron wavelength fitting into the 
circumference of its orbit, in which case the 
wavelength will again be determined by 
Equation (11.16). If we use de Broglie’s 
equation to connect the electron wavelength 
with its momentum, we can show that this condi- 
tion is mathematically equivalent to that pro- 
posed by Bohr: 
h 
à=- 
Pp 
h RE 
=— at non-relativistic speeds 
mv 
But 2ar=na from (11.16) 
h 
=n— 
mv 
: h 
i.e. mor = n>— (11.5) 
2r 


This was the equation used in stating Bohr’s 
quantum conditions in Section 11.3, and thus 
de Broglie’s stationary wave conditions can be 
made to give the same radius for an atom as 
Bohr’s theory. The conceptual advantage of 
wave mechanics is that it seems less arbitrary 
than did Bohr’s quantum conditions; the restric- 
tions placed upon the radius of the electron 
orbit follow from our classical understanding of 
stationary waves, whereas Bohr’s restrictions, 
upon the angular momentum of electrons, were 
arbitrary assumptions chosen to fit the facts. 

Bohr’s theory based on the quantisation of 
angular momentum worked fairly well for the 
energy levels of the hydrogen atom; the first 
requirement of a new theory must therefore be 
that it gives the same results as the Bohr theory 
in this particular case. Then, if it is to be a 
constructive advance, it must give improved 
results to problems where the Bohr theory 
failed; de Broglie’s theory of wave mechanics 
does provide much more accurate predictions 
for the spectra of more complex atoms, and for 
the fine detail in the hydrogen spectrum. 
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Q 119 

This question shows how wave mechanics can be 
used to derive energy levels for the hydrogen 
atom, and shows that on this model results are 
obtained which are the same as those given by the 
Bohr theory. 


(a) The ground state of the hydrogen atom is 
assumed to occur when 


2an=A, 


Write down a similar equation for the 
wavelength of the first excited state. 

(b) Use de Broglie’s equation to re-write this in 
terms of the velocity of the electron. This 
result can also be obtained from the Bohr 
theory. 

(c) Use Newton’s second law to write down an 
equation relating the circular motion of the 
electron to the electrostatic force exerted on 
it. 

(d) Eliminate v between the equations in (b) and 
(c) to obtain an expression and value for the 
size of the electron orbit. 

(e) How many times bigger is this orbit than the 
ground state orbit? 

(f) Calculate the potential energy of the electron 
at this radius. 

(g) Calculate the kinetic energy of the electron at 
this wavelength. 

(h) Calculate the total energy of the electron in 
the first excited state. 

(i) How is this energy related to the ground state 
energy (—2.18x 10° '* J)? 

(j) What is the predicted wavelength of the first 
line of the Lyman series? The actual 
wavelength is 1.21077 m. 


In fact, the stationary waves may better be 
assumed to fit into the ‘width’ of the atom and 
thus a half-wavelength loop must fit into the 


diameter, 2r: 


instead of: 


as shown in Fig. 11.17(a). 
This is more consistent with the idea that the 


significance of the wave amplitude is related to 
the probability of finding the electron at a par- 
ticular distance from the nucleus. 

Though much simplified, this picture of elec- 
tron-waves within an atom enables us to calcu- 
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late the kinetic and potential energies of the 
electron, and to predict values for the energy 
levels of the hydrogen atom. 

We can also see why atomic radii cannot be 
decreased, using this theory. If the atomic 
diameter is reduced for a given energy state, 
the electron wavelength must be reduced for its 
stationary wave to ‘fit’. Equation (11.15) 
implies that there would be an increase in veloc- 
ity proportional to 1/radius, and hence an 
increase in kinetic energy proportional to 
1/(radius)*. The potential energy of the elec- 
tron in an electrostatic force field depends on 
(-1/radius), and thus the kinetic energy 
increases more rapidly than the potential energy 
decreases. The electron would eventually have 
a total energy that was positive and would thus 
escape from the atom. 

The next stage in developing the model is to 
consider the variations in electrical potential 
within the atom, due to the presence of the 
positive nucleus. This means that the electron 
would have more kinetic energy if closer to the 
nucleus, and a correspondingly smaller 
wavelength. The mathematical implications of 
this idea are beyond the scope of this text, but 
lead to the Schrödinger wave equation and its 
solution in terms of extremely precise energy 
levels. 


The significance of electron waves 


The picture of wave mechanics given above is 
much simplified. de Broglie’s ideas were applied 
in detail by Schrödinger who derived his cele- 
brated equation for the distribution of electron 
waves around a nucleus. He made his solutions 
fit into the inverse-square Coulomb force field 
and derived results, not only for complex atoms, 
but also for molecules. When modified by Dirac 
to allow for relativistic effects, they provided 
the largely correct basis for our modern under- 
standing of atomic and molecular physics; wave 
mechanics explains results in fields as diverse 
as surface tension, chemical energy and radio- 
activity. 
Schrédinger’s wave mechanics is essentially 
a mathematical model. The mathematics is 
‘wavy’ but it is difficult to “attach physical 
significance to all aspects of the electron waves. 
The amplitude of the stationary waves is used 
to predict where an electron is likely to be; it 


is most likely to be in the region predicted by 
de Broglie’s quantum equation, but it is pos- 
sible, though very much less likely, for it to be 
at different distances from the nucleus. The 
deterministic approach of classical physics is 
reduced to a probabilistic approach where the 
most probable events are what ‘happen’ but 
other events are always ‘possible 

Because the electron ‘orbits’ are very 
different from the classical orbits of the planets, 
it is usual to avoid the term ‘orbit’; the term 
orbital is sometimes used, but it is much better 
to use modes of oscillation to describe the 
stationary waves that can occur. Ultimately we 
have to accept that what happens in an atom 
cannot be reduced to the sort of conceptual 
‘picture’ that we might hold in everyday life. 


Heisenberg’s uncertainty principle 


At the same time that Schrödinger was develop- 


ing wave mechanics to solve the problem of the 
hydrogen atom, another German physicist, 
Heisenberg, was working on a different 


approach. Just as Einstein had questioned con- 
cepts like ‘simultaneous’, and de Broglie had 
questioned concepts like ‘particle’, so Heisen- 
berg questioned the idea of a completely deter- 
mined line trajectory. His work enabled him to 
analyse the hydrogen atom using a completely 
different theory which gave identical results to 
those of Schrédinger. 

Heisenberg questioned whether there was 
any meaning in the phrase ‘a point-body moves 
along a line’. He imagined an ideal ‘thought 
experiment’ in which light was used to observe 
the trajectory of a moving object, as shown in 
Fig. 11.18. The cannon fires the projectile and 
its motion is measured by using the theodolite. 
The problem is that the light bounces off the 
object and alters its motion. According to 
classical theory one could reduce the intensity 
without limit to minimize this effect, and then 
use a very much more sensitive detector. 
However, according to quantum physics. the 
light arrives in quanta and the less energy these 
have the longer the wavelength of the light. AS 
the wavelength of the light is increased, the 
Particle will cause more diffraction and it will 
be more difficult to determine its position 


Fig. 11.18 Heisenberg’s thought experiment. (Adapted, 
with permission, from Gamov (1966), Thirty Years that 
Shook Physics, Doubleday.) 


accurately. The increased accuracy in the 
measurement of velocity has caused increased 
uncertainty in the measurement of position. 
Conversely, if a very small wavelength is used 
to minimize diffraction effects, the photon will 
considerably change the velocity of the particle, 
and uncertainty will be introduced into that 
measurement. 

Heisenberg expressed this uncertainty in his 
famous equation: 


jig (11.17) 
Qa 

where h is Planck’s constant (again!), and Ap 

and Ax are the uncertainties in the momentum 

and position respectively. If we rewrite the 

equation in terms of velocity and mass, we have: 


AvAx= h (11.18) 
2mm 


where Av is the uncertainty in the velocity, and 
m the mass, of the particle. We see that the 
effect is only important for particles of very 
small mass. 


Q 11.10 
Suppose that the uncertainty in the position of: (a) 
a piece of shot of mass 1 mg; (b) an atom of mass 
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ee 
107” kg; is in each case one nuclear radius 


(107"* m). Calculate the uncertainty in their 
velocities, 


For an electron bound in an atom of diameter 107'° m 
we have: 


AvAx spell. 
2am 


10 
~io 
=104 


(11.18) 


Now since the uncertainty in the electron’s position is less 
than 10~'° m, the uncertainty in its velocity is given by: 
10 * 


Av> 5-10 


=10°ms ! 
But we can show from our analysis of the hydrogen atom 
that the velocity of the electron is only 10°ms_', and thus 
the uncertainty in velocity is the same order of magnitude 
as the velocity. Clearly, if the electron were to be confined 
in a smaller space, the uncertainty in its velocity would give 
it a high possibility of having a kinetic energy so large that 
it might escape. With such uncertainty in both position and 
energy, a picture of electron orbits based on classical 
mechanics is clearly insufficient. 
It should also be noted that we can never be certain that 
a particle has no energy; Heisenberg’s equation tells us 
that if we know that the energy of a particle is exactly zero, 
the uncertainty in its position will be infinite. It is for this 
reason that we ascribe to molecules at absolute zero a 
zero-point energy. 
An alternative form of Heisenberg’s equation relates the 
uncertainties in energy and time measurement, AE and At: 
h 
AEAt=—— (11.19) 
Qa 
Some changes in atomic energy levels take place very 
quickly indeed, in a time of the order of 107'"s or less. 
This introduces uncertainty into our knowledge of the 
energies involved and the spectral lines are broader as a 
result; this is one application of Heisenberg’s uncertainty 
principle that is particularly easy to observe. 


11.6 Conclusion 


We have traced the history of optics down the 
years, looking at both wave and particle view- 
points. At first it seemed that the wave theory 
displaced the particle viewpoint; certainly wave 
theory can explain not only the physical proper- 
ties of light, but also electromagnetism, provid- 
ing the key link between electricity and light. 
The need for photons, and the existence of 
matter waves, however, demonstrates that we 
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cannot restrict what exists to concepts that we 
find easy to grasp. Scientists have often fought 
against the uncertainty inherent in modern 
physics, and some have suggested that there is 
a deterministic reality that exists but cannot be 
measured, Even the objectivity of physics is 
questioned when we see, in Heisenberg’s 
thought experiment, that the observer may 
affect the observed. 


‘The quantum mechanics is very imposing. But an inner 
voice tells me that it is still not the final truth. The theory 
yields much, but it hardly brings us nearer to the secret 
of the Old One. In any case, I am convinced that He 
does not play dice.’ 


A. Einstein (1926) 
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Appendices 


1 Radian measure 


There are two units in which angles are 
measured—degrees and radians. The reader will 
be most familiar with the degree (°) for that is 
the unit used in most situations. There are 360° 
in one complete revolution, and hence 90° in 
one right angle, as shown in Figure A.1. Thus, 
the basis of degree measure is to subdivide one 
revolution into 360 equal parts. 


DA 


(a) Degree measure 


s a 
CERS b 
Din 

arc length a a 
radian = ——~ g sind= — tan0= T 

radius c 


(b) Radian measure 


Fig, A.1 


The alternative unit is the radian, which is 
defined in terms of the ratio of two distances— 
the arc length and the radius, as indicated. When 
an arc length is equal to its radius, the angle 
subtended by the arc is one radian. To measure 
an angle in radians, an arc is drawn across the 
angle and the arc length and radius measured: 


arc length à: 


S 
radius r 


angle @ in radians = 


The significance of this method of measuring 
angles is that it is related to the definitions 


of trigonometrical relationships, which also 
involve the ratios of distances. For small angles, 
both the sine and tangent functions are nearly 
equal to the size of the angle measured in 
radians, as shown in the table on page 126. 
The circumference of a circle of radius r is, 
of course, 27r and hence one complete revo- 
lution, 360°, is equivalent to an angle, 9, 
measured in radians that is calculated by 


_arc length 
radius 
2ar 


r 
=27 


Thus, there are 27 radians in 360°, m radians 
in 180°, 7/2 radians in 90° and so on; it is usual 
to express angles in radians as a multiple or 
submultiple of 7. 

If the angle @ is equal to one radian, the arc 
length must equal the radius of the circle. 
Hence, if @ is measured in degrees: 


Lee 6 Un 
= 57° 18! 


One radian is equal to 57° 18’. ae: 

Because of the small angle approximations 
that can be made between 9, sin 0 and tan 0, 
radian measure is widely used in scientific work. 
Conversions from degrees to radians and vice 
versa are made using proportion. 


Q A-1 . y ; 
Convert the following angles in degrees into angles 
in radians: 

(a) 270°; 

(b) 45°; 

(c) 30°. 
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Convert the following angles in radians into angles 
in degrees: 

(d) 7/3 radian; 

(e) 7/4 radian; 

(f) 2/2 radian. 


2 Trigonometrical formulae 


There are a number of trigonometrical formulae 
to which reference is made in the text and these 
are listed below, together with other useful 
relationships. Proofs of these may be found in 
a good trigonometry text. P and Q represent 
any two angles where P is greater than Q. 


sin (P+Q) =sin P cos Q+cos P sin Q * 
sin (P—Q) =sin P cos Q—cos P sin Q 
cos (P +Q) = cos P cos Q —sin P sin Q 
cos (P — Q) =cos P cos Q +sin P sin Q 


sin P+sin Q=2 sin a NE * 
2 2 
dn P= Gn O = 2b sin 2 
cos P+c08 Q= 2.005 =t cos =S 
cos P—cos Q=-2sinP+Q,,,P-@ 
2 2 
sin P cos Q=3[sin (P+Q)+sin (P—-Q)]  * 
cos P sin Q =3[sin (P+Q) -sin (P—Q)] 
cos P cos Q = 3[cos (P+Q)+cos (P—Q)] 
sin P sin Q=—3[cos (P +Q) —cos (P—Q)] 
sin 0 =cos (0 — 90°) * 
=cos (0— 7/2) 
cos 0 =sin (0 — 90°) 
=sin (90—r/2) 
sin? P+cos* P=1 * 
sin? p= L= £08 2P 
ops 1+cos 2P í 
2 
Q A-2 


Take P= 60° and Q=30° and check each of the 
starred equations quoted above. 


3 The analysis of diffraction 
using phasors 


In Chapter 1 we saw how the rotation of a 
phasor could be used to represent a simple 
harmonic oscillation, and how the angle 
between two phasors could represent their 
phase difference. The study of interference and 
diffraction frequently requires us to consider 
the resultant effect of different light waves arriv- 
ing at one point on a screen; in Chapter 7 we 
used the path differences between rays from, 
for instance, two coherent point sources to pre- 
dict the position of maxima and minima but the 
methods given there do not make it easy to 
calculate the light intensity at intermediate 
points. In this Appendix, phasors are used to 
represent the amplitude and phase of the light 


from different slits, or parts of a slit, and 
methods identical to those for vector-addition 
are used to find the resultant of a number of 


phasors; the reader is reminded that the result- 
ant intensity is proportional to the square of the 
resultant phasor amplitude. 


Single-slit diffraction 


When we add two or more phasors, the resultant 
depends upon the phase difference between 
them, as well as upon the amplitudes, as shown 
in Fig. A.2; the resultant is found by construct- 
ing a phasor diagram similar in principle to a 
vector triangle. 


Fig. A.2 


Now when we analysed the diffraction pattern 
caused by a single slit, as explained in Section 
7.5, we divided the slit into a large number of 
imaginary, narrow strips as shown in Fig. A3. 
Suppose that in a given direction, the path 
difference introduced between light from adja- 


Path differences due to a single slit 
Fig. A.3 
cent strips is p; the phase difference is given by: 
p 
=—X27r 
e À 


2ap 
À 


But if the width of each strip is x we have: 
p=xsin@ 

and x=b/N 

where N is the number of imaginary strips. 


_ 27x sin 0 
A 


Hence 


= 27b sin 0 
NA 


We see that the phase difference between suc- 
cessive phasors depends upon the direction 0, 
for which we are calculating the resultant 
intensity, and also upon the number of 
imaginary strips into which we divided the slit; 
however, we shall see below that the number 
of strips does not affect the resultant amplitude 
and intensity. 


Let us suppose that the slit is divided into 8 
Strips. When 6 = 0, the phase difference between 
light from adjacent strips arriving at the screen 
will be zero, and hence a central maximum is 
formed in the diffraction pattern; if the ampli- 
tude of the light from each strip is given by 4, 
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the resultant amplitude is 8a, as shown in Fig. 
A.4(a). The intensity is proportional to the 
square of the amplitude, and hence to 64a’. 


(a) Central maximum (b) Resultant: b = 30 


(c) Resultant: +) = 67.5° 


The resultant amplitude in single-slit diffraction 


Fig. A.4 


As 0 increases, the phase difference ġ 
increases and the resultant changes, as shown 
in diagram (b). When bb =27/8 (45°), the 
phasors form a closed octagon because the sum 
of the exterior angles of any polygon is equal 
to 27 radians, or 360°. In general, when the 
slit is divided into N strips, the first closed 
polygon will be formed when the phase 
difference between phasors is 277/N. 


ao ne 


NA ae 


sin @=A/b 


This is, of course, the condition we found before 
for the first minimum; the closed polygon of 


300 Appendices 


phasors has no resultant and represents zero 
resultant amplitude. 

The second minimum occurs when the 
phasors form two complete revolutions and 
again have no resultant. The external angles 
must now add up to 47 radians, and for N 
phasors we have: 


4m 
N 
H 4m _27bsin 0 
ence N NA 
2A 
ie sin pa 


which is the condition derived previously for 
the second minimum. 

However we can, in addition, also use the 
phasor method to derive the intensity half-way 
between these two minima, that is when 
sin 0 =3A/2b and the phasors form one and a 
half revolutions. In this case we have: 


27b sin 0 
L= N 


This is plotted out in diagram (c) and we see 
that there is a finite resultant which is, in fact, 
almost exactly a maximum. If we imagine the 
slit divided into a much larger number of strips, 
the resultant becomes the diameter of a circle 
whose circumference is equal to 2A/3 where 
A is the total amplitude of the central 
maximum, equal to the length of all the phasors 
laid end to end. 


Naw diameter= circumference 
T 
2A/3 
T 
_2A 
3r 


Therefore resultant = 


Thus, the amplitude of the first secondary 
maximum is 2/37 times that of the central 
maximum, and the intensity is thus reduced by 
a factor of 4/97? or approximately 1/25. 
Therefore, we can use the phasor method not 
only to predict the positions of the minima 


n 


which our previous theory would also do, but 
also to calculate the intensities of the subsidiary 
maxima; in fact, by using constructional 


methods, or suitable trigonometry, we can pre- 
dict the intensity at any angle 


Double-slit interference 


A phasor analysis of double-slit interference, 
like that of single-slit diffraction, enables us to 
calculate the resultant amplitude at all angles 
as well as the positions of maxima and minima. 


Initially, we shall ignore the variation in ampli- 
tude due to single-slit diffraction and consider 
merely the superposition of light from two 


coherent sources. 

At an angle @ the light from the two slits has 
a path difference approximately equal to s@ as 
shown in Fig. A.5; hence the phase difference 


zo ssin 0 = si 


Fig. A.5 $ 


between these two rays is approximately equal 
to 27s6/A and the angle between the first 
phasor and the resultant must therefore be 
80/4. Consideration of the phasor diagram 


shows that the resultant amplitude must be 
given by: 
A=2a cos (=) 
A 


where a is the amplitude of the light wave from 
one slit. Thus, if the intensity due to one slit is 
I, the variation of intensity with angle will be 


given by: 
I =41I, cos” (=) 
À 


However, we have already seen how phasor 
methods may be applied to determine the distri- 
bution of light from individual slits, as well as 
to the interference of light from two slits; the 
analysis of single-slit diffraction given earlier 
may be extended to prove that: 


sin? (b/d) 
(ab0/d)? 
Hence, the overall distribution of intensity with 


angle for a double slit, shown in Fig. 7.20, is 
described by the equation: 


_ 4o sin? (77b0/A) 
(mb0/A) 


L= 


cos? (ms0/A) 


The diffraction grating 


Finally, phasor analysis can help us to under- 
stand the origin of the secondary maxima that 
occur between the principal maxima in the inter- 
ference pattern due to a diffraction grating; we 
shall not, in this discussion, consider the effect 
of diffraction at the individual slits. We assume, 
as before, that the interference pattern is 
formed on a distant screen. 

The phasors contributing to the central 
maximum are all in phase, with zero phase 
differences, as shown in Fig. A.6. The first 
order principal maximum occurs when the path 
difference between light from adjacent slits is 
À, and the phase difference is hence equal to 
2m. The phasor diagram will look identical to 
that for the central maxima and, ignoring single 
slit diffraction, the resultant amplitude and 
intensity will be identical. 

However, at intermediate path differences, 
there will be a series of secondary maxima and 
Minima, as shown in the intensity graph in 
Fig. A.7. If the amplitude due to one slit is a, 


Appendices 301 


Formation of principal maxima 
Fig. A.6 


and there are N slits, the total amplitude for a 
principal maximum is Na, and the intensity, Io, 
is proportional to (Na)*. The amplitude of the 
first secondary maximum is given by the 
diameter of a circle whose circumference is 3Na 
since one and a half circumferences is equal to 


Na. 


f 2Na 
Hence resultant amplitude = Ba 


; : 4 2 
i.e. resultant intensity TE (Na)° 
T 


Thus, the first secondary maxima has an 
intensity about 1/25 that of the principal 
maxima; successive secondary maxima have 
smaller intensities and they do not feature sig- 
nificantly in the interference patterns produced 
by gratings. 

We also see that the intensity first falls to 
zero when the phasors form one closed circle. 
Hence, for a grating with N slits, the phase 
difference between successive phasors must 


then be given by: 
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Intensity 


j 


e 
CE 
Als 
Formation of secondary maxima and minima 
Fig. A.7 
Thus, from the analysis above for a double slit, by: 
the first minimum will occur at an angle @ given 510°" 
a °= 3x10 
2080 _ 2m =1.7x 107 rad 
ees =0.06' 
ie. aot _t We see from this calculation that the pinaip 
N 2t maxima formed by diffraction gratings are ae 
A narrow indeed; on the scale of the secon = 
G maxima in Fig. A.7, the first order principi 


z total width of grating 


Hence, for a typical grating 30 mm wide, illumi- 
nated by light of wavelength 500 nm, the angle 
at which the intensity first falls to zero is given 


maximum, for a grating with 10000 ie 
should be displaced about 100 m to the rig 


Q AZ i 
Use phasor arguments to find the number o! sail 
secondary maxima between each pair of principi 
maxima, in a grating with N slits. 


Exercises 


Additional questions on the subject matter of each chapter are gathered together in this section of 
the book. The questions have been sorted into three grades of difficulty—A, B and C. Questions in 
the A grade are straightforward introductory applications of new ideas; C grade questions are 


intended as 


timulus to stretch the more able student. Please note that only answers to odd-numbered 


numerical questions are given in the Answers section. 


Unless otherwise stated take: 


Strength of the Earth’s gravitational field, g=10Nkg' 
Speed of light in vacuo, c=3.0x10°ms! 


Planck: constant, h= 


6x10 Js 


Charge on an electron, e=~—1.6x10°'"C 


Chapter 1 


A 
Q 1.16 
On the same time axis, sketch graphs to show how 
the displacement, velocity, and acceleration of a 
simple harmonic vibrator vary with time. (W) 


Q 117 

A long pendulum performs small oscillations and 
the position of the bob at 0.10 s intervals is shown 
below. The diagram shows exactly one half cycle of 
its motion. 


10.0 cm 


(a) (i) On graph paper plot the displacement of 
the bob from its equilibrium position 
against time. 

(ii) Explain how you would show that the 
variation is sinusoidal. 

(b) Give values for the amplitude and the period 

of the oscillation. 

(c) Use your answers to (b) to calculate the 

maximum speed of the bob. (AEB, 1986) 


Q 118 

A body of mass 0.30 kg executes simple harmonic 
motion with a period of 2.5 s and an amplitude of 
4.01072 m. 


Determine: 


(i) the maximum velocity of the body; 
(i) the maximum acceleration of the body; 
(iii) the energy associated with the motion. (S) 


Q 1.19 

A helical spring requires a force, k, to produce 
unit extension. When it is suspended vertically a 
mass, M, attached to its lower end performs simple 
harmonic motion with a time period, T, when given 
a small vertical displacement and released, The 
time period is independent of the amplitude. 


(a) Define the terms in italics and write down an 
expression for T in terms of M and k. 

(b) The diagrams below show helical springs 
connected in series and in parallel. All four 
springs are identical and each arrangement has 
a mass, M, attached to its lower end. In each 
case determine, in terms of T, the new time 
period and explain your reasoning. 


figure (b) 


figure (a) 


(JMB) 


1.20 > 
Wind is the length of a simple pendulum which has 


riod of 2.24 (=57/7)s? 
x if the pendulum bob has a mass of 1.00 kg, and 
the amplitude of the oscillation is 20.0 cm, what is 
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(a) the speed of the bob as it passes through its 
equilibrium position, (b) the tension in the string 
at the same instant? (S) 


Q 1.21 

A horizontal plate is vibrating vertically with 
simple harmonic motion at a frequency of 20 Hz. 
What is the maximum amplitude of vibration so 
that fine sand on the plate always remains in 
contact with it? (C) 


Q 1.22 

The pick-up of some types of record player may be 
regarded as a mass m, attached to a cantilever of 
stiffness k, stiffness being defined as the force per 
unit deflection of the cantilever. The natural 


frequency of vibration, f, of the system is given by 
il k 
Ge Vm 

(a) State the dimensions of stiffness. 

(b) Calculate the maximum value of stiffness if m 
is 0.4 mg and the natural frequency is not to 
be greater than 10 Hz. 

(c) Why is it desirable that f should be less than 
about 10 Hz? (AEB, 1985) 


Q 123 

A light spring is suspended from a rigid support 
and its free end carries a mass of 0.40 kg which 
produces an extension of 0.060 m in the spring. 
The mass is then pulled down a further 0.060 m 
and released causing the mass to oscillate with 
simple harmonic motion. 


(a) Potential energy is stored in two ways in this 
arrangement: explain briefly what they are. 

(b) Calculate the kinetic energy of the mass as it 
passes through the mid point of its motion. 


(L) 


Q 1.24 

Describe experiments you could do in a school 
laboratory to illustrate the meanings of the terms 
free oscillation, forced oscillation, and resonance. 
Give further examples of each of these from non- 
laboratory situations. 


Q- 1.25 

Explain what is meant by simple harmonic 

motion (s.h.m.). 

A particle executes s.h.m. of amplitude a and 
period T. 

(i) Explain the meanings of the terms 
amplitude and period. 

(ii) Write down expressions in terms of a and 
T (as appropriate) for the speed and the 
acceleration of the particle when at a 


S 


(b 


displacement x from the midpoint of its 
oscillations. 
Hence derive an expression involving a and T 


for the total energy associated with the simple 
harmonic motion of a particle of mass m. 

(c) A loudspeaker cone, sounding a pure note of 
frequency 2.5 kHz, executes s.h.m. of 
amplitude 2.0 mm. 

Calculate 
(i) the maximum speed of the cone; 
(ii) the maximum acceleration of the cone; 
(iii) the mean power required to maintain the 
cone’s oscillations in the presence of a 
mean damping force of 0.30 N. 


(d) Describe an experiment (using normal 
laboratory equipment) to confirm that the 
cone’s oscillations are simple harmonic. (0) 

Q 1.26 


In this question you are asked to discuss the use of 
mathematical models in physics. The following 
statements should form the basis of your discussion 
in which you should give brief details of relevant 
theory and experiments, and practical examples. 

For (a) discuss only one specific example, but 
for (b) make your discussion more general. 


(a) Some oscillating systems can be described by 
the equation d?x/d1? =—w7x. 


This equation represents the behaviour of a 
model of the oscillating system, but in A 
formulating the model simplifying assumptions 
about the oscillating system have to be made. 


(b) A model of this kind enables analogies to be 
drawn between different areas of physics. Thus 
mathematical models have an important role 


in physics. (O & C, Nuffield) 


Q 1.27 
The period T of vertical oscillations of a mass M 
suspended by a spiral spring is given by 

A A 

T?=—M+—m 

g 3g 
where A is a constant depending on the stiffness of 
the spring and m is the mass of the spring itself. 


Ts 0:8 
A 
0:2 0-4 0:6 0:8 1:0 1-2 1-4 16 18 
M/kg 

The graph shows the results of measurements of 
the period for various values of M. Use the graph 
to determine the constant A and the mass m of 
the spring. What are the dimensions of A? (S) 
Q 1.28 


The simple hydrogen iodide (HI) molecule can be 
imagined as two ions at the end of a bond, 
oscillating rather like two masses, one small and 
the other large, linked by a spring, as shown in the 
figure below. 


(oa 


iH? ‘bond’ 12777 
53 
' ' 
i i 


OOOO AAN OY 
TRIO 


m 
H 
My 


(a) Assuming that the movement of the iodine ion 
can be ignored in this mechanical model write 
down an equation relating f, the natural 
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frequency of oscillation of the hydrogen ion, to 
my, the mass of the hydrogen ion, and to k, 
the force constant of the bond. 

(b) When electro-magnetic radiation is passed 
through hydrogen iodide gas it is found that 
there is an absorption band with a mean 
wavelength of 4.5 10~° m. 

(i) Calculate the mean frequency of the 
radiation absorbed. 

(ii) Hence calculate the force constant of the 
ionic bond. 

(c) (i) Explain why it is reasonable to ignore any 
movement of the iodine ion. 

(ii) State one other assumption that is made in 
applying this model. 

Using the same model and assumptions as 

above, calculate the mean absorption 

frequency to be expected if the hydrogen ion 
were replaced by a deuterium ion (}H"). 
(O & C, Nuffield) 


(d 


Q 1.29 

(a) Show that the time period, T, of small 

amplitude oscillations of a simple pendulum of 

length, J, is given by T =2zv/g, where g is 
the acceleration of free fall. 

(b) (i) Describe how you would set up a simple 
pendulum of length 1.00 m in a laboratory 
and determine accurately the time period 
of small amplitude oscillations. 

(ii) Discuss whether or not it would be 
possible to detect the effect on the time 
period of this pendulum if its length were 
increased by 0.02 m. 

(c) A simple pendulum of length 1.00 m has a bob 

with a mass of 0.20 kg. It is set into motion by 

a single sharp sideways blow to the bob which 

causes the pendulum to oscillate with an 

angular amplitude of 5.0°. 

Calculate 

(i) the maximum vertical displacement of the 
bob from its rest position. 

(ii) the energy acquired by the bob from the 
initial blow. 

(iii) the maximum speed of the bob. 

Neglect the effect of damping. 

(d) Explain briefly the mechanism by which 

damping would cause the amplitude of the 

oscillations to decrease. (JMB) 


Q 1.30 

(a) What is meant by simple harmonic motion ? 
The equation x =a sin 27ft can represent the 
motion of a body executing simple harmonic 
motion where x represents the displacement of 
the body from a fixed point at time t. Sketch 
two cycles of the motion beginning at 1=0, 
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clearly labelling the axes of the graph. Use the 


graph to explain the physical meanings of a 
and f. 

Explain how you could obtain from the 
graph the speed of the body at any instant. 

(b) In order to check the timing of a camera 

shutter a student set up a simple pendulum of 
length 99.3 cm so that the bob swung in front 
of a horizontal metre scale. The bob was 
observed to swing between the 40.0 cm and 
60.0 cm marks at its extreme positions. The 
camera was mounted directly in front of the 
scale set for an exposure time (time for which 
the shutter is open) of 1/50 s anda 
photograph taken. The resulting photograph 
showed the bob to have moved from the 
51.0 cm mark to the 51.6 cm mark while the 
shutter was open. 

What is the percentage error in the 
exposure time indicated on the camera? 

(The period of oscillation of a simple 
pendulum of length / may be taken as 


T=27+) 
8 
Q 131 


(a) Explain what is meant by linear simple 
harmonic motion (s.h.m.). 

(b) A particle moves in a straight line so that its 
displacement x from a fixed point at time t is 
given by the equation 


(L) 


x=asinļwt+e) 


(i) Show that its motion is simple harmonic. 

(ii) Explain the significance of the terms a, w, 
and e. 

(iii) Write down corresponding expressions in 
terms of a, w, t, and e for the velocity 
and the acceleration of the particle. 

(c) A harbour in a dockyard is in the shape of a 
square of side 300 m, with a narrow entrance 
from the sea; the bottom is horizontal and the 
walls are vertical. The tide causes the water- 
level in the harbour to perform simple 
harmonic motion with a period of 12.5 hours; 
the maximum depth is 15 m and the minimum 
is 10m. 

Write down expressions for: 
(i) the depth of water at time t (in hours) 
after high water; 

(ii) the rate at which the water-level is 
changing at time t. 

Calculate: 

(iii) the times when the water-level in the 

harbour is changing most rapidly: 


(d) 


(c) 


(d) 


(e) 


Q 


(iv) the greatest rate of flow of water in cubic 
metres per second in the entrance. 

It is proposed that the movements of sea- 

water in the entrance to the harbour might be 

used to power turbogenerators for electrical 

energy. Estimate the mean power that might 

be generated over the whole tidal cycle, 

assuming that the generators were 50% 

efficient. State the physical principles used in 

your calculation. 

[Take the density of sea-water to be 

1050 kgm ~*.] (0) 


1.32 
Define simple harmonic motion. 
A light helical spring, for whic! 
necessary to produce unit ext 
vertically from a fixed support and carries a 
mass M at its lower end. Assuming that 
Hooke’s law is obeyed and that there is no 
damping, show that if the mass is displaced in 
a vertical direction from its equilibrium 
position and released, the subse 
is simple harmonic. Derive an € 
the time period in terms of M 
If M=0.30 kg, k=30Nm ‘ and the initial 
displacement of the mass is 0.015 m, calculate: 
(i) the maximum kinetic energy of the mass, 
(ii) the maximum and minimum values of the 
tension in the spring during the motion. 
Sketch graphs showing how (i) the kinetic 
energy of the mass, (ii) the tension in the 
spring vary with displacement from the 
equilibrium position. 
If the spring with the same mass attached were 
taken to the moon, what would be the effect, 
if any, on the time period of the oscillations? 
Explain your answer. (JMB) 


1.33 


A student who is investigating the effect of damping 
on an oscillatory system obtains the following values 
of P, the amplitude of the oscillations when ” 
complete oscillations have been made. 


n P cm 
10 12.4 
20 8.3 
30 5.5 
40 ESA 
50 2.5 
60 1.6 
70 1.1 


The student knows that he can analyse the 
vibration in terms of the expression 


P=P,K~" 


where P, is the initial amplitude and K a constant 
which determines the degree of damping in the 
system. 


(a) Plot a graph of P(y-axis) against n(x-axis). 

(b) Measure the slope S of your graph where 
P=5.0 cm. 

(c) Given that -S =2.30 x PXlogio K obtain a 
value for K. 

(d) Draw up a table of values of n and logio P 
and plot a graph of logıọ P(y-axis) against 
n(x-axis). 

(e) Measure the slope of your graph and using (i) 
obtain another value for K. Explain your 
working clearly. (S) 


Q 1.34 
Define simple harmonic motion. How would you 
investigate experimentally whether the motion of a 
pendulum remains simple harmonic as the 
amplitude of vibration is increased? 

The suspension of a car may be considered to be 
a spring under compression combined with a shock 
absorber which damps the vertical oscillations of 
the car. Draw sketch graphs, one in each case, to 
illustrate how the vertical height of the car above 
the road will vary with time after the car has just 
passed over a bump if the shock absorber is 


(a) not functioning, i.e. slides without resistance, 
(b) operating normally. 


When the driver, of mass 80 kg, steps into the 
car, of mass 920 kg, the vertical height of the car 
above the road decreases by 2.0 cm. If the car is 
driven over a series of equally spaced bumps, the 
amplitude of vibration becomes much larger at one 
particular speed. Explain why this occurs and 
calculate the separation of the bumps if it occurs at 
a speed of 15ms /. 

(The frequency of vibration of a loaded spring is 
1/2m¥(k/m), where m is the mass on the spring 
and k is the force required to produce unit 
extension of the spring.) (C) 


Q 135 

(a) Give one example of a system oscillating with 
simple harmonic motion. Explain what is 
meant by 

(i) natural frequency 
(ii) damping 

(iii) forced vibrations 
(iv) resonance. 

(b) A spring for which the force constant 
k=4Nm™ hangs vertically from a vertically 
oscillating support. A mass of 0.1 kg is 
attached to the lower end of the spring. The 
frequency of the support increases steadily 
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from 0.1 Hz to 10 Hz. Draw sketches of 
amplitude as a function of frequency, and 
phase as a function of frequency, to describe 
the subsequent motion of the mass on the 
spring. 

(c) If the suspended mass was a lump of soft-iron 
suspended in a magnetic field, how would 
increasing the magnetic flux density from zero 
to a large value affect the results you have 
shown in the sketches? (W) 


Q 1.36 
‘Resonance is a Mixed Blessing.’ 

Discuss this statement. Include in your answer 
an explanation of what is meant by resonance and 
describe four examples of resonance. At least one 
example should show how resonance can be 
helpful and at least one should show how it can be 
a nuisance. 

In at least one example explain quantitatively 
how the resonant frequency is related to other 
properties of the system. (O & C, Nuffield) 


c 


Q 1.37 

(a) A mass m is suspended by a vertical spring of 
stiffness k. The mass executes small vertical 
oscillations. Show that the motion is simple 
harmonic with period 


T =2n(m/k)'? 


(b) (i) The spring has natural length a and the 
stiffness k has magnitude such that a 
force of mg doubles the length to 2a. A 
second identical spring is attached to the 
mass m and the free ends of the two 
springs are fixed to points A and B 
distance 4a apart in a vertical line as 
shown. 


A 
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Show that the equilibrium position for the 
mass is 5a/2 below A. 

(ii) The mass m is given a small vertical 
displacement y and released. Calculate 
the period T, for the vertical oscillations. 

(iii) The mass is given a horizontal displace- 
ment x where x< a. Calculate the total 
horizontal force exerted on the mass by 
the springs. 

Hence calculate the period T, for the 
horizontal oscillations when the mass is 
released and show that 


TAT =" 


(c) Assuming damping is negligible, give a sketch 
graph of the variations with time of the kinetic 
energy of the mass and the total strain energy 
in the springs for the horizontal oscillatory 
motion. (O&C) 


Q 1.38 

This question is about the frequency of atomic 
oscillations in a sodium chloride crystal. Read the 
four statements given below, and then answer the 
questions about them. 


(i) The average mass m of sodium and chlorine 
atoms is about 5x 10~?° kg. 

(ii) The spring constant k of the ionic bond is 
about L00N m'. 

(iii) Thus, k/m is about 20x 107° N m=! kg™!, and 
hence the frequency of oscillation f is 
approximately 10'* Hz, corresponding to a 
wavelength of 3x 1075 m. 

(iv) This compares well with the experimental 
value of 6 107° m. 


(a) What kind of experiment gives the value 
quoted in statement (i)? (A brief outline only 
is needed; experimental detail need not be 
given.) 

(b) Show briefly how k may be derived from 
experimentally determined constants of sodium 
chloride. 

(c) Show how the values of 10’? Hz and 
3x107" m were deduced in statement (iii), 

(d) The experimental value quoted in statement 
(iv) is much larger than 3x107 m. Suggest 
and explain two reasons why this is so, 

(O & C, Nuffield) 


Q 1.39 
State the conditions under which a system will 
perform simple harmonic motion. 

A test tube of uniform cross section area A is 
partly filled with lead shot so that it floats upright 
in a fluid of density p contained in a large vessel. 
Show that, when displaced vertically, the tube will 


execute simple harmonic motion with angular 
frequency w =Vg/l, where | is the length of the 
tube immersed at equilibrium. 

Sketch the variation of the frequency with (a) 
the mass m and (b) the cross section area A of the 
loaded tube. 


In order to isolate a record player from external 


vertical vibrations it is suggested to mount it ina 
shallow tray floating on a large area of water. 
Discuss whether this would eliminate the pick up 
of unwanted audible frequencies. Take the mass of 
the player as 1 kg and the area of the tray as 
0.3 m?. 
(Ox. Schol.) 
Q 140 
A simple pendulum, consisting of a mass m on the 
end of a string of length /, performs small 
oscillations of angular amplitude 9. Derive from 
first principles an expression for the period. 
What would be the period 

(a) in a lift descending with uniform acceleration 4, 
(b) in a lorry travelling at constant speed v round 

the arc of a horizontal circle of radius r? 


Would the periods in (a) and (b) be greater or less 
if the amplitude were large? Explain your 
reasoning. 

If m=0.20 kg, (= 1.5 m and the pendulum is set 


swinging in the laboratory with @ = 5.0", calculate 
the maximum and minimum tensions in the string. 
(C) 


Q 1.41 

(a) Explain the terms simple harmonic motion, 
damped harmonic motion. 

(b) A light helical spring is suspended vertically | 
from a clamp at its upper end. A 50 g mass is 
attached to the lower end and the static 
extension of the spring is 5.0 cm. The 50 g 
mass is pulled down a further 3.0 cm and 
released. Show that the motion of the 50 g 
mass is Simple harmonic and calculate 

(i) its period, 
(ii) the maximum value of the kinetic energy 
of the 50 g mass, and 
(iii) the maximum value for the energy stored 
in the spring. (g=9.8 m s™°.) 

(c) The same 50 g mass and spring system has 
attached to it a damping mechanism which 
dissipates 36% of the vibrational energy each 
complete oscillation. If the initial amplitude © 
the motion is 3.00 cm, calculate the amplitudes 
at the end of 1, 2, 3, 4 and 5 oscillations. 
Sketch a graph which shows how the energy 
stored in the system changes with the number 


of oscillations completed. Explain, with 
reference to this graph, the meaning of the 
term exponential decay. 


(d) A ball falls from a height of 3.00 m and loses 
20% its energy each time it bounces. 
Sketch a graph of height above the ground against 
time for the first five bounces. Discuss whether the 
term exponential decay is relevant here. (L) 
Q 1.42 
(a) Asn mass m is constrained to move along 
the ds such that its potential energy when 
it is displaced a distance x from the origin is 
U =hkx? 
whe is a constant. Show that 
(i) its equilibrium position is at the origin, 
and 
(ii) when it is displaced from the origin and 


eleased, it oscillates with simple 
harmonic motion. 


The mass is displaced a distance A from the 

origin and released. Find 

Gii) the angular frequency of oscillation w, and 

(iv) the kinetic energy T of the mass at 
displacement x. 


Draw accurate graphs with suitably labelled 

axes of the variation of 

(v) the force F acting on the mass, and 

(vi) the kinetic energy T against the 
displacement x from equilibrium for the 
situation where k =20 N m ‘ and 
A=50 mm. 


The mass m rests on a nearly smooth 
horizontal surface. It is attached by a light 
open wound spring of force constant ktoa 
vibrator which makes small simple harmonic 
oscillations of constant amplitude A. Describe, 
in as much detail as you can, how the motion 
of the mass will alter, relative to the motion of 
the vibrator as the vibrator’s frequency varies 
from zero to (k/m)'/. Include in your answer 
sketch graphs of how you would expect the 
amplitude and phase of the bat tots of oe — 
i ion of the vibrator. 
to vary relative to the motion (0&C 
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Q 1.43 

(a) Explain the phenomenon of resonance. 

Give one example in each case of the 

occurrence of resonance effects with (i) sound 

waves, (ii) radio waves, (iii) light waves. 

(b) With the aid of suitable sketch-graphs, 
describe the behaviour of an oscillatory system 
subject to various degrees of damping, Explain 
what is meant by critical damping, and give 
one example of a system that is normally 
critically damped. 

(c) A spin-dryer drum has a mass of 12 kg. It is 
flexibly mounted on rubber bearings which 
exert a restoring force of 125 N when the axis 
of the drum is pushed sideways in a radial 
direction by 1 cm. 

(i) Calculate the period of radial oscillations 
of the drum. 

(ii) The drum is packed non-uniformly with a 
load of mass 4 kg and accelerated up to its 
normal running speed of 800 rev/min. 
Describe and explain the vibrations that 
will be observed. (O) 


Q 1.44 

(a) Define simple harmonic motio; 

The energy associated with the simple 
harmonic motion of a mechanical system 
oscillates between two potential energy states 
and through a kinetic energy state, Trace the 
details of these energy transformations in the 
case of a mass oscillating vertically at the 
lower end of a helical spring. 

(b) Explain the term damped harmonic motion. 
Identify the damping forces which drain the 
energy of oscillation from the mass attached to 
the helical spring and state, with reasons, 
whether these forces are steady or periodic. 

(c) Discuss whether or not an exponential decay 
law applies in each of the following situations: 

(i) the periodic motion of a simple 
pendulum, 
(ii) the discharge of a capacitor through a 
resistor, and 
(iii) the decay of a radioactive specimen. 

(d) A mechanical system has a natural frequency 
of oscillation fo. It is acted on by a periodic 
driving force of constant amplitude F and 
frequency f. Sketch three curves on one graph 
to show how the amplitude of the oscillations 
(when the system reaches equilibrium) varies 
with the frequency f. Draw one curve each for 
light, medium and heavy damping. 

Explain 
(i) why the three curves coincide at low and 
high values of f, 
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(ii) why resonance is sharpest when damping 
is light (Hint: think about the energy 
content), and 

(iii) why the rate of energy transfer to the 
system is a maximum at resonance. (L) 


Q 1.45 
This question is about the isolation of sensitive 
apparatus from floor vibrations. 

Isolation is achieved by mounting the apparatus 
and table (total mass M) on a flexible suspension, 
which may be modelled by a single spring as 
shown. The floor vibrates at a frequency f (angular 
frequency w =27f) and with an amplitude xp. The 
natural frequency of the mass-spring system is fo 
(angular frequency w= 2zfo), and the damping 
constant for the oscillation is k. 


Vibration amplitude 


Floor vibration 
amplitude x, 


The amplitude of vibration of M is given by 
23 E 
{(@k)? + (w?— w) 


(a) In analysing the effectiveness of isolation 
mountings, engineers use two dimensionless 
quantities R and D, defined as: 


Frequency ratio R = w/w» 
Damping ratio D= k/wo 


Write down an expression for x in terms of R 
and D. Show that, as the floor frequency f and 
hence the frequency ratio is varied, the 
maximum amplitude of vibration of M occurs 
when R?=1-(D?/2). 

(b) Use your expression for x from part (a) to 
show that for very small values of R the 
amplitude of oscillation of M becomes equal 
to the amplitude of vibration of the floor. 

Explain in physical terms how it is that 
under these conditions the spring is behaving 
like a rigid rod. 

(c) The ratio x/x is called the transmissibility T. 
Write down the approximate expressions for T 
in terms of R and D for the cases when: 

(i) R>0; 
(ii) R=1; 
(ii) R>1. 


Use these results to sketch graphs on the same 
axes showing how T varies with frequency for 
(iv) D=0.1; 
(v) D=0.9. 

(d) For many situations, damping is small, and can 
be neglected except near resonance. Write 
down an expression for T which would be 
valid everywhere except near resonance. Show 
that isolation would be effective (T <1) only 
for R>v2. 


(e) An analytic balance mounted on a slate slab is 
found to be impossible to use to its required 
accuracy because the floor is vibrating with an 
amplitude of 1.6 um. From experience, it is 
known that this balance would be satisfactory 
if the amplitude of vibration is reduced to 


0.2 um. The main source of vibration is a 
nearby underground railway, and the 
predominant frequency is 22 Hz. Calculate the 
natural frequency of the isolation system which 
would just enable the satisfactory working of 
the balance. If the mass of the balance plus 
slab is 50 kg, what is the required spring 
constant of the suspension? (O & C, Nuffield) 


Q 1.46 

Write an essay on the phenomenon of resonance. 
Your essay should include consideration of the 
following three points: 


(a) the meaning of and the relationship between 
the terms resonance, natural frequency, forcing 
or driving frequency and damping; 

(b) the wide variety of technological situations and 
physical phenomena in which resonance plays 
a part; 

(c) the similarities and differences between 
examples of resonance from different areas of 
science and technology. (O & C, Nuffield) 


Q 147 3 

(a) Give an account of some phenomena which 
can arise when two simple harmonic motions 
are superposed. t 

A rectangular drawing-board is suspended a 

its corners from a horizontal ceiling by four 
parallel strings each of length 3.60 m. As the 
board swings to and fro in the x-direction, the 
strings move in planes of constant y with 
amplitude 0.050 rad. To a point P above the 
board is attached a simple pendulum of lengt 
400 mm. A small pen is fastened to the — 
bottom of the pendulum bob and at all times 
remains in contact with paper pinned to the 
board. At the moment when the drawing- | 
board is at its extreme position in the positive 


x-direction, the bob is released from rest 
having been drawn aside through 60 mm, 

(i) in the positive x-direction, 

(ii) in the negative x-direction, 
(iii) in the positive y-direction. 
Sketch in each case, indicating dimensions 
where possible, the traces left by the pen on 
the paper. 
Sketch the trace that would result if case (i) 
were repeated but with the point P being 
made to move steadily at 100 mms" in the 
positive y-direction. Computation of the trace 
at six suitably chosen points will give sufficient 
accuracy. Use this result to give an improved 
answer for case (i). (Cam. Schol.) 


= 
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Q 213 

A small piece of cork in a ripple tank oscillates 
sinusoidally up and down as ripples pass it. If the 
ripples travel at 0.20 m s™*, have a wavelength of 
15mm and an amplitude of 5.0 mm, what is the 
maximum velocity of the cork? (Assume that the 
cork moves up and down in a straight line.) (L) 


Q 2.14 

A sound wave in air, having a frequency 680 Hz 
and a wavelength 0.5 m, is travelling northwards 
parallel to the earth’s surface. The amplitude of 
the vibration of the air particles is 1 um. 


(a) What is the direction of motion of the air 
particles? 

(b) What is the speed of the sound wave? 

(c) What is the maximum speed of the air 
particles? (S) 


Q 215 
Explain briefly why it is impossible for a pure 
transverse wave to be propagated by a fluid. (C) 


Q 2.16 

The speed c of longitudinal waves in a wire is 
given by the expression c =v (E/p) where E is 
the Young modulus for the material of the wire 
and p is its density. Show that this equation is 
dimensionally correct. 

The extension e, of a wire of cross-sectional area 
A and of initial length L, is measured for various 
extending forces F and a graph of F against e is — 
plotted. How would you find a value of ¢ from this 
graph? What other quantity would you need to 
measure? (L) 
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Q 2.17 

The diagram shows a loudspeaker, L, which emits 
a continuous sound of frequency 400 Hz, and a 
line to represent the positive x-direction. The 
graph shows the displacements of the air masses 
along x from their undisturbed positions at one 
instant. 


A B c D 
L LER Á- x 
' [i ' 1 
i 1 1 i 
Displacement H J { f; 
1 1 1 ' 
ith H ' ' 1 
Positive ‘ ' i i 
Sa L z 
B E b 
Negative i 


(a) At which of the four points, A, B, C, D is the 
instantaneous pressure at its peak value? 
Explain your answer. 

(b) Calculate the time interval required for the 
sound to travel the distance AD, (L) 


Q 2.18 
The speeds of longitudinal and transverse waves on 


a stretched wire are 


P 
v and Vz 


respectively, where E is the Young modulus, p is 
the density, T is the tension, and M is the mass 
per unit length, of the wire. Find the value of the 
stress that would be required if the transverse and 
longitudinal waves were to have the same speed, 
and comment on the result. (C) 


Q 2.19 
The velocity v of a transverse wave on a stretched 
string is given by 

yy 

v=/— 

m 
where T is the tension in the string and 7m is its 
mass per unit length. 


(a) Justify the equation by the method of 
dimensions. 

(b) Use the equation to derive an expression for 
the fundamental frequency of the string in 
terms of its length l. (W) 


Q 2.20 

The equation y= 4 sin (wt — kx) represents a plane 
wave travelling in a medium along the x-direction, 
y being the displacement at the point x at time 1. 
Deduce whether the wave is travelling in the 
positive x-direction or in the negative x-direction. 
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If a=1.0 10-7 m, œ =6.6X10°s”) and k= 
20m‘, calculate (a) the speed of the wave, (b) the 
maximum speed of a particle of the medium due to 
the wave. (J) 


B 


Q 2.21 

Using the apparatus shown below, a student 
attempts to measure the speed of sound in a metal 
rod of length 0.6 m. He drops the rod a short 
distance onto a massive metal plate, allows it to 
bounce once, and catches it. For the short time 
that the rod is in contact with the plate, the output 
of the signal generator is connected to the C.R.O. 


signal generator 


With the signal generator set at 20 kHz the trace 
shown below was obtained. 


|e E | 7 


(a) (i) What was the time of contact? Show the 

steps in your calculation. 

(ii) Use this result to calculate the speed in 
the metal rod. Show the steps in your 
calculation. 

(b) The student repeated the experiment, using a 
rod of the same length but made of a metal in 
which he knew that the speed of sound had 
twice the value it had in the first rod. He 


decided to change the signal generator setting 
to 10 kHz but left the C.R.O. controis 
unchanged. 
State what the effect would be on 
(i) the time of contact of the rod on the plate, 
(ii) the time period of a single oscillation of 
the signal generator output. 

(c) Sketch carefully, on a copy of the axes 
provided above, the trace he should now 
obtain. (O & C, Nuffield) 


Q 2.22 
For each of the following statements: 
state the physical principles which are relevant, 
and 
show how they apply to the situation described. 
Also 
make calculations and/or give equations where 
possible to show the relationship between the 
quantities involved. 


(a) By analogy with a simple model consisting of 
masses joined together by springs, and 
employing suitable numerical data, it is 
possible to predict the speed of sound in a 
copper rod. The measured value of 
3.8x10°ms™' does not agree exactly with 
the prediction. 


Data: mass of copper atom = 1.1 x 107° kg | 


. . . . -10 
interatomic spacing in copper = 2.6 x 107° m | 
bond stiffness in copper = 33 Nm! 


(b) The string which produces the note of lowest 
frequency on a guitar has about four times the 
diameter of the string which gives the highest 
frequency, and is used at approximately the 
same tension. 


Q 223 
Explain the principle of the method of checking an 
equation by dimensions. 

One of the following equations shows how the 
speed v of ripples on a deep liquid depends on the 
wavelength A, the surface tension y and the 
density p: 


5 yı 
(i) vats, 
(ii) vB, 


a Y 
y= ales 
(iii) v=C Vz 


where g is the acceleration of free fall, and A, B 
and C are dimensionless constants. Identify any 
equation that is wrong dimensionally. 


The following results were obtained in an 
experiment with water in a ripple tank: 


v/mms | 230 270 340 450 590 
A/mm 85 62 39°22 13 


(a) Explain how the wavelength and speed of the 
ripples might be determined. 

(b) Draw a graph of log v against log A and find 
its slope. Which equation is correct? Find the 
value of the appropriate constant A, B or C. 


[g=9.8ms *; density of water = 1.0 x 10° kg m°; 


surface tension of water =7.2x10°Nm™.] (C) 


Q 2.24 

(a) y=a sin (kx— wt) is an equation of a 
progressive wave. What are the names given to 
k and w? If k=4.5m™ and œ =1.5x10°s™' 
what are the values of (i) the wavelength and 
of (ii) the period, of the wave? 

(b) If the equation represented a sound wave in 
air what physical quantity would y represent? 
How would this physical quantity change with 
time at some fixed value of x? (w) 


Q 2.25 
In this question you are asked to write an essay 
about waves. 

Waves and wave motion occur in many 
situations in physics, technology and in nature. 
Choose fowr examples, which are as different as 
possible, which illustrate the great variety of waves 
which exists. Your answer should include 
descriptions of these four examples and should 
show how they differ in origin, physical nature, 
speed, frequency and wavelength. Mention also 
any features which any of the various waves have 
in common, (O & C, Nuffield) 


Q 2.26 
This question is about the behaviour of water 
waves. 

The diagram shows a wave in water deep enough 
for the wavelength to be much less than the depth. 
As the wave moves to the right, the water at P 
acquires in succession the velocities v, 02, U3, Us 
and vs (vs = v,) and it can be shown that it moves 
in a circle with constant speed, where the radius of 
the circle is equal to the wave amplitude A. 


wave speed c 
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(a) (i) How would you find the time it takes for a 
__ water particle to go once round in a circle? 
(ii) If the water particles are moving in circles, 
how would you find the magnitudes, and 
what are the directions, of their 
accelerations at P and at Q? 

(b) The speed c of deep water waves is given by 

ote Ag/27. 

Sketch graphs of (i) speed c, and (ii) 
frequency, against wavelength A, for deep 
water waves in the range A=1m to à =100 m. 
Indicate on your sketch the orders of 
magnitude of speed and frequency for the 
wavelengths 1 m and 100 m. What would you 
plot in order to obtain straight line graphs 
relating wavelengths, A, to (i) speed, (ii) 
frequency? 

(i) Suppose a storm at sea generates waves 
of wavelengths in the range 1m to 100 m. 
What wavelengths of waves from the 
storm will be felt by a ship 100 km from 
the storm during the 24 hours following 
the onset of the storm? 

A small boat at sea has to ride such 

waves. What will be the speed of the 

water around circles in waves of 

wavelengths 100 m and amplitude 10 m? 

Describe the motion of such a boat (short 

compared to the wavelength) which rides 

such waves and also travels forward in the 

direction of travel of the waves at a mean 

speed of about 2ms`'. 

(iii) What will be the maximum vertical 

acceleration of the water in such waves? 
How will the maximum force on the yacht 
causing this acceleration compare with the 
weight of the yacht? 

(d) If the wavelength A is larger than the depth d, 
the water no longer moves in circles and the 
wave speed for such shallow water waves is 
given by c*=gd. 


Calculate the wave speed for waves of 
wavelengths 1 m and 100 m in a sea of depth 
100 m. 

Combine these results and those from (b) above 
to draw a rough sketch-graph to show how wave 
speed will vary with wavelength in the range 
Aà=1m to A=1000 m for a sea of depth 100 m so 
that the waves are ‘deep’ water waves for short A 
and ‘shallow’ waves for long A. Label and explain 
the main features of your sketch. 


(c 


(ii 


(O & C, Nuffield) 


c 
Q 2.27 


(a) The velocities of transverse waves on a string 
and longitudinal waves in a solid are given 
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respectively by vy=(T/m)'/? and v; =(E/p)'”?, 
where T is the tension in the string and E the 
Young modulus of the solid. Explain physically 
why these latter two quantities affect the 
velocities. What are the dimensions of m 

and p? 

A ‘slinky’ is a helical spring with many turns 
of large radius, is made of thin wire, and may 
be extended to many times its unstretched 
length, Ly. Such a spring can support both 
transverse amd longitudinal waves. If the force 
constant of the spring is k and its total mass 
M, find the effective values of T, m, E and p 
when the total length of the spring is L, and 
hence determine vy and v; in terms of k, M, 
Lo and L. Assume a constant cross-sectional 
area A for a turn of the slinky. 

(i) A transverse pulse travels the length L of 
a uniformly extended slinky spring, for 
which Lo is negligible, in a time tọ. If the 
spring is now uniformly extended to 
length AL, what is the new travel time? 

(ii) Under what condition would a small 
disturbance of a general kind reach the 
other end of an extended slinky spring 
undistorted? 

A slinky spring is freely hung from one of its 

ends. What length does it assume? Describe 

qualitatively how the velocity of a transverse 
pulse would vary as it travels down the 
suspended slinky. (Cam. Schol.) 


(b 


Q 2.28 

A heavy rope of length / is suspended to hang 
vertically under gravity. At the same time as a 
transverse disturbance is propagated from the top 
end, a mass is released from the same level. At 
what distance down the rope does the mass catch 
up with the disturbance? (W) 


Q 2.29 
The velocity of propagation v of ripples on the 
surface of a liquid in a shallow tank is given by 


ge TAE 207 
2m Ap 


where A is the wavelength, g the acceleration due 
to gravity, y the surface tension of the liquid, and 
p its density. 


(a) In a certain experiment using water the 
wavelength was 5.0 mm. Assuming the surface 
tension to be 0.075 N m“', calculate the 
velocity of the ripples and their frequency. 


(Density of water = 1.0 10° kg m™°) 


(b) Describe the experimental arrangement you 
would set up in order to find a value for the 
surface tension of water using this equation, 
Indicate clearly how the necessary 
measurements are made. 

(c) In the light of your calculations in (a) discuss 
quantitatively the experimental conditions 
under which the term Ag/27 might be 
neglected. 

(d) Show that v? is a minimum when 


2_4m’y 


P8 


À (JMB) 


Q 2.30 

(a) Sound waves in air are either progressive waves 
or stationary waves. Explain the differences 
between these waves. 

(b) Show that the displacement y from their mean 
positions of particles in air transmitting a 
sound wave of amplitude a, frequency f at a 
speed c can be represented by an equation of 
the form 


y=asin 2nf(t—x/c) 


or by a similar equation. 
Hence deduce expressions in terms of a, f, t, 


x and c for (i) the velocity, (ii) the accelera- 

tion of the particles as they oscillate about 

their mean positions. (0) 
Q 231 


Suppose a (not very knowledgeable) critic of 
physics were to say: 
‘A wave is just a lot of water rushing up the 
beach and running down again. There doesn’t 
seem to be much worth studying in that.’ 
The above is inadequate as a description of what a 
physicist means by a wave. Explain why and say 
what a physicist does mean by a wave, giving 
examples. Use these examples and others to 
indicate the wide variety of wave problems which 
might concern either a physicist or an engineer or 
both. (You can use examples of standing waves as 
well as of travelling waves.) (JM 
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A 


Q 3.10 

Explain what is meant by Huygens’ principle. Use 
the principle to show that a plane wave incident 
obliquely on a plane mirror is reflected 


(a) as a plane wave 


(b) so that the angle of incidence is equal to the 
angle of reflection. (JMB) 


Q 3.11 

Describe Huygens’ construction. Use this 

construction to deduce Snell’s law of refraction. 
(JMB) 


Q 312 

Light is refracted on passing across the boundary 
between two media in which its velocities are v, 
and v,. Show that the observed facts are consistent 
with the statement that ‘all points on a wavefront 
take the same time to travel to a new position on 
that wavefront’. (L) 


Q 3.13 

An ambulance sounds a warbling signal comprised 

of alternate notes of frequency 400 Hz and 

500 Hz. What will be the apparent frequencies of 

these notes when heard by: 

(i) a stationary observer when the ambulance 
approaches at 20ms"'; 

(ii) a moving observer receding at 20 m s™' from 
the ambulance when stationary? 


[Speed of sound in air=330ms'] (O) 


3.14 

A sound of frequency 500 Hz is emitted 

from an alarm system in a vehicle. The 
frequency of the noise as heard by a stationary 
observer changes as the vehicle accelerates 
away. What will be the value of this frequency 
when the vehicle reaches a speed of 10ms '? 
[Speed of sound in air=340 m s~™".] 

Assume the vehicle is capable of accelerating 
up to the speed of sound. Sketch a graph 
showing how the frequency of the sound heard 
by the stationary observer changes as the 
speed of the vehicle increases from 0 to 

340 ms™'. (L) 


go 


>~ 


Q 315 

An equation for the Doppler effect for sound is 
f'=f(.+v/c). Identify the symbols in this 
equation. A line in the ultraviolet spectrum of a 
distant nebula is found to occur at a wavelength of 
377 nm, instead of at 373 nm when the same 
spectrum is examined in the laboratory. What can 
be declared about the motion of the nebula 
relative to Earth? (C) 


Q 3.16 
(a) Explain briefly Huygens’ method for 
constructing wavefronts. 
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A parallel beam of light is projected onto 
the surface of a plane mirror at an angle of 
incidence of about 70°, Draw a diagram 
showing clearly how Huygens’ method can be 
used to determine the direction of the 
reflected beam. 

(b) What is meant by critical angle? Under what 
conditions will a wave be totally reflected on 
meeting a boundary between two media, both 
of which will allow passage of the wave? 


A beam of light travelling through a transparent 
medium A is incident on a plane interface into air 
at an angle of 20°. If the speed of light in the 
medium is 60% of that in air, calculate the angle 
of refraction in air. 

When the beam is shone through another 
transparent medium B and the incident angle is 
again 20°, it is found that the beam is just totally 
reflected at a plane interface with air. Calculate the 
speed of light in B as a percentage of the speed of 
light, c, in air. (L) 


Q 3.17 

(a) The diagram illustrates part of an oil 
exploration test in which a beam of 
longitudinal (compressional) waves, generated 
at the Earth’s surface, is directed through 
various strata in the Earth’s crust. The 
frequency of the waves is 75 Hz. 


Speed of 
Compressional Waves 


Generator 
Air 0.3 kms"! 
Strotum A 6.0 km 8°" 
Stratum B 40km s' 
Stratum C 90km 5°" 


V/s 


Using the information provided in the 
figure, calculate: j : 
(i) the wavelength of the waves in stratum A; 
(ii) the angle @ to the vertical at which the 
waves enter stratum B. } 
Explain, with the aid of a suitable calculation, 
why the waves do not enter stratum C: 
(b) (i) Reproduce the diagram to show the 
subsequent paths of the waves within 
strata A and B, taking account of both 
refraction and reflection. 
(ii) Discuss whether the waves will eventually 
emerge from stratum A into the 


atmosphere. (0) 
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Q 3.18 

(a) Describe the Doppler effect and explain how it 
arises, Derive the formula for the effect in the 
case of a source of sound waves moving 
towards a stationary observer, explaining each 
step in your argument. 

Describe an experiment to test this formula. 

(b) A man stands at the edge of a straight road, 

whilst an ambulance operating a siren at 

1000 Hz speeds past at 30 ms! in the centre 

of the road. The speed of sound in air is 

330 ms '. Draw a sketch graph of the 

frequency of sound received by the man 

against time, indicating on the graph 

(i) the moment at which the ambulance 
passes, 

(ii) the value of the maximum observed 
frequency (fi), 

(iii) the value of the minimum frequency (fz). 

Without detailed calculation, suggest what the 

observer would hear when passed by a 

‘superambulance’ which travels at a speed 

(i) just less than, (ii) greater than 330ms_'. 

(O&C) 


= 


Q 3.19 

A binary star system consists of two components of 
equal mass rotating about their centre of mass in a 
plane which includes a terrestrial observer. The 
period of rotation is 3.0 x 10°s. It is observed that 
the wavelength of a spectral line from one of the 
components varies by +0.05 nm about its mean 
value of 620 nm during one revolution. 


(i) Explain this observation. 

(ii) Calculate the speed of the stars. 

(iii) What is the separation of the stars? 

(iv) Find the distance of the system from the 
observer on Earth, if the maximum angular 
separation of the components is measured to 
be 1.4 1077 radian. 

(v) Draw a graph to show how the wavelength of 
the observed spectral line varies with time, 
showing clearly the scales of the axes. (O) 


C 


Q 3.20 

A and B are two points on the surface of the earth 
which may be regarded as flat and parallel to the 
rock layer below. An explosive charge is fired at A 
and the sound reaches B either directly via AB 
through the soil or indirectly via ACDB. In the 
latter case the sound suffers refractions at C and D 
and travels the distance CD in the rock. If the 
speed of sound in the soil layer is v, and that in 
the rock v3, show that when the sound reaches B 


by the two paths simultaneously 
h (1-sin 8) 


x 2cosé 


where sin 0 = v,/ vz. 

Sketch a graph showing, as ordinates, the time 
between the explosion at A and the arrival of the 
initial disturbance at B and, as abscissae, varying 
values of the distance AB. Ignore direct reflections 
from the surface of the rock layer. (JMB) 


Q 3.21 

(i) State the principle of superposition as it applies 
to wave motions. Use the principle to explain 
what is heard when two sound waves of equal 
amplitude but slightly different frequencies 
interfere. 

(ii) One line in a textbook, under the section on 
the Doppler effect in sound, reads as follows: 


TE h (moving source 
1+v/c Bs d 
stationary observer) 
Identify the symbols in the equation and 


explain the significance of the + sign. 

(iii) A twin-engined light aircraft flies directly over 
a stationary observer on a still day. The 
engines are running at constant but slightly 
different speeds, so that the observer detects a 
low-frequency fluctuation in sound intensity. 
When the aircraft is approaching but is still 
very distant, the frequency of the fluctuation 
is 5.0 Hz. When it has receded to a great 
distance, the frequency is 3.0 Hz. Calculate 
the speed of the aircraft. What is the 
difference between the angular speeds of the 
engines, as measured by the pilot of the 
aircraft? 

[Take the speed of sound in air to be 
340ms_!.] (Cam. Step) 


Q 3.22 r 
A body of mass M moves with a speed v (which 1$ 
very much less than the speed of light c) and emits 
a photon of frequency f. By writing down the 
equations of conservation of energy and 


momentum, show that, if M is sufficiently large, 


f fo 


~1—(v/c) cos 6 


where fo is the frequency of the photon which 
would be emitted if v were zero and @ is the angle 
between the direction of v and the direction of the 
emitted photon. 

(The momentum of a photon of frequency f is 
hf/c. The body will change speed and direction 
due to recoil.) 

Using this formula, and the laws of mechanics, 
show that it is possible to decide whether the rings 
of Saturn are solid or accumulations of a large 
number of small particles. 

One of the lines in the hydrogen spectrum (from 
a stationary lamp) occurs at a wavelength of 
434 nm. This line is observed in the spectrum of a 
star, but shifted 2 nm towards the red end of the 
spectrum. Assuming the star is moving radially 
relative to the earth, calculate its velocity. Explain 
whether it is moving away from, or towards the 
earth. (W) 


Q 3.23 

Show that in acoustics the simple Doppler 
treatment for cases (a) of the source moving 
towards a stationary observer, and (b) of the 
observer moving towards a stationary source, lead 
to different expressions for the apparent change in 
frequency. 

A car carrying a siren on its roof emitting a note 
of frequency 420 Hz is driven towards a wall at 
15ms ' so that an echo is produced. If the speed 
of sound in air is 330 ms~! what is heard by the 
car driver? 

The special theory of relativity states that the 
speed of electromagnetic radiation is always equal 
to a constant, c, regardless of any relative motion 
between the source and the observer. It also states 
that if the relative speed between the source and 
the observer is u then a time interval Af in the 
Source is observed as an interval At’ by the 
observer where 


reais 

v(1—u?/c?) 
By considering Ar as the interval between two 
Peaks’ in a light signal emitted by a star receding 
from the earth at a speed u and allowing for the 
extra distance travelled by the second ‘peak’ show 


that the frequency f’ observed on the earth is 
given by 


At’ 


»_,,fG=ule) 
PHIN Furo) 
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where f is the frequency emitted by the source. 

By considering a star receding at a speed c/2 
illustrate the difference obtained by using the 
simple Doppler treatment to that obtained by 
using the above result for a receding source. (L) 


Q 3.24 

The Doppler broadening of a spectral line 
increases with the rms speed of the atoms in the 
source of light. Deduce which lamp gives the 
narrower spectral line: a 198-mercury lamp at a 
temperature of 300 K or an 86-krypton lamp at a 
temperature of 77K. (W) 


Chapter 4 


A 


Q 49 

Explain what is meant by the ‘principle of 
superposition’ in wave motion. Illustrate your 
answer by drawing a sketch on graph paper 
showing the superposition of two waves of equal 


amplitudes which have wavelengths in the ratio 
yap (W) 


Q 4.10 i 
The diagram shows two point sources of sound, S; 
and S, which are close together. They emit sound 
waves which are in phase, and of the same 


L_e- 
ee ` 7 


x 


wavelength and intensity. When S, is slowly moved 

parallel to AB in the direction of B, the sound 

intensity, J, detected at P shows a series of maxima 
and minima. As the displacement, x, of S, from its 
initial position increases, the intensities at the 
maxima decrease and the intensities at the minima 
increase. 

(i) Explain this variation in 

(ii) Explain why the greatest observed value of I 
occurs when x is zero, and why 7 becomes 
constant when x is very large, 

(iii) Indicate how the variation in I with x could 
be used to determine the wavelength of the 
sound waves. e 

(iv) Describe and explain how I would have 
varied with x if the sound waves emitted by 


, had di d in phase by = (180°). 
S, and Sz had differe: pl aA 
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Q 4.11 

A point source A emits spherical sound waves. 
State how the intensity of sound varies with 
position around the source, assuming that there is 
no absorption in the medium. 

A second identical source B is placed near A, 
the two sources being in phase. Explain why there 
will be positions of maximum and minimum 
intensity near the sources. 

If the wavelength for each source is 0.40 m, and 
the rate at which sound energy is emitted by A is 
1.44 times the rate of that emitted by B, explain 
why the sound intensity is found to be zero at a 
point 13.2 m from A and 11.0 m from B. (JMB) 


Q 4.12 

(a) State two differences between stationary and 
progressive waves, referring specifically to the 
terms phase and amplitude. 

(b) A wire 1.0m in length has a fundamental 
frequency of 50 Hz when the tension in the 
wire is 5.0 N. 

(i) Calculate the velocity of transverse waves 
in the wire. 

(ii) Determine the fundamental frequency if 
the tension is doubled and the length 
halved. (S) 


Q 4.13 

A stretched wire is fixed at both ends and plucked 
at its centre, Draw a diagram to represent the 
mode of vibration which gives rise to the lowest 
possible frequency. Draw a second diagram to 
represent another mode of vibration of the wire. 
Write down the relationship between the 
frequencies of the two modes. (C) 


Q 4.14 

Figure (a) shows a loudspeaker L connected to an 
oscillator and placed a few metres from an 
extensive reflecting surface R. The oscillator 

output is fixed at 500 Hz and the speed of sound at 
the time is 320 m s™!. 


S Q Pio 
a ee Me oa a 
M2 M2 3M, 


2 
(a) 


A small microphone M, is moved away from the 
wall along the normal towards L and fixed at a 
point O where the amplitude of the detected signal 
is a maximum. A second small microphone M3 is 


moved from a point close to O towards L. It 
reaches a first maximum at P and a fourth 
maximum at Q. Calculate 


(a) the wavelength of sound from the loudspeaker, 
and 
(b) the distance PQ. 


The microphones M, and M, are connected to the 
X-plates and Y-plates respectively of an 
oscilloscope whose time base is switched off. 
Figures (b) and (c) show the traces on the 
oscilloscope screen with M, at P and O 


a "A 


(b) (c 


respectively. Explain the change in direction of the 
oscilloscope trace, (L) 


Q 415 

An organ pipe is approximately 1 m long, and is 
closed at one end. One of the harmonics in the 
sound it produces has frequency 425 Hz. Show on 
a diagram the positions in the pipe where the 
vibration of the air in this harmonic is a maximum. 
On your diagram, mark by arrows the direction of 
movement of the air particles at these positions at 
an instant when the particle speed is a maximum. 
(Speed of sound in air=340 ms~'.) (S) 


Q 4.16 

Two pure notes at frequencies f, and f> are 
sounded together. In what circumstances will beats 
be audible? 

If fı = 300 Hz and the beat frequency is 3 Hz, 
what are the possible frequencies of fı? Draw a 
sketch showing how the amplitude of the resultant 
sound varies with time and mark a suitable scale 
on the time axis. (L 


Q 417 

(i) Explain the formation of beats. 

(ii) A microphone connected to a cathode-ray 
oscilloscope receives simultaneously two soun 
waves of frequencies 1000 Hz and 1100 Hz 
and equal amplitudes. Sketch and explain what 
is seen on the screen of the oscilloscope if the 
time-base repetition frequency is set at 50 Ro ) 


B 


Q 4.18 
What is meant by the period T and the wavelength 
à of a wave? 


The graph shows the displacement y of a 
particle in a sinusoidal wave as a function of time t. 
Write an equation that represents the displacement 
of the particle in terms of ¢ and T, explaining any 
other symbols used. 

A second particle is situated a distance 4/4 from 
the first, measured in the direction in which the 
wave is travelling. What is the phase angle between 
the vibrations of the two particles? Draw a sketch 
graph to illustrate the variation with time of the 
displacement of the second particle. Give an 
equation to represent this displacement. 

Two continuous sound waves, each of amplitude 
A and wavelength A, meet at a point such that 
their phase difference is 7/3. Show, by means of a 
phasor diagram or otherwise, that the amplitude of 
the resultant wave is approximately 1.7A. Hence 
find the ratio of the intensity of the resultant wave 
to the sum of the intensities of the component 
waves. 

Discuss your result with reference to the 
principle of conservation of energy. (C) 


Q 4.19 

(a) (i) How are standing (stationary) waves 
formed? 

(ii) State four features that distinguish a 
travelling (progressive) wave from a 
standing (stationary) wave. 

(b) (i) With the aid of a diagram, describe a 
laboratory method for producing standing 
waves in air and for measuring their 
wavelength. You may assume that a 
source of sound of known frequency is 
available. 

(ii) How could your results be used to 
determine the speed of sound in air? 

(c) The diagram shows a sinusoidal standing wave 

produced on a stretched cord by a vibrator 
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a 
250mm j 


oscillating at a frequency of 50 Hz. The mass 

per unit length of the cord is 0.080 kg m~’. 

Using the data from the diagram, calculate: 

(i) the tension in the cord, 

(ii) the horizontal separation of a node and 
the nearest particle of the cord whose 
amplitude of oscillation is 7.5 mm. 

(d) Describe and explain what will be seen if the 
cord is viewed in light from a stroboscope set 
at a frequency of: 

(i) 50 Hz; 

(ii) 101 Hz. (O) 


Vibrator, 50 Hz 


= i 


Q 4.20 

What adjectives can be used to describe the sound 
waves in an organ pipe sounding its fundamental 
note? A closed pipe of variable length has 18.0 cm 
and 56.0 cm as the two shortest lengths for which 
it will resonate to a tuning fork of frequency 

440 Hz. Sketch a graph showing how the 
amplitude A of displacement of air molecules in 
the pipe varies with distance x from the closed end 
when it is resonating to the fork and its length is 
56.0 cm, labelling significant points and features on 


the graph. 
Use the data to calculate the speed of sound in 
air, (S) 
4.21 


(a) (i) Explain how stationary transverse waves 
form on a stretched string when it is 
plucked. 

(ii) State the factors that determine the 
frequency of the fundamental vibration of 
such a string and give the formula for the 
frequency in terms of these factors. 

(b) When two notes of equal amplitude but with 
slightly different frequencies fı and fz are 
sounded together, the combined sound rises 
and falls regularly. 

(i) Explain this, and draw a diagram of the 
resulting wave form. 

(ii) Show that the frequency of these 
variations of the combined sound is 
fin fal ; 

(c) A car engine has four cylinders, each : 
producing one firing stroke in two revolutions 
of the engine. The exhaust gases are led to the 
atmosphere by a pipe of length 3.0 m. 

(i) Assuming that vibration anti-nodes occur 
near each end of the pipe, calculate the 
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lowest engine speed (in revolutions per 
minute) at which resonance of the gas 
column will occur. 

(ii) What may happen at higher speeds? 

(iii) Where, in the gases in the pipe, will the 
greatest fluctuations of pressure take 
place at resonance? 

[Take the speed of sound in the hot exhaust gases 
to be 400 ms" 1.] (O) 


Q 4.22 

A copper wire is subjected to increasing tension 
until it breaks. Sketch the graph of tension against 
extension for the wire, and identify any important 
features. Give a brief explanation of these features 
in terms of the microscopic structure of the metal. 
Show how the Young modulus may be deduced 
from the graph. 

An equation for the speed v of longitudinal 
waves in a thin rod of an elastic solid of Young 
modulus E and density p is v=(E/p)'/?. Using 
the base units or dimensions of the quantities 
involved, show that this equation is dimensionally 
homogeneous. 

A thin copper rod, 800 mm long, is clamped at 
one end. It is made to vibrate by an oscillator of 
variable frequency. This produces longitudinal 
waves in the rod. As the frequency is varied it is 
found that the rod resonates: the two lowest 
resonant frequencies are 1190 Hz and 3570 Hz. 

In all resonant modes the clamped end is a 
displacement node and the free end is an antinode. 
The diagram below illustrates the position of the 
node (N) and the antinode (A) for the resonant 
frequency of 1190 Hz. 


clamp 


N Aj 1190 Hz 


(a) Draw a labelled sketch showing the Positions 
of the displacement nodes and antinodes for 
the resonant frequency 3570 Hz. (Indicate 
clearly which end of the rod is clamped.) 

(b) Find two frequencies higher than 3570 Hz at 
which the rod might also be expected to 
resonate. 

(c) The density of copper is 8.94 10° kg m=. 
Calculate the Young modulus of copper. (C) 


Q 4.23 

A car travels at a speed of 25 ms"! along a 
straight road towards a distant wall. Mounted on 
the roof of the car, a loudspeaker emits a steady 


sound in the forward direction at a frequency of 
1000 Hz. The speed of sound is 340 m s™', 


(a) How far does a sound wave travel in 1 ms? 

(b) Calculate the wavelength of the sound arriving 
at the wall. 

(c) How many waves reach the wall in | s? Show 
the steps in your calculation. 

(d) The sound reflected from the wall is received 
at the car and mixed with the source fre- 
quency. Showing the steps in your calculation, 
find the beat frequency. (O&C) 


Q 4.24 

(a) Give two examples of observations that utilize 

the Doppler effect of light waves. In each case 

state clearly the information that is derived 
from the observation. 

In a police speed-check, radar waves of 

frequency 1.0 GHz (10° Hz) are directed 

towards oncoming traffic. The reflected waves 
return to the transmitter where they combine 
with a signal of the original frequency to 
produce a beat-note in the audio range. The 

frequency of the beat-note is recorded with a 

frequency meter. 

[Take the speed of radar waves in air to be 

3.0x108ms'.] 

(i) Calculate the frequency of the beat-note 
obtained when checking the speed of a 
vehicle approaching at a speed of 
l6ms'. 

(ii) Calculate the percentage error in a speed 
measurement where the police observations 
were taken from an overhead bridge at a 
height of 10 m above the oncoming vehicle 
when it was at a distance of 50 m from the 
transmitter. Would the recorded speed be 
higher or lower than the true speed? «oy 


(b 


c 

Q 4.25 

(a) What conditions must be fulfilled before 

interference effects are observed between the 

radiations from two sources producing waves 
of equal frequency? 

(b) (i) Describe how you would explore in the 
laboratory the spatial distribution of 
interference effects produced by two small 
loudspeakers energized by the same signa 
generator. 

(ii) Draw a diagram showing quantitative 
details of the interference pattern 
observed when using sound of frequency 
9.0 kHz. esf 

[Take the speed of sound in air to be 330 ms bey 


Q 4.26 

(a) Explain what is meant by the principle of 
superposition. 

(b) Show how a progressive wave travelling in the 
x-direction is represented by an equation of 
the form 


x 
=asin2 pea 
y=asin af ft *) 


(c) Describe the reflection of such a wave incident 
normally on a boundary: 
(i) with no change of phase; 
(ii) with a change of phase 7. 


Give expressions for the displacements resulting 
from the superposition of the incident and 
reflected waves and illustrate your answers with 
wave diagrams. State an example of a physical 


situation in which each type of reflection occurs. 
(O) 


Q 4.27 

Explain the difference between stationary waves 
and progressive (travelling) waves. An organ pipe 
of length Ł can support a stationary wave with 

a node at its closed end and an antinode at its 
open end. Show that its possible frequencies of 
oscillation are given by 


f=(¢/2L)(n-3), 


where c is the velocity of sound and n is a positive 
integer. 

Two sinusoidal progressive waves, of the same 
frequency and of equal amplitudes, but moving in 
opposite directions, coincide at time t=0. Make 
separate sketches of these waves at times t =0, 
T/6, T/4 and T/3, where T is the wave period, 
and hence show that, when superposed, they 
constitute a stationary wave. How are its 
amplitude, frequency, and the positions of its 
nodes and antinodes, related to properties of the 
two original progressive waves? How are the 
phases of the two progressive waves related (i) ata 
Stationary-wave antinode, and (ii) at a stationary- 
wave node? 

Any stationary wave in the organ pipe described 
above may be treated as resulting from a 
Progressive wave which travels continuously 
forwards and backwards along the pipe and suffers 
reflection at the ends. What must be the phase 
change on reflection at (i) the open end and (ii) 
the closed end? Taking these phase changes into 
account, find the total phase change of the 
Progressive wave in one complete transit, forwards 
and backwards, as a function of n. Comment on 
your answer. (Cam. Schol.) 
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Q 4.28 

State under what conditions you would be able to 
observe interference effects with wave motions and 
explain why the conditions are necessary. 

A small sound transmitter T radiates uniformly 
in all directions and at four times the power of two 
other similar small transmitters placed 0.25 m on 
either side of T along a north-south line through 
T. The central transmitter is wired to be out of 
phase with the other two, and all three emit a 
200 kHz signal. A small receiver is placed 10 m 
due east of T and slowly moved eastward. Where 
will the maximum and minimum signal responses 
occur? At the position of a maximum the two 
outer transmitters are switched off for a while; by 
what factor does the power received fall? 

What can you say qualitatively about the 
response if the receiver were placed 10 m north of 
T° and then moved slowly northwards? 


[Velocity of sound in air=330ms '.] ic 


Q 4.29 

What do you understand by the period and 
frequency of a wave motion? State the relationship 
between them. 

What are the conditions necessary for audible 
beats to be formed from two separate sound 
sources? 

Deduce the expression for the frequency of such 
beats in terms of the frequencies of the two 
sources, (Either a graphical or an algebraic 
argument is acceptable.) ; 

A microphone and a cathode-ray oscilloscope 
with a calibrated timebase are used to display the 
wave-form produced by two audiofrequency signal 
generators. With the timebase set so that one 
complete sweep takes 50 ms, a steady trace is 
obtained, as shown in the graph below. 


Estimate 


(a) the period of the wave motion, 


(b) the beat frequency, 


(c) the frequencies of the two signal generators. 


Hence discuss why it is inadvisable for two- 
nearby radio transmitters to employ frequencies 
separated by less than about 15 kHz, a typical 
upper frequency limit for audibility. © 
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Q 4.30 

Show that as a result of the Doppler effect the 
frequency f heard by an observer moving with 
speed u towards a source of sound of frequency fo 
is given by f = fo(c + u)/c, where c is the speed of 
sound in air. 

A hooter emitting sound at 500 Hz is situated 
30 m from the foot of a sheer vertical cliff face 
which can be regarded as a perfect reflector of 
sound, A cyclist, about 100 m from the foot of the 
cliff, is approaching the cliff face normally towards 
a point 1.0 km from the hooter at a speed of 
6.0 ms. Describe what he hears, and show that the 
phenomenon may be regarded either as an 
interference pattern through which he is moving, 
or as a beat between two sources with slightly 
different Doppler effects. 

(You may assume without proof that you can 
use the formula deduced in the first part of the 
question, where u is the component of the cyclist’s 
velocity towards the source of sound.) 

[The speed of sound in air is 343 m s™'.] 

(Ox. Schol) 


Chapter 5 


A 


Q 5.13 

(a) What facts concerning the nature of sound 
may be deduced from the fact that an electric 
bell inside an evacuated bell jar is inaudible? 

(b) Give one piece of experimental evidence that 
sound of all wavelengths travels at the same 
speed in air under constant conditions. 
Compare this behaviour of sound with that of 
light of different wavelengths travelling 
through glass, (JMB) 


Q 514 

When a violin string is plucked a musical note is 

produced. Explain how (a) the note is produced 

by the violin and (b) the sound reaches the ear, 
(JMB) 


Q 515 

The lowest resonant frequency of a guitar string of 
length 0.75 m is 400 Hz. Calculate the speed ot 
transverse waves on the string. (C) 


Q 516 

A resonance tube containing air at 16°C was 
closed at one end. It resonated to a tuning fork of 
frequency 512 Hz when its length was 15.9 cm and 
again when its length was increased to 49.7 cm. 


(a) What is the velocity of sound (i) at 16°C, 
(ii) at 0°C? 
(b) Estimate the diameter of the tube (W) 


Q 517 
Explain what is meant by the statement that 
‘sound is propagated in air as longitudinal 
progressive waves,’ and outline the experimental 
evidence in favour of this statement. Compare the 
mode of propagation of sound in air with that of 
(a) waves travelling along a long metal rod, 
produced by tapping one end, (b) water waves. 
Two loudspeakers face each other at a 
separation of about 100 m and are connected to 
the same oscillator, which gives a signal of 
frequency 110 Hz. Describe and explain the 
variation of sound intensity along the line joining 
the speakers. A man walks along the line with a 
uniform speed of 2.0 m s™*. What does he hear? 
[Speed of sound = 330 m s™'.] (C) 


Q 5.18 

In this question you are required to estimate the 
tension in a violin string which vibrates at a natural 
frequency of 650 Hz. The string is made of steel. 


(a) Starting from the formulae c = fA and 
c=v(F/,) as given on your formula sheet, 
obtain an expression for the frequency (f) 
in terms of the tension (F), the length (L), 
the cross-sectional area (A) and the density 
(p) of the string. 

(b) Estimate values for the quantities you will 

need to know in order to calculate the tension 

using the above expression. 

Combine your estimates in order to obtain a 

value for the tension in the string. 

Say in a few words how you decide on the 

appropriate number of significant figures to 

give in the answer. (O & C, Nuffield) 


(c 
(d 


Q 5.19 
The diagram shows a standing wave pattern ofa 
steel guitar string stretched between two supports: 
called the nut and the bridge, on a guitar. 

The fundamental standing wave pattern shown 
produces a note of frequency 280 Hz. 


Steel string 
Nut Bride To 


— | 


To peg — 


Fingerboard 


(a) By placing a finger lightly at certain places on 
the string it is possible to produce further 
standing wave patterns with other specific 
frequencies. 


(i) Sketch on a copy of the diagram one of 
these standing wave patterns, and 

(ii) state its frequency. 

(b) The speed, c, of a transverse wave along a 
stretched string is given by c=¥v(T/), where 
T is the tension and u the mass per unit 
length of the string. 

Show that the fundamental frequency f is 
given by f = 1/2IV(T/,), where | is the 
vibrating length of the string between nut and 
bridge. 

(c) Assuming that both | and u remained 
constant, calculate the frequency of the new 
fundamental mode of vibration if the tension 
were halved. 

(d) In practice , the mass per unit length, 
changes because the string contracts when the 
tension is reduced. 

Consider a situation in which the tension is 
halved. 

(i) If the strain reduction produced were 
0.4% what would be the percentage 
change in «2? State both the size and sign 
of the change. 

(ii) Write down the percentage error this 
would cause in your answer to (c). State, 
giving your reasoning, whether the actual 
frequency would be higher or lower than 
that you calculated. (O & C, Nuffield) 


Q 5.20 

(a) Blowing across the top of a test tube can 
produce a rote. Explain why this is so. State 
how the frequency of the note would be 
affected by (i) using a longer test tube, (ii) 
raising the temperature of the air in the tube. 

How would the sound produced be affected 
by blowing harder? 

(b) A small loudspeaker is placed opposite and 
close to the open end of a tube 0.20 m long, 
closed at the other end. The loudspeaker is 
connected to an audio-frequency signal 
generator. When the frequency of the 
generator is varied, the air in the tube is found 
to resonate at several different frequencies. 
Assuming the speed of sound in air is 
330 ms~', calculate approximate values of the 
two lowest of these frequencies. Show clearly 
how these values were obtained. 

(c) Assuming that the signal generator is 
accurately calibrated, state what main causes 
of error would exist if the experiment were 
used to determine the speed of sound in air, 

Describe what you would expect to observe 
if the frequency were varied with the 


loudspeaker close to 
(i) the same tube with both ends open, 


| 
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(ii) a small hole in a tube of the same length 
which is bent into a circle to form a 
continuous tube. 

Calculate the value of the fundamental 

resonant frequency in (i). it) 


Q 5.21 

Summarize the stages involved in the complete 
process of recording sound to its eventual 
reproduction, 

Write an account of the various stages, including 
two methods of storing the information, Emphasis 
must be placed on the physical principles involved, 
rather than on technical details of construction or 
electronic circuitry, (w) 


Q 5.22 

(a) Describe briefly the factors which control the 
frequency of the note emitted by each of the 
following instruments: violin, drum, triangle, 
trumpet, 

If the same basic note were played in turn 
by cach of these instruments, explain why an 
observer would have no difficulty in identifying 
the different instruments by car alone. How 
would you demonstrate the validity of your 
explanation? 

(b) Explain what is meant by ultra-sonic waves 
and describe their production by a method 
based on either magnetostriction or piezo- 


electricity. 
State one application of ultra-sonic aar” 
(w) 
Q 5.23 


In testing railway lines for faults an ultrasonic 
probe is placed on a rail, as shown in the diagram 


Railway line To oscilloscope 


beam of 
ultrasonic woves 


obe, which acts as both emitter and 
B+ is to an oscilloscope. The 
probe emits short bursts of ultrasonic radiation of 


324 Exercises 


frequency 3.0 MHz each millisecond. The speed of 
this radiation in steel is 6000 ms’. The trace 
shown below is obtained, with the emitted pulse 
appearing on the left of the screen. 


mi tem he 
Li i 


mi 


1cm 


B 


Time base 
set at 
10ps/cm 


(a) Making a measurement from the diagram of 
the screen, calculate the depth, d, of the rail. 

(b) When the probe is placed at another point on 
the rail the trace shown below is obtained. 


=m 1cm Ma 


Suggest a possible cause of the extra pulse 
now seen. Justify your answer quantitatively. 


(c) Calculate the wavelength of the waves in steel. 
(d) Give a reason why such a high frequency is 
used. 
(O & C, Nuffield) 


Q 5.24 
Explain what is meant by the pitch, quality and 
loudness of a musical note. 

Write down an expression, in terms of pressure 
and density, for the speed of sound in a gas. 
Define any other quantity in this expression and 
explain its significance. Consider how the speed 
depends (i) on temperature and (ii) on pressure. 
Estimate the change in room temperature which 
causes the speed of sound to increase by 1%. 


(a) Describe a non-laboratory piece of evidence 
which shows that the speed of sound cannot 
vary greatly with frequency. 


(b) A point source of sound, in mid-air, radiates 
uniformly in all directions. Sketch, and 
explain, diagrams showing typical surfaces of 
equal loudness when the surrounding air is 
(i) stationary and (ii) moving with uniform 
velocity. It is a common observation that 
sound waves are more easily heard downwind 
than upwind. Show, by taking a typical wind 
speed, that the considerations of (ii) will not 
explain this. 


[The speed of sound in air is approximately 
330 m s~™'.] (w) 


Q 5.25 
Describe, with the aid of diagrams where 
appropriate, what is heard when 


(a) a vibrating tuning fork is placed above a long 
vertical tube containing water which slowly 
runs out at the lower end, 

(b) two sound waves of slightly different 
frequencies reach the ear simultaneously, 

(c) a car, sounding its horn continuously, passes 
close by a stationary observer. (Include a 
physical explanation of this phenomenon.) 


The speed of sound v in an ideal gas is given by 
the expression 


v=kVT 


where T is the thermodynamic temperature and k 
is a constant. A parallel beam of sound passing 
through an ideal gas at 17°C makes an angle of 
incidence of 50° on a plane thin membrane 
separating the gas from another sample of the 
same ideal gas at 100°C. What will be the angle of 
refraction of the beam? (You may assume that the 
membrane itself produces no deviation.) 

If the incident beam is to be totally internally 
reflected at the boundary, calculate the minimum 
temperature to which the gas on the other side of 
the membrane must be raised. (C) 


Q 5.26 

(a) Sound produced by a loudspeaker diaphragm 
vibrating at a frequency of 2 kHz is propagated 
in the air as a longitudinal progressive wave. 

(i) Explain what is meant by ‘a frequency of 
2kHz’. 

(ii) Describe carefully how the longitudinal 
progressive waves are propagated through 
the air. 

(iii) State the effect, if any, on the speed of 
the sound of first increasing the pressure 
of the air and then increasing its 
temperature. 


(b) The diagram shows an experimental 
arrangement which can be used for the 
determination of the velocity of sound in air. 
The signal generator produces a vibration of 
known frequency in the loudspeaker 
diaphragm, and the sound produced is directed 
towards the metal plate. A small microphone 
connected to the Y-plates of an oscilloscope is 
moved from the metal plate towards the 
loudspeaker. The time-base of the oscilloscope 
is switched off. 


or | microphone 


loudspeaker 


ç 
metal plate 


oscilloscope 


G) Describe and explain the oscilloscope 
responses you would expect as the 
microphone is moved. 

(ii) Describe how the experimental 
observations could be used to determine 
the speed of sound in air. State the 
observations which would be made, and 
show how the final value would be 
calculated. 

(c) The diagram below shows a similar 
experimental arrangement to that above 
except that the metal plate has been removed 


signal loudspeaker 


generator microphone 


Q 


oscilloscope 
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and the output from the signal generator has 

been connected to the X-plates of the 

oscilloscope as well as to the loudspeaker. 

As the microphone is moved towards the 
loudspeaker there are points such as P where 
the trace on the oscilloscope is a sloping 
straight line with a positive gradient, indicating 
that the signal to the X-plates is in phase with 
the signal to the Y-plates. As the microphone 
is moved to point Q, the trace changes to a 
sloping line with a negative gradient. 

(i) Explain these observations. 

(ii) When the frequency of the signal 
generator is 2.0 kHz, the distance PQ is 
82 mm. Calculate a value for the speed of 
sound in air. 

(iii) Describe and explain the trace you would 
expect when the microphone is positioned 
about half-way between P and Q. 

(AEB, 1986) 


Q 5.27 

Define wavelength and frequency. Deduce a 
relation between these quantities and the speed of 
propagation of a wave. 


Two microphones, M, and Mp, are positioned at 
a distance d apart in still air. A source S of sound 
of fixed frequency is placed on the line MyM, but 
beyond M3 as shown in the diagram. The outputs 
of the two microphones are monitored using a 


cathode ray oscilloscope. 
— AN 


he 
s 


M2 


(a) What connections would you make and how 
would you adjust the cathode ray oscilloscope 
in order to measure the phase difference 
between the signals from the microphones? 

(b) Draw diagrams to illustrate the traces 
observed when the phase angle between the 
two signals is 
(i) 0, 

(ii) m rad. 

(c) Describe how the apparatus could be used to 
measure the speed of sound in air by moving 
M, along the line M,Mp. 

The speed v, of sound waves in air varies with 
thermodynamic temperature T according to the 


relation 
v,=bT'”, 
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where b is a constant. If the temperature of the air 
changes from 18°C to 20°C, what is the resulting 
fractional change in v,? Discuss whether this 
change could be measured by this method if the 
wavelength at 18°C were 500 mm. (C) 


Q 5.28 
(a) A note of frequency 600 Hz is sounded 
continuously over the open upper end of a 
vertical tube filled with water. As the water is 
slowly run out of the bottom the air in the 
tube resonates, first when the water level is 
130 mm below the top of the tube and next 
when the level is 413 mm below the top of the 
tube. Calculate 
(i) the speed of sound in the air in the tube, 
(ii) the position of the water level when the 
third resonance occurs. 
Describe the motion of the air particles at 
various points along the axis of the tube when 
the air first resonates. (JMB) 


= 


Q 5.29 

(a) (i) What is meant by resonance in vibrating 

systems? 

(ii) Describe a laboratory demonstration of 
resonance, State the apparatus used, the 
procedure followed, and describe the 
results obtained. 

(b) What is meant by the quality of a musical 
note? 

(c) An oscilloscope and a microphone are used to 
display the waveform of a pure (sinusoidal) 
note of frequency 200 Hz and trace amplitude 
30 mm. 

(i) On a sheet of squared paper provided, 
draw accurate scale diagrams showing the 
waveforms of: 

this pure note; 

the note modified by the addition of a 
pure harmonic of frequency 600 Hz and 
amplitude 10 mm, initially in phase with 
the original note. 

(ii) Determine the form and length of an air 
column suitable for producing the two 
notes of frequencies 200 Hz and 600 Hz as 
its lowest two resonant frequencies. 
[Take the speed of sound in air to be 
320ms_1.] (O) 


Q 5.30 
(a) Explain with the aid of suitable diagrams how 
you would produce experimentally in the 
laboratory 
(i) a longitudinal pulse in a long horizontal 
spring in tension and fixed at one end, 


(ii) a transverse stationary wave in a stretched 
rubber cord fixed at one end. 

(b) (i) Describe with the aid of suitable diagrams 
how sound waves are propagated in air, 
Describe how you would measure the 
speed of sound in free air. 

(ii) A small loudspeaker emits sound energy 
uniformly into a hemispherica! region in 
front of itself. If the total power of the 
sound emitted is 80 mW, what is the 
sound intensity (energy flux) at a distance 
of 3m in front of the loudspeaker? What 
would be the distance from the loud- 
speaker at which the sound intensity was 
half of this value? You may assume that 


the loudspeaker behaves as a point source 

of sound energy. (L) 
Q 5.31 
Give a concise account, with particular reference 
to the way in which energy is transformed at each 
stage, of the method of recording and subsequent 
reproduction of sound by either (a) a gramophone 
disc or (b) a tape recorder. Illustrate your answer 


with suitable diagrams. 

Define the decibel. Two sounds of the same 
frequency are respectively 45 and 35 decibels 
above the intensity level for minimum audible 
loudness, Find the ratio of the power outputs 
required to produce the sounds. (L) 


Cc 


Q 5.32 

The key on a piano corresponding to the note of 
frequency 880 Hz is depressed very gently. The 
hammer does not strike the string but the damper 
is lifted and the string is free to vibrate. When the 
key corresponding to the note of frequency 440 Hz 
is struck firmly, it is found that the 880 Hz string 
also vibrates. Give a brief explanation of this 
phenomenon. 

Suppose the 220 Hz string had also been free to 
vibrate. What frequencies, if any, would it have 
emitted when the 440 Hz key was struck? 

(Cam. Step) 


Q 5.33 

(a) (i) In what ways do the motions of air 
molecules propagating a 1 kHz travelling 
sound wave through air differ from those 
of air molecules sustaining a 1 kHz 
stationary sound wave in a closed air 
column? 

(ii) Describe an accurate experiment to 
determine the wavelength in air of a 
constant frequency note produced by a 
small loudspeaker. 


(b) (i) Two sound waves of equal amplitude but 
slightly different frequencies arrive at a 
point simultaneously. Give a mathematical 
calculation illustrating what a listener at 
this point will hear, identifying all 
frequencies heard. 

(ii) Carefully sketch the waveform that would 
be observed on the screen of an 
oscilloscope (with a suitable X time-base) 
whose Y-input is connected to a 
microphone placed at this point. 

(c) In a warship’s sonar system ultrasonic 
transmitters in a linear array are placed with 
equal spacing d along the keel, as illustrated in 
the diagram. 


Direction of propagation 
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(i) Show that if these transmitters each 
produce a single pulse of sound in rapid 
succession at equal time-intervals a plane 
ultrasonic wavefront will result. 

(ii) Given that the speed of ultrasonic waves 
in seawater is c and that the transmitters 
are energized at equal time-intervals At, 
derive an expression for the angle @ at 
which the plane wavefront leaves the 
array. (O) 


Q 5.34 

The intensity 7 of a sound wave is defined as the 
energy per second crossing a surface of one square 
metre normal to the direction of the sound wave. 
Given that / is related to the air density p, the 
frequency f, the amplitude a and the speed ¢ of 
the sound wave by an expression 


1=}ha?c?f7p’, 
determine the unknown powers p, q and r. 


Relative intensity R is measured in decibels (dB) 
and is defined by the equation 


R= 10 log ()/12) 


where J, and J are the two sound intensities being 
compared. 

Given that the amplitude of vibration in a sound 
wave having the lowest intensity detectable by the 
human ear is 5.0 x 107}? m, and that the safe 
dynamic range of the ear is 120 dB, calculate the 
amplitude of vibration in the loudest sound wave 
of the same frequency to which the ear should be 
subjected. ( 
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Q 5.35 
Distinguish between the amplitude and the 
intensity of a wave. 

Sound waves of frequency f and amplitude A 
are transmittted through a gas of density p. By 
considering each molecule of the gas to be 
undergoing simple harmonic motion, find D, the 
energy per unit volume due to the sound wave, in 
terms of f, A and p. 

Hence show that the intensity J at a point in the 
path of the sound wave is given by 7 =27*f*A*pv 
where v is the speed of the wave. 

A point source of frequency 3.0 kHz radiates 
sound energy uniformly in air at a rate of 1.0 mW. 
At this frequency an observer can hear the sound 
clearly when standing 150 m from the source. 
Assuming no absorption or reflection of the sound 
energy and using approximate values of any 
quantities involved, estimate the amplitude of the 
wave at the observer. 

Comment on your result. (C) 


Chapter 6 


A 


Q 6.25 

State the simple relation between the refractive 
index of a transparent medium and its real and 
apparent depths. In what circumstances may this 
relation be used? 

A concave mirror of radius of curvature 30 cm 
and small aperture is immersed in a liquid with its 
reflecting face upwards, its axis vertical and its pole 
6 cm below the horizontal surface of the liquid. A 
small luminous object on the axis of the mirror at 
a height of 15 cm above the surface of the liquid 
coincides with its image. Indicate how this occurs 


and calculate the refractive index of the liquid. 
(JMB) 


Q 6.26 
Calculate the critical angle for sound waves 


travelling from air into water, across a plane 
boundary. The speed of sound in air is 340 ms 
and the speed in water is 100s 
Someone standing on the side of a swimming 
pool shouts to a friend swimming under water. 
Give one reason why the swimmer is unlikely to 


hear the shout. 


(L) 


Q 6.27 


The critical angle for light incident upon a glass-air 
boundary is approximately 40°. Use this fact to 


determine a value for the speed of light in glass. D 
( 
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Q 6.28 

The figure shows a section of a glass prism having 
angles A =C = 32°, B= 116°. A ray of (a) red 
light, (b) blue light is incident normally on the side 


A 


C 


AB of the prism. Determine the deviation of the 

emerging ray in each case. (Refractive index of 

glass is 1.86 for red light and 1.92 for blue light.) 
(S) 


Q 629 
Draw a diagram showing the path of a ray of 
monochromatic light through a glass prism of 
refracting angle 60° at minimum deviation. 

If the angle of minimum deviation is 36° 
calculate the refractive index of the glass. (L) 


Q 630 

A prism of glass of refractive index 1.63 has an 
angle A between two of its faces. If a ray of light 
is incident normally on one face of the prism, for 
what range of values of A will the ray emerge 
from the second face? (C) 


Q 631 
A coin of diameter 20 mm lies at the bottom of a 
beaker, and a converging lens of focal length 
15cm is mounted 25 cm vertically above it. What 
is the position and size of the image of the coin 
formed by the lens? 

If the beaker is now filled with water, what is 
the (qualitative) effect on the position and size of 
the image? (S) 


Q 6.32 

Explain what is meant by (a) a virtual image, (b) a 
virtual object, in geometrical optics. Illustrate your 
answer by describing the formation of (i) a virtual 
image of a real object by a thin converging lens, 
(ii) a real image of a virtual object by a thin 
diverging lens. In each instance draw a ray diagram 
showing the passage of TWO rays through the lens 
for a non-axial object point. (JMB) 


Q 6.33 
Define the focal length of a spherical mirror. 

Using the laws of reflection, derive a relation 
between the object and image distances and the 
radius of curvature of a concave spherical mirror. 
Define linear magnification and obtain an 
expression for it. Make a concise statement of the 
sign convention you are using. 

Explain what is meant by a virtual image and a 
virtual object. How is a virtual object produced? 
Draw suitable ray diagrams to show how a concave 
mirror can produce (a) a virtual image of a real 
object and (b) a real image of a virtual object. 

A concave mirror forms on a screen a real image 
which is one third the linear dimensions of a 
virtual object. By adjusting the positions of the 
virtual object and the screen, the linear 
magnification of the image is doubled. Draw ray 
diagrams (not to scale) illustrating the two cases 
and calculate the focal length of the mirror if the 
distance through which the screen has been moved 
is 0.05 m. (W) 


Q 6.34 

What do you understand by linear magnification? 
Prove that linear magnification produced by a 
concave mirror is equal to the ratio of the image 
distance to the object distance. 

A coin 2.54 cm in diameter held 254 cm from 
the eye just covers the full moon. What is the 
diameter of the image of the moon formed by a 
concave mirror of radius of curvature 1.27 m? 

Describe carefully what happens to this image if 


the aperture of the mirror is reduced. (C) 


Q 6.35 

The diagram shows a narrow parallel horizontal 
beam of monochromatic light from a laser directed 
towards the point A on a vertical wall, A semi- 
circular glass block G is placed symmetrically 
across the path of the light and with its straight 
edge vertical. The path of the light is unchanged. 


1.68 Mm 


The glass block is rotated about the centre, O, 
of its straight edge and the bright spot where the 
beam strikes the wall moves down from A to B 
and then disappears. 

OA=1.50m AB=1.68m 


(a) Account for the disappearance of the spot of 
light when it reaches B. 

(b) Find the refractive index of the material of the 
glass block G for light from the laser. 

(c) Explain whether AB would be longer or 
shorter if a block of glass of higher refractive 
index was used. (L) 


Q 6.36 

Explain the terms critical angle and total internal 

reflection applied to the refraction of light. 
Explain why a ray of light entering one face of a 

rectangular block of glass of refractive index 1.5 

will not leave by an adjacent face. 


SSSSSSSSSSSSSSSSSSSSSSSS 


MSs 
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A method of measuring the refractive index of a 
liquid is shown in the diagram. The liquid is 
contained in a square glass tank D. A cell, 
consisting of a thin layer of air A between parallel 
glass plates B, C, is mounted in the liquid in such a 
way that it can be rotated about an axis 
perpendicular to the plane of the diagram, and the 
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angle it is turned through can be measured. The 
refractive index of the glass plates is a. An 
observer O views a monochromatic light source § 
through the cell, It is found that the light from 5 is 
cut off if the angle of incidence @ on C is greater 
than 48,6°. What is the refractive index of the 
liquid? 

When the air cell is set at the critical angle, the 
observer sees one half of the cell dark and the 
other half illuminated. Explain why this is so, and 
state which half of the cell appears illuminated 
when the cell is oriented as shown in the diagram. 
Explain the appearance of colours at the boundary 
between the dark and light fields when a white 
light source is used. (5) 


Q 637 
A ray of light strikes face AB of a triangular glass 
prism of section ABC, enters the prism and next 
strikes face AC. Angle BAC is 62.00°, What is the 
minimum angle of incidence on face AB which will 
allow light to emerge from face AC if the 
refractive index of the glass is 1,520? 

What is the minimum deviation which this prism 
can cause for light entering face AB and leaving 
via face AC? (5) 


6.38 
te diagram shows the path of a light ray through 
a prism, The angle of deviation, D, is measured for 
a range of values of the incident angle h. A graph 
of D against i, is plotted. Sketch the shape of this 
graph and explain how you would use it to 
determine the refractive index of the material of 


the prism. 


What would the fact that the direction of light is 
reversible tell you about a graph of D against at . 


639 

a A student performs an experiment to measure 
the focal length of a converging lens. In the 
experiment a series of object and image 


is shown. 
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(i) Show that the slope of such a graph is 
equal to the focal length of the lens. 
(ii) From the graph, obtain a value for this 
focal length. 
(b) Explain why the images produced by this lens 
may be slightly coloured. (S) 


Q 6.40 
An illuminated disc 1 cm diameter is placed at a 
distance 1 m from a screen. An image of the disc 
4cm diameter is formed on the screen by a 
converging lens placed between the disc and the 
screen, What is the distance of the lens from the 
disc, and the focal length of the lens? 

At what other position of the lens would a sharp 
image be formed on the screen, and what would be 
the size of the image? (S) 


Q 641 

An opaque card is pierced by two small holes 
4.0 mm apart and strongly illuminated from one 
side, A lens on the other side of the card focuses 
images of the holes, 16,0 mm apart, on a screen 
125 cm from the card. Find 


(a) the position of the lens, and 
(b) the focal length. 


Why are measurements of the object and image 
sizes in this experimental arrangement unlikely to 
yield a reliable value for the focal length of the 
lens? (L) 


Q 642 

A lamp and a screen are 80cm apart and a 
converging lens placed midway between them 
produces a focused image on the screen. 


A thin diverging lens is placed 10 cm from the 
lamp, between the lamp and the converging lens. 
When the lamp is moved back so that it is 30 cm 
from the diverging lens, the focused image 
reappears on the screen. What is the focal length 
of the diverging lens? (L) 


Q 6.43 
Describe with the aid of labelled diagrams how: 


(a) A point source of light forms sharp shadows. 
(b) A spherical source of light forms the shadow 


of a spherical object on a wall. (The source 
and the object are the same size, and the 
object is midway between the source and the 


wall, which is at right angles to the line joining 
source and object.) 
(c) A converging lens can form an image the same 
height as the object. 
(d) A diverging lens can form an image half the 
height of the object. 
(e) A concave parabolic mirror of large aperture 
can produce a smaller spot of reflected 


sunlight than can a concave spherical mirror of 
similar aperture and focal length. (C) 
Q 6.44 


Explain what is meant by the focal length of a 
lens. 

Derive an expression for the focal length of a 
thin spherical lens in terms of (i) the radius of 
curvature of its faces and its refractive index, 

(ii) object and image distances. State clearly the 
assumptions made in your derivation, and explain 
the sign convention used. $ 

When an equi-concave lens is placed at a certain 
distance from an object illuminated with 
monochromatic light, a virtual image lies midway 
between lens and object and a real image coincides 
with the object. Deduce the refractive index of the 
lens material. 

If, without moving lens or object, the latter is 
now illuminated with light of a shorter wavelength, 
will the real and virtual image positions change, 
and if so, in what way? 


Q 645 . 
The formula for the focal length f of a thin lens in 
terms of the refractive index n of its material and 
the radii of curvature r; and r, of its surfaces is 


1/f=(n—1)(1/rn+1/r2) 


where the sign in the second bracket depends on 
the convention chosen, 


(a) Describe in outline how you would measure 
the focal length, and the radij of curvature of 
the faces, of a thin biconvex lens. 


(b) For an equiconvex thin lens, of which the radii 
of curvature of the faces are each 50 cm, the 
refractive indices for red light and for blue 
light are: Myeq = 1.57 and Myiye = 1.62. A small 
white light source is placed on the axis, 50 cm 
from the lens. Calculate the positions of the 

images formed in red light and in blue light. 

sn that the aperture of the lens is 10 cm in 

yeter, describe and explain as fully as you 

can what you would expect to see on a white 
screen if it were placed in succession at each of 

these image distances from the lens. (O) 


diz 


6.46 
The focal length of a thin equiconvex glass lens is 
given by the formula f = R/2(n—1) where n is the 
refractive index of the glass and R is the radius of 
curvature of each face. Describe the experiments 
you would perform in order to verify this formula 
for a lens of known refractive index. 

For a thin equiconvex glass lens, R = 100 cm and 
the refractive indices for red light and for blue 
light are 1.630 and 1.640 respectively. Find the 
positions of the red and blue images of a small 
white-light source placed on the axis at a distance 
of 100 cm from the lens. 

Explain why this dispersion effect is not 
observed when a converging lens used as a 
magnifying glass forms a virtual image. (O) 


c 


Q 6.47 

Write down a formula connecting the distances of 
the object and image from a spherical concave 
mirror, explaining clearly the quantities involved 
and the sign convention used. Deduce a formula 
relating the distances p and q of the object and 
image respectively from the centre of curvature. 

The imaging properties of a system consisting of 
a thin convex lens and a plane mirror are similar 
to those of a concave mirror. One particular 
system consists of a lens of focal length 0.3 m 
placed a distance 0.2 m, from a plane mirror. 

By considering the situation where object and 
image are coincident show by means of a carefully 
drawn and annotated ray diagram where a concave 
mirror having the same imaging properties as the 
above lens-mirror system should be placed. 


(Numerical calculations are not required.) 
(Cam. Schol.) 


Q 6.48 A 
Describe a direct terrestrial method by which the 
speed of light may be determined. Ge 

The speed of light in air varies slightly with its 
frequency, blue travelling more slowly than red. 
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Discuss what effect this will have on a pulse of 
white light travelling a long distance through air 
of uniform density. 

A 200 m long glass fibre has a beam of light 
passing through it. The refractive indices of the 
glass for red and blue light are 1.50 and 1.53 
respectively. Calculate 


(a) the speed of red light in glass, 

(b) the difference in time taken for a pulse of red 
and a pulse of blue light to pass down the 
fibre. 


Very short pulses of white light are sent at 
regular intervals into one end of this fibre—as 
shown in the diagram. Sketch a corresponding 
graph showing the form of the pulses as they 
emerge from the far end, Hence estimate the 
maximum frequency at which very short pulses of 
white light could be passed through the fibre and 
still emerge as just separate flashes. (C) 


Power 


0 Time 


Q 6.49 
Give the laws of refraction of light at the boundary 


between two optical media and show how these 
lead to the phenomenon known as total internal 
reflection. 

An optical fibre consists of a thin (<1 mm) core 
of glass of refractive index n, clad in a uniform 
layer of another glass of refractive index ny, such 
that m > nz. Show that there is a maximum angle 
to the axis which the light moving down the axis 
can have if all this light is to be confined to the 
inner core. Describe a practical application for 
such a fibre. y 

Such a fibre begins in a flat face perpendicular to 
its axis, and light is focused by a lens on to the 
centre of this face. Assuming the quantity 
A=(n-m)/m is small, obtain an expression for 
the maximum angle of incidence if all light is to be 
confined to the core. Calculate a numerical value if 
m=1.5 and ‘A =0.005. Show that whatever the 
angle of incidence light may leave the core but 


i ide. 
t escape from the cladding to the outsid 
Soe Sik (Ox. Schol.) 


6.50 
A small object tr 
10cms™ along t 


avels at a uniform velocity of 
he principal axis towards the optic 
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centre of a convex lens of focal length f. Find the 
velocity of the image when the object distance 
from the optic centre is (a) 4f, (b) 2f, (c) f 
(d) f/2. 

Use your results to sketch a graph indicating 
how the velocity of the image varies with the 


position of the object. (JMB) 


Q 651 

(a) A triangular glass prism ABC has equal angles 
at B and C. A wide beam of parallel 
monochromatic light incident upon face AB 
passes through the prism at minimum 
deviation. Draw a diagram showing the 
positions of wavefronts at equal time intervals 
as they pass through the prism. By considering 
the times taken by the portions of a wavefront 
passing through B and C and through A 
derive the relationship between the refractive 
index of the glass, the angle of the prism at A 
and the angle through which the beam is 
deviated. 

A ray of light travels through a series of 
parallel-sided transparent blocks of varying 
refractive indices, n. If n; is the refractive 
index of the ith block and the angle of 
incidence in this block is 0; show that n; sin 0; 
is a constant independent of n. 


(b 


If the refractive index of air varies with height, h, 
according to the relationship n, = no—ah, where ny, 
is the refractive index at a height A above ground 
level, no is the refractive index at ground level and 
a is a constant, show that, neglecting the curvature 
of the earth, the maximum height reached by a 
strong beam of light shone upwards at a small 
angle @ to the horizontal is given by no@?/2a. 


6 46" 
(coso=1-£ 4...) (L) 


Q 6.52 

(a) The lens shown may be used to magnify a thin 
flexible transparent biological specimen placed 
on the surface A. The spherical surfaces A and 
B have a common centre C. 


(a) 


Show that for a certain value of R,/ R3, 
a point object on A, illuminated by 
monochromatic light, will be seen at infinity by 
an observer looking into B. Find the angular 
magnification for a small object on A, when 
R, =0.80 cm and the observer's least distance 
of distinct vision is 24 cm. 

(b) The direct vision prism shown is made of two 
prisms A and B of glasses which for sodium 
light have refractive indices respectively 1.710 
and 1.515. Find the value of the angle a for 
which sodium light incident normally on the 
vertical face of A is undeviated. 


(b) 
(L) 


Q 653 

A student used the distant object method to 
determine the focal length of a converging lens 
known to be about 30 cm. Estimate how far away 
the distant object must be if his result is to be 
reliable to 1%. 

If you used the window in your school 
laboratory as the distant object to determine the 
focal length of the same lens, what percentage 
accuracy would you expect to obtain? 

Describe briefly the method you would use to 
determine accurately the focal length of a 
converging lens in the first five minutes of a 
practical session. Justify your choice of method. 


(JMB) 


Q 6.54 
Why is chromatic aberration not usually a 
noticeable defect of a simple magnifying glass? 
An achromatic telescope objective is to be 
constructed of a flint glass and a crown glass lens 
cemented together. One external surface of the 
doublet is to be plane, and the other convex. The 
focal length of the doublet is to be 1 m. 
The refractive indices of flint and crown glass 
are given below. 


Yellow/green 


Blue light light Red light 
Flint glass 1.6350 1.6250 1.6150 
Crown glass 1.5040 1.5000 1.4960 


Calculate the radius of curvature of (a) the convex 
outer surface of the doublet, (b) the surfaces of 
the two components which are cemented together. 
Which surface (plane or convex) of the objective 
should face the distant object, and why? (S) 


Chapter 7 


A 


Q 7.20 

(a) What conditions must be satisfied if two wave- 
trains are to interfere with each other to 
produce a stationary interference pattern? 

(b) Explain why it is possible to produce a 
stationary interference pattern using as sources 
two separate radio transmitters, but impossible 
to produce such a pattern using two separate 
sodium-vapour lamps. ( 


Q 7.21 

Two narrow parallel slits, distance d apart, act as 
coherent sources of monochromatic light of 
wavelength A. Interference fringes are observed in 
a plane parallel to the plane of the slits and a 
distance D from it. 


(a) Derive an expression for the distance apart of 
the centres of adjacent dark fringes near the 
centre of the pattern, if D is very much 
greater than d. 

(b) Describe an arrangement for producing fringes 
in this way, indicating appropriate dimensions 
for the apparatus. Explain how you would use 
the arrangement to determine the wavelength 
of the light. 

(c) Explain how the fringe pattern would change 
if it were possible to immerse the whole 
arrangement in water. (JMB) 


Q 722 - 
S, S; and S; are slits. The filter transmits light of 


wavelength 0.60 zm, d =(.25 mm and D= 1.5m. 
e— D r 
jea 
S d 
= ait 
white X 
N screen 
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(a) Calculate the distance between consecutive 
bright fringes seen on the screen. 

(b) What is the purpose of the slit at $? 

(c) Explain briefly what is seen when the filter is 
removed. (W) 


Q 7.23 

With the aid of a clearly labelled diagram, explain 
how thin film interference effects can be used to 
test the flatness of a surface. (L) 


Q 7.24 

Two plane glass plates are placed so that a wedge 
air film of small angle is formed between them. 
When the film is illuminated near-normally with 
monochromatic light of wavelength A, a system of 
interference fringes is observed. The spacing 
between adjacent dark fringes is 4,0 mm. 


(a) Sketch a side view of the plates, indicating 
how interference fringes are formed. (Ignore 
any refraction in the plates.) 

(b) Write down the condition for a dark fringe to 
occur at a position where the thickness of the 
film is t. 

(c) Sketch a plan view of the plates, showing the 
pattern of dark fringes that is observed. 

(d) What happens to the fringe pattern when 
liquid of refractive index 1.33 is introduced 


into the wedge so that it completely fills it. 
(C) 


Q 7.25 

Monochromatic light of wavelength A is incident 
normally on a narrow slit of width D and is 
focused on a screen by a lens of focal length f. 
situated just beyond the slit. Sketch a graph to 
illustrate in detail the intensity distribution of the 
resulting diffraction pattern. State the width of the 


central fringe. (C) 


Q 7.26 

Sketch a diagram of apparatus arranged for the 

observation of the interference pattern produced in 

Young’s two slits experiment, State suitable values 

for the relevant dimensions. Explain the parts 

played by diffraction and by the principle of 

superposition in accounting for 

(a) the overall width of the pattern, and 

(b) the alternation of bright and dark bands within 
the pattern. (L) 


Q 7.27 
Red light is incident normally on a plane 


diffraction grating having 510° lines per metre, 
Estimate the angular deviation of the first order 


spectrum. 


(C 
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Q 7.28 

A distant bright point-source of sodium light is 
viewed normally through a uniform fine wire-mesh 
interwoven at right angles. 


(i) Describe what is observed. 

(ii) Given that the first-order diffracted images lie 
in a direction making an angle of 0.20° with 
the normal, calculate the distance between the 
axes of adjacent wires in the mesh. 


[Take the wavelength of sodium light to be 
589 nm.] (O) 


Q 7.29 

A beam of electromagnetic waves of wavelength 
3.0 cm is directed normally at a grid of metal rods, 
parallel to each other and arranged vertically 
about 2.0 cm apart. Behind the grid is a receiver to 
detect the waves. It is found that when the grid is 
in this position, the receiver detects a strong signal 
but that when the grid is rotated in a vertical plane 
through 90°, the detected signal strength falls to 
zero, What property of the wave gives rise to this 
effect? Account briefly in general terms for the 
effect described above. (L) 


Q 7.30 

A beam of plane-polarized microwaves is incident 
upon an aerial which is initially positioned to give 
maximum response. In a storm, the aerial is 
rotated about the direction of the incident waves 
until it makes an angle of 30° to the plane of 
polarization, as shown in the diagram. 


new position of aerial 


r 
direction of piane of polarisation 
incident waves of microwaves 


Calculate the percentage reduction in the 
amplitude of the signal now received from the 
aerial. (C) 


Q 7.31 
State the conditions which must be satisfied for 
interference to be observed between waves from 
two sources. 

An arrangement of a narrow line source, a 
double slit of separation 5.0 x 10~* m and a screen 
on which interference fringes can be observed is 


shown on the diagram. The slits and line source 
are parallel and the distance between the double 
slit and the screen is 1.0 m. 


Double slit Screen 


Source 5.010% m 


— pel 


- 1.0 m- 


(i) Explain why a regular pattern of fringes is 

produced on the screen when the source of 

light is monochromatic. 

(ii) Calculate the fringe separation when the 
wavelength of the light is 600 nm 

(iii) Describe and explain, qualitatively, how the 
fringes for monochromatic light will change as 
the width of the source is increased 

(iv) When a source of white light is used a central 

bright white fringe flanked by coloured fringes 

is observed. Explain this observation 


(v) One of the slits forming the double slit is now 
covered with a thin sheet of transparent 
material of refractive index 1.4. The position 
of the bright white fringe, previously at P, is 
now at Q. Explain why the position has 
changed. Which slit, A or B, is covered by the 
transparent material? 

(vi) The distance PQ is equal to the distance 
between 41 fringes when the system is 
illuminated with the source of wavelength 
600 nm. Calculate the thickness of the sheet 
of transparent material. (O&C 

Q 7.32 

(a) Describe briefly how you would measure the 


wavelength of a monochromatic light source 

using a double slit. Your account should 

include 

(i) a labelled diagram showing the apparatus 
used, how it is arranged and giving rough 
values of the dimensions involved, 

(ii) a list of measurements that need to be 
taken and the means by which each is 
measured, 

Gii) a diagram showing the appearance of the 
interference pattern. 3 

The theory of the experiment is not required. 


(b) A beam of microwaves of wavelength 3.1 cm is 
directed normally through a double slit in a 
metal screen and interference effects are 
detected in a plane parallel to the slits and at a 
distance of 40 cm from them. It is found that 
the distance between the centres of the first 
maxima on either side of the central maximum 
in the interference pattern is 70 cm. Calculate 
an approximate value for the slit separation. 
Why does the formula you have used only give 
an approximate value? 

(c) Light from a point in a monochromatic source 
is emitted in pulses lasting about 10°” s. 

(i) Two light beams derived from the same 
source can be recombined and produce 
stable interference patterns provided the 
path difference introduced between the 
beams is not too great. Explain why this 
is so and calculate an approximate value 
for this path difference. (Speed of light is 
3.0x 10° m s~.) 

(ii) Splitting the wavefront by means of a 
double slit is one method of using a single 
source to produce two beams. Describe 
with the aid of a diagram an alternative 
method. 

(iii) Explain why light from two separate 
monochromatic sources of the same 
frequency will not, when combined, result 
in a stable interference pattern. L 


Q 7.33 

(a) List four ways in which the light emitted by a 

laboratory laser differs from the light produced 

by a laboratory vapour-lamp. 

What is meant when it is said that two 
light beams are coherent? 
Describe how you would set up a double-slit 
experiment to observe the formation of 
interference fringes, using as the light-source 
either a vapour-lamp or a laser. 

How could the wavelength of the light 
be measured? 

(c) Two radio transmitters 750 m apart on a 
north-south line broadcast identical signals of 
frequency 100 MHz. How does the strength of 
the radio signals received by a low-flying 
aircraft flying due north at 200ms ina 
region 50 km due east of the transmitters vary 
with time? 

When one of the transmitters is switched off 
it is found that a radio echo is received at the 
other transmitter from an aircraft flying 
straight towards it at 200 m s™'. Explain why 
the frequency of this echo differs from that of 
the transmitted signal and calculate the 
frequency-difference. 


(b 
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[Take the speed of radio waves in air to be 
3.0x 108 ms"'.] (O) 


Q 7.34 

(a) When monochromatic light is incident 
normally on a thin film, an interference 
pattern of bright and dark fringes is observed 
in light reflected from the film. Explain with 
the aid of a diagram why such an interference 
pattern is produced. 

State what information about the film can be 
deduced from 

(i) the shape of the fringes, 

(ii) the separation of the fringes. 

(b) An air wedge is made by separating two plane 
sheets of glass (microscope slides) by a fine 
wire at one end. When the wedge is 
illuminated normally by light of wavelength 
5.9X 10-7 m a fringe pattern is observed in the 
reflected light. The distance measured between 
the centre of the Ist bright fringe and the 
centre of the 11th bright fringe is 8.1 mm. 
Calculate the angle of the air wedge. 

(c) Asa soap film supported on a vertical frame 
slowly drains, patterns of horizontal alternate 
bright and dark fringes are observed both 
when viewed in reflected monochromatic light 
and when viewed in transmitted 
monochromatic light. 

Explain why 

(i) the contrast between fringes seen in 
transmitted light is less than that seen in 
reflected light, i 

(ii) a particular thickness of film which 1 
produces a dark fringe in reflected light 


produces a bright fringe in transmitted 
light. (JMB) 


Q 7.35 

State two conditions necessary for the 

superposition of two waves to give rise to a well- 

defined interference pattern. } 
Two identical progressive waves are travelling in 

opposite directions. Explain what happens when 


et, 
me monochromatic beam of light of wavelength A 
is directed normally on to a front-silvered plane 
mirror where it is reflected. The incident and 
reflected beams interfere with each other. Explain 
how the spacing of the resultant pattern of nodes 
and antinodes is related to A, 
An extremely thin photographic film is placed at 
a small angle @ to such a mirror as shown in the 
diagram overleaf. ‘ AN 
After exposure, the photographic emulsion is 
found to be blackened along a series of straight, 
parallel lines. Give an explanation for this. 
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<1 tlm, 


É << miror 


When the angle @ is approximately 107° rad, 25 
of the blackened lines occupy a distance of 7 mm 
on the film. Estimate the wavelength of the light 
used. 

How are your stated conditions for interference 
met in this particular case? (C) 


Q 7.36 

Describe, quoting relevant formulae, an 
experiment for measuring the wavelength of 
monochromatic light by observation of Newton’s 
rings. 

Newton’s rings are formed using a plane glass 
surface and a lens having a surface with radius of 
curvature 1.75 m. The 15th bright ring from the 
centre (the bright ring of smallest radius being 
number 1) has a radius 4.0 mm. What is the 
wavelength of the light used? 

Describe and explain the appearance of 
Newton’s rings when white light is used instead of 
monochromatic light. (S) 


Q 7.37 

(a) What conditions must be fulfilled if 

interference between two light beams is to be 

observed? 

State three ways in which a beam of light from 

a laser differs from a parallel beam of light 

from a sodium lamp. 

A thin plano-convex lens is placed with its 

curved’face downwards on a plane glass plate 

and is illuminated normally by sodium light of 
wavelength 589 nm. A series of circular 
interference fringes is observed by reflected 
light. 

(i) Draw a diagram of a suitable 
experimental arrangement by which the 
fringes could be observed and measured. 

(ii) Explain the formation of the fringes. Why 
is the centre of the pattern dark? 

(iii) If the radius of the 20th dark ring from 
the centre is 4.99 mm, calculate the radius 
of curvature of the lens face, proving any 
formula you use in your calculation. 

(iv) The air-space between the lens and the 
glass plate is now filled with water, of 
refractive index 1.33. Describe the 
changes in the fringe system, and 
calculate the new radius of the 20th dark 
ring from the centre. 


(b 


a 


(d) Explain why colours are observed when a thin 
layer of transparent liquid such as petrol 
spreads over a water surface and is illuminated 
by daylight. (0) 


Q 7.38 

Draw a labelled diagram of an experimental 

arrangement that would enable you to 

examine and to make measurements on the 
diffraction pattern produced when a parallel 
beam of light from a monochromatic source is 
incident on a single slit. Indicate approximate 
dimensions of the arrangement, including the 
width of the slit. 

(b) Derive an expression for the angular 

separation, 0, between the first minimum and 

the centre position of the diffraction pattern, 
in terms of the slit width, s, and the 

wavelength of the light, A. 

Sketch a graph of relative intensity of the 

diffraction pattern against angular separation 

from the centre of the pattern. Indicate on 
your graph the values of the angles which 
correspond to the first and second minimum 
for a slit of width 0.20 mm and light of 

wavelength 6.5 1077 m. 

(d) If a white light source were used in place of 
the monochromatic source describe the pattern 
obtained and compare it with the original 
pattern. 

(e) Describe how the intensity variation of part 
(c) would alter if the single slit were replaced 
by two slits about 1 mm apart, both of the 
same width as the single slit. (JMB) 


a 


(c 


Q 7.39 
(a) The diagram shows an arrangement for 
observing Young’s fringes. 


gs 


| Screen for 
Monochromatic | 


| observing 


fringes 


Light Source 


D 
a 


(i) Explain why both interference and 3 
diffraction of light waves are important in 
understanding the experiment. Describe 
briefly how the fringes are formed. 


(ii) Derive an expression for the separation of 


the fringes observed on the screen in 
terms of s, D and the wavelength A, of 
the light used. State clearly where 
approximations are made. 


(iii) Suggest, with reasons, suitable values for s 


and D. 
(b) A and B are two sources of sound waves 
emitted with the same wavelength (2.50 m) 
and the same amplitude. 


aO a a 


(i) An observer walks from X to Y. Describe 
as fully as you can what she would hear 
assuming that the sources are in phase. 
What differences would become apparent 
during the walk if the sources were 7 out 
of phase? 

(ii) The wavelength of one of the sources is 
now increased to 2.52 m and the observer 
stands still at positive P on the 
perpendicular bisector of AB. Describe 
what would be heard. 

[Velocity of sound = 330 m Sc all (S) 


Q 7.40 
Draw a clearly-labelled diagram, including 
wavelets originating from four adjacent gaps in a 
diffraction grating, to illustrate the formation ofa 
second order spectrum for monochromatic light 
incident normally on the grating. A 
Calculate (a) the angular deviation of this - 
spectrum for light of wavelength 589.0 nm, given 
that the grating has 2000 lines per centimetre; 
(b) the greatest angular deviation this grating can 
produce for such light at normal incidence. 
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Q 74 

A parallel beam of monochromatic light of 
wavelength 580 nm is incident normally on a 
diffraction grating having a large number of 
regular slits, each of width 0.70 x 10%% m, as shown 
in the diagram below. 


Sa 


M 


mM 


ee | 

Incident light | 
a= 580nm 

After passing through the grating the light will 
have, as a result of interference, intensity maxima 
in certain directions. Calculations predict that for 
the first, second and third order interference 
maxima, the values of the angle @ between the 
direction of the incident light and the directions of 
these maxima should be approximately 16°, 34° 
and 56° respectively. 

(a) At what value of @ would the light diffracted 
by a single slit of width 0.70 x 10°° m have its 
first intensity minimum? Show the steps in 
your calculation. 

(b) Show by drawing on a copy of the axes below 
how the intensity of the light passing through 
the grating would vary over the range of 0 
from 0° to 60°. The angles 16°, 34° and 56° 
have been indicated by means of small crosses 
on the 6-axis. 


Intensity 


(O & C, Nuffield) 


Q 7.42 ; wi at 
A parallel beam of unpolarized light is reflected 
from the plane surface of a glass block. How 
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would you ascertain whether the reflected beam is 
partially or completely polarized? 

If complete polarization of the reflected beam 
occurs when the angle of incidence is 58°, what is 
the refractive index of the glass? 

Why is polarisation not observed when sound 
waves are reflected? (S) 


Q 7.43 

Two sheets of polaroid, P and A, are placed so 
that their polarizing directions are parallel and 
vertical, as shown in the figure below; the intensity 
of the emergent beam is then Jy. Through what 
angle should A be turned for the intensity of the 


Incident 
light if 


lo 
PTA 


emergent beam to be reduced to Jo? Describe the 
polarization of the emergent beam when this 
operation is carried out. (C) 


Q 7.44 
Name one physical example of a longitudinal wave 
motion. 

What features do longitudinal waves have in 
common with transverse waves? 

Explain what is meant by a plane-polarized 
wave. Describe an experiment to investigate the 
state of polarization of a beam either of light or of 
microwaves. 

In some crystals, light waves with different 
planes of polarization travel at different speeds. 

A thin slice of a particular quartz crystal has a 
refractive index of 1.553 for one plane of 
polarization but of 1.544 for the perpendicular 
plane of polarization. For light of wavelength 
500 nm (in a vacuum), what is the minimum 
thickness of quartz which will introduce a phase 
difference of m radians between the two 
polarizations? 

Explain why it is not possible to observe 
interference fringes between light beams which are 
plane-polarized in perpendicular planes. (C) 


Cc 
Q 7.45 
Laser light of wavelength 630 nm is incident on a 
tube of length 75 mm that is partitioned along its 
axis into two evacuated compartments A and B. 
The ends of the tube are closed by thin glass 
plates, that at the left end being blackened except 
for two narrow parallel identical slits. 


Tube 
Hi 
== 
Light 
= B J 


(i 


Describe what is observed on a distant screen. 
Compartment A is now slowly filled with a 
gas whose refractive index n varies with 
pressure p (in pascal) in accordance with the 
relation 


n=1+(2.0x10°)p 


(ii) By how much must p be increased to cause 
the interference pattern to move laterally by 
one fringe-separation? 

(iii) Suggest a way in which this apparatus could 
be modified for use as a pressure-gauge 
Discuss the sensitivity that might be obtained, 
and the range of pressures that could be 
measured. (0) 


Q 7.46 

Explain what is meant by phase difference and 
coherence between two wave motions of the same 
frequency. 

A ship 20 km from shore wishes to receive a 
radar signal of frequency 1.0 X 10'° Hz from a 
shore transmitter. If the receiver is at sea level 
what is the minimum height, h, that the transmitter 
must be above sea level? The radius of the Earth 
is 6.4Xx 10° m. 

In fact, even with the transmitter at the height h 
calculated, if the receiver is very close to sea level 
and the sea is calm the signal received is always 
weak. Why is this so? 

As the receiver is gradually raised vertically the 
signal gets stronger and stronger. How far must it 
be raised for the signal strength to reach a 
maximum? The sea surface between transmitter 
and receiver may now be considered to be flat. 

Discuss the variation in signal strength received 
as the vertical height of the receiver above sea 
level is increased beyond the value calculated 
above. How would the observations change if the 
sea were not calm? (L) 


Q 7.47 

Explain why soap bubbles appear brightly coloured 
when they are formed, but lose their colour just 
before they burst. (W) 


Q 7.48 
A microwave transmitter T is pointed at a 
hardboard sheet H so that the angle of incidence 


Beam of radiation 
from transmitter T 


Angle of incidence = 60° 


60° 


Angle of reflection 


Reflected radiation 
to detector R 


m 


Aluminium Hardboard 
sheet A sheet H 


of the parallel beam of radiation is 60°, as in the 
diagram above. The hardboard reflects some of the 
incident microwave energy, and transmits the rest. 
An aluminium sheet A is placed a short distance 
behind H, and a microwave detector R receives 
the reflected radiation from both sheets. The 
strength of the reflected radiation is monitored on 
a meter attached to R. Both R and T are at 
distances from the sheets that are much greater 
than either the wavelength of the microwave 
radiation or the aluminium-hardboard spacing. 


(a) As the distance between A and H is increased, 
the meter reading rises and falls periodically. 
Explain briefly why this occurs. 

(b) In a second experiment, A is placed at a 
distance equal to about two wavelengths 
behind H. The wavelength of the radiation 
emitted from the transmitter is then increase 
slowly. Discuss how the meter reading varies 
in this case. 

(c) The transmitter wavelength is set to some 
convenient value and the separation of A and 
H is increased from zero until the meter reads 
zero. The transmitter and receiver are then 
moved closer together to make a new angle of 
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incidence and reflection, so that the meter now 
reads maximum deflection. Assuming that 
there are no phase changes at cither reflection, 
calculate the new angle of incidence. 

Write a paragraph showing how the results of 
these experiments can be used to explain the 
colours formed in a thin soap film. 


(d 


(O & C, Nuffield) 


Q 7.49 
Give the conditions necessary for the observation 
of interference in visible light. 

Explain how interference fringes are produced 
when monochromatic light is incident on an air 
wedge between two flat glass plates, and outline 
how you would observe these fringes 
experimentally. 

To test the quality of an optical ‘flat’ (a glass 
sheet with its two faces plane to much better than 
500 nm) against a standard ‘flat’ (which may be 
taken to be perfect), they are set up separated by a 
small air gap, the standard below the test piece. 
The system is illuminated by diffuse light of 
wavelength 590 nm. 

For three different flats the observed fringe 
pattern is as shown. The fringe separation in (a) 
corresponds to one fringe per cm travel across the 
flat, and the scale in (b) and (c) is the same as in 


(a). 


(a) (b) 


Suggest possible origins for these patterns in 
terms of any blemishes in the flats. Can the form 
of the blemish which produces the uneven spacing 
of fringes in (b), or of the circles in (¢) be 


uniquely determined by these observations? 
(Ox. Schol.) 


Q 7.50 
Describe one practical application of an 
interference effect at optical or radio frequencies. 
In an experiment in which Newton's rings are 
formed in the air film trapped between a convex 
lens of 1 m radius of curvature and a plane block 
of glass, a total of 200 rings were observed out to 
the edge of the 20 mm diameter of the lens. 
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Calculate the wavelength A of the monochromatic 
light source used for the experiment, and the 
number of rings which were visible when the space 
between the lens and the block was filled with 
water of refractive index 1.33, 

Discuss the effect of replacing the 
monochromatic light source by one emitting two 
spectral lines of equal intensity and mean 
wavelength A but differing in wavelength by 2%. 

(Ox. Schol.) 


Q 751 

(a) A laser is mounted on a slowly rotating 
turntable and emits a parallel-sided beam of 
light. A distant observer sees a flash from the 
laser once every half-hour. A single slit of 
width 0.1 mm is now mounted in front of the 
laser, The observer now sees every half hour, 
not one flash, but a short series of flashes 
which rise to a maximum of intensity and then 
die away. The flashes last for 1 s each, except 
for the brightest flash which lasts for 2s. 
Explain this phenomenon as fully as you can 
and find an approximate value for the 
wavelength of the laser light. Prove any 
formulae you use, 

(b) What would the observer notice if the slit 
were opened up to 10 mm width and the speed 
of rotation of the turntable were 
simultaneously raised by a factor of 100? 

(Cam. Schol.) 


Q 7.52 
(a) What do you understand by 
(i) diffraction 
(ii) the principle of superposition? 
(b) The diagram shows a small opaque sphere $ 
between a point source of white light and a 


N 
S 
* P 
Point source of 
white light Sree White 
screen 
M 


white screen MN. The screen is moved slowly 
away from the sphere until a bright spot 
becomes visible at the centre P of the shadow 
of the sphere on the screen. 

How do you explain the formation of the 
bright spot at P? 


Would you expect the spot to be white, or 
blue or red at the point where it is first 
visible? Explain your answer, 

Explain briefly, and without deriving any 
formulae, the role of the principle of 
superposition in accounting for 
(i) the fringes observed in Young's two-slits 
experiment, and 
(ii) the nodes and antinodes which form on a 
taut wire subjected to an oscillatory force, 
Young's fringes can be seen whatever the 
frequency of the light which is used but the 
nodes and antinodes form at particular 
frequencies only. How do you account for this 
difference in behaviour? 
(d) Discuss the evidence for the assertions that 
(i) sound waves in air are longitudinal, and 
(ii) light waves are transverse. (L) 


{ce 


Q 7.53 

A laboratory demonstration of two-slit 
interference of light (Young's fringes) is to be set 
up, using a good quality slide projector and the 
arrangement shown below (not to scale) 


P | 
2 


projector page projector double ree 
samp Mo lem sht 


A single slit is to be placed in the projector so 
that a sharp image of it is cast on the screen, A 
double slit is to be held over the lens as shown. 

{Note that part (b) will carry more marks than 
part (a).} 


(a) Explain why it should be possible in principle 
to obtain fringes on the screen using this 
arrangement. 

You should include an account of the function 
of the lens, 

(b) You have to make the single and double slits 
yourself, for a screen placed about 2 m from 
the projector. Explain how you would decide 
on practicable values for: 

(i) the width of the single slit, 

(ii) the widths and spacing of the double slits 
So as to get fringes as large and as bright 
as possible on the screen. Explain the 
effect of making each dimension too large 
and too small in (i) and (ii). 

(O & C, Nuffield) 


Q 7.54 

A computer, programmed to print out rows of 
dots, produces output similar to that shown in the 
diagram. A large page of such printout is to be 
photographed, producing a negative which is 
reduced by a factor of 10, This negative is to be 
used as a two-dimensional diffraction grating with 
a monochromatic visible-light source. The resulting 
diffraction pattern is to be focused sharply on a 
screen, and must be clearly visible to the naked 
eye 


(a) Sketch apparatus, showing all relevant 
dimensions, for producing the diffraction 
pattern, Show how you arrive at your 
estimates of the dimensions, 
Sketch the form of the diffraction pattern you 
would expect to see, Explain its important 
features, will his 
(c) Describe the changes you observe 
the monochromatic light source is changed for 
a white light source. (O & C, Nuffield) 


(b 


Q 7.55 

(a) Explain what is meant in the study of wave 
motion by the terms interference and 
wavetrains, 

Explain how coherent wavetrains play a part 
mm: 

G) the production of a standing wave pattern 
on Aske string that has been plucked or 
bowed; 

(ii) the production of light by a laser, 
(ili) the deflection of light beams by a 
diffraction grating. 

(b) In an pisas h to grok ue frequency of 
waves produced by an ultrason s 
the transducer T is placed in a small glass = 
of xylene on a spectrometer table as shown 
the diagram. The xylene immediately forms 
close parallel striations, and, when illuminated 


monochromatic light of wavelength 
590 nm? 
the of ultrasound in xylene to be 
10m! oo 
Q 7.86 
beam of monochromatic h 
(le ta ange omc of aia sr 
onto am strikes a second slew! glaw 
plate placed parallel to the frst and i» again 
reflected. Draw a diagram of this initial 
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The grating is placed in a spectrometer with its 
plane perpendicular to the collimator. The 
light incident on the grating contains only two 
wavelengths of 400 nm and 600 nm. How 
many lines will be observed through the 
telescope as it is rotated through angles of 0° 
to 90° with respect to the direction of the 
incident beam? List the angle(s) at which lines 
of each wavelength will be observed. (O&C) 


Q 7.57 
Explain the difference between unpolarized and 
linearly polarized light. Discuss whether it is 
possible to obtain linearly polarized waves of 
sound, 

Describe and explain two methods of producing 
linearly polarized light. 


j | 
Light source 


| Screen 


The diagram shows the schematic arrangement 
of an apparatus to observe Young’s fringes which 
has been modified by the addition of three sheets 
of polarizing film, A, B and C, which act as linear 
polarizers. Describe and explain, with the help of 
carefully drawn sketches, the appearance of the 
fringes which are observed when 

(i) B and C are set with their planes of 

polarization parallel and A is rotated. 
(ii) A and B are set with their planes of 
polarization parallel and C is rotated, 
(iii) A and B are set with their planes of 
polarization perpendicular and C is rotated. 
(Ox. Schol.) 


Chapter 8 


A 


Q 8.11 

A distant star appears to be a point source of a 
wide range of electromagnetic radiation. It is 
observed through an optical telescope and a radio 
telescope. The true diameter of the star, which is 
at a distance of 10'7 m, is thought to be 10° m, but 
neither telescope could confirm this. 


Data: 
Typical wavelength 
Telescope Aperture detected 
optical 0.1m 5x10°’m 
radio 20m im 


Consider the statement and data given above and: 


(a) state the physical principles which are relevant, 
and 

(b) show how they can apply to the situation 
described. Also 

(c) make calculations and/or give equa 
possible to show the relationship be 
quantities involved. (O&¢ 


ns when 
en the 
Nuffield) 


Q 8.12 

Calculate the position of the eye ring for an 
astronomical telescope consisting of two thin 
converging lenses, an objective of focal length 
1.0 m and an eyepiece of focal length 20 mm, 
placed 1.02 m apart. 


Explain the advantage of placing the eye at the 
eye ring position when using the telescope (L) 
Q 8.13 
A thin converging lens of focal length 50 mm is to 


be used as a magnifying glass with the observer’s 
eye close to the lens. If the observer can see 
images clearly anywhere between 250 mm from the 
lens and infinity, determine 


(i) the range of possible object distances, 
(ii) the corresponding range of magnifying powers. 
(JMB) 


Q 8.14 
(a) Draw a ray diagram showing the passage of 
three rays from an off-axial point through a 
compound microscope (consisting of two 
simple lenses) in near-point adjustment. 
A compound microscope has an objective lens 
of focal length 7.5 mm separated from an 
eyepiece of focal length 20 mm by a distance 
of 250 mm. The final image is formed at a 
distance of 300 mm (the least distance of 
distinct vision) from the eyepiece. Calculate: 
(i) the distance of the object viewed from the 
plane of the objective lens; 
(ii) the overall magnifying power achieved. 


(b 


Q 8.15 

A convex camera lens is used to form an image of 
an object 1.00 m away from it on a film 0.050 m 
from the lens. What is the focal length of the lens? 


If the camera is used to photograph a distant 
object, how far from the film would the clear 
image be formed? What type of lens should be 
placed close to the first lens in order to enable the 
distant object to be focused on the film if the 
separation of the first lens and film cannot be 
changed in this camera? What is the focal length of 
this added lens? (L) 


Q 8.16 

A camera has a lens, of focal length 120 mm, 
which can be moved along its principal axis 
towards and away from the film. If the camera is 
to be able to form perfect images of objects from 
infinite distance down to 1.00 m from the camera, 
through what distance must it be possible to move 
the lens? (L) 


Q 817 

(a) A parallel beam of monochromatic light 

incident normally on a very small circular 

aperture fills the aperture completely. The 
beam then falls on a plane surface placed 
approximately one metre behind and parallel 
to the plane of the aperture. Sketch a graph 
which shows the variation, due to diffraction 
effects, of the intensity of the pattern of light 
falling on the plane surface as a function of 
the distance from the centre. Hence explain 
the Rayleigh criterion for the resolution of two 
point sources when viewed through the 
aperture. 

(b) (i) Describe the important features of the 
receiving dish of a radio telescope. 
Explain why the reflecting surface of a 
radio telescope does not have to be of the 
same high quality as that of an optical 
telescope. 

(ii) The reflecting mirror of the Mount 
Palomar optical telescope has a diameter 
of 5m. Ifa single radio telescope, working 
at a frequency of 300 MHz, were to have 
the same resolving power as the Mount 
Palomar telescope calculate the required 
order of magnitude for the diameter of its 
reflecting dish. Hence comment on the 
relative resolving powers of optical and 
radio telescopes. (JMB 


Q 8.18 

This question is about diffraction. M 
The passage below presents three sets of ideas 

about diffraction. For each of the sections (i) to 
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(iii) you are asked to write a more complete 
explanation of the ideas. Your explanation may 
include: 

—fuller explanations of the theory 
—quantitative calculations to illustrate the ideas 
—discussion of possible experiments. 

Take the wavelength of visible light to be about 
5x107 m. 


Passage 

(i) Light from a point source appears to cast 
sharp shadows and this leads to the familiar 
idea that it travels in straight lines. However, 
this is not exactly true: the shadows are not 
perfectly sharp, although special experiments 
are needed to show the effect because it is so 
small. This unfamiliar property is called 
diffraction and is explained by a wave model 
of light. 

(ii) The consequence is that the eye, or a camera, 
or even the best possible telescope, doesn’t 
produce a perfect image. Instead it gives an 
image which is slightly blurred, When we try 
to make a telescope magnify more to show 
finer details of the stars this blurring effect 
can become an obstacle. 

(iii) But diffraction can also be put to good effect. 
Diffraction gratings are made to enhance the 
effect and make use of it to give a powerful 
method of investigating spectra. 

(O & C, Nuffield) 


Q 819 

As part of a communication system a source of 
radio waves is placed at the principal focal point of 
a dish of aperture D. The majority of the energy is 
emitted within an angle ¢ into a cone-shaped 
beam, as shown in the diagram. 


Angle @ 


Dish 


why a parallel-sided beam of radiation 
z cts Froduced whatever the shape of the 
dish. pees. 
(b) Angle ¢, measured in radians, 1$ about 
2% 1.2A/D, where A is the mean wavelength 
of the radio waves. d 
What is the effect on of doubling the 
carrier frequency of the signal? — s 
(c) Such a source is placed on a satellite in orbit 
4.0x10* km above the surface of the Earth. 
The dish is of diameter 10 m and the source 
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emits at a frequency of 1.5 GHz. The beam is 
aimed vertically downwards. 

Show that the energy emitted within the 
angle ¢ is being directed towards an area of 
about 3 10'* m? on the surface of the Earth. 
However, due to the effect of the atmosphere, 
only 25% of the transmitted energy reaches 
this area. Calculate the minimum area 
required for a receiver on the Earth’s surface 
requiring an input signal of at least 107'° W, if 
the output power of the source is 200 W. State 
any assumptions you make. (O & C, Nuffield) 


S 


Q 8.20 
A convex lens is used to cast an image of the full 
moon onto a screen. 


(a) Assuming the moon to be in the centre of the 
field of view of the lens, draw a ray diagram 
showing clearly how the image is produced. 
Explain your method of construction. 

(b) The moon is 3.5 X 10° km in diameter and is 
3.8 10° km away from the Earth. 

(i) Calculate the angle in radian measure that 
it subtends at the eye of an observer on 
Earth. 

(ii) If the lens has a focal length of 0.30 m, 
what is the diameter of the image of the 
moon produced on the screen? 

(iii) If the observer views the image on the 
screen from a distance of 0.25 m, what 
angle will it subtend at his eye? 

(iv) Calculate the angular magnification that 
has been achieved by using this lens. 

(c) Explain carefully the effect on the angular 
magnification of using a lens of much longer 
focal length. 


A much greater angular magnification can be 
achieved by using two converging lenses, one as an 
objective and the other as an eyepiece. If a 
converging lens of focal length 0.050 m were 
placed 0.050 m beyond the screen (now removed) 
and the observer viewed the moon through both 
the eyepiece and the objective lenses, what would 
be the new angular magnification? 

Apart from greater magnification, name one 
other difference between the image produced in 
this case and when only one lens was used. (L) 


Q 8.21 

An astronomical telescope, consisting of two thin 
lenses, is directed towards two stars which are 
close together, and near the axis of the instrument. 
Draw a ray diagram to show how the images of the 
stars are formed when the telescope is adjusted so 
that the final images are at infinity. 


Define the magnifying power of a telescope, and 
show how this is related to the focal lengths of the 
lenses. 

The lenses of this telescope have focal lengths 
15m and 75 mm respectively. If the images of the 
two stars seen through the telescope subtend an 
angle of 3° at the eye, what is the angular 
separation of the stars? If the eye lens is removed, 
and a photographic plate is placed in the focal 
plane of the objective, what is the separation of 
the images of the two stars on the plate? 

What are the advantages and disadvantages of 
increasing the diameter of the objective? (S) 


Q 8.22 

Define angular magnification for a telescope. 
Explain what is meant by normal adjustment for a 
telescope. 

Draw a ray diagram to show how the image of a 
distant object is formed by a simple two-lens 
astronomical refracting telescope in normal 
adjustment. The diagram must include rays from 
an off-axis point. 

Derive an expression for the angular 
magnification of this telescope in terms of the focal 
lengths of its lenses. 

The telescope has an overall length of 2.0 m and 
an angular magnification of 49. The eyepiece has a 
diameter of 3.0 mm. Calculate 


(a) the focal lengths of the objective and eyepiece 
lenses, 

(b) a maximum diameter for the objective so that 
all the light entering it parallel to the axis may 
pass through the eyepiece. 


Explain why astronomical telescopes have 
objective lenses of large diameter. (O) 


Q 8.23 

(a) In terms of the wave theory of light, explain 
qualitatively (without using any formulae) how 
a thin converging lens brings a beam of light 
from a distant source to a focus, and why the 
focal length depends on the refractive index of 
the glass and the radius of curvature of each 
face. 

(b) A thin converging lens (focal length 50 cm) 
and a thin diverging lens (focal length 10 cm) 
are mounted so that their axes coincide and 
their separation can be varied, and light from 
a distant object falls on the converging lens. 
Explain how the system serves as a Galilean 
telescope when the separation of the lenses 1$ 
about 40 cm. Define magnifying power for the 
telescope and obtain an expression for its 
value with the telescope in normal adjustment 
for parallel incident light. 


(c) Give a short account of the advantages and 


disadvantages of the Galilean telescope as a 
practical instrument. (O) 


Q 8.24 
Ray diagrams are required for all parts of this 
question. 


(a) Describe a reflecting telescope of the 


Cassegrain type. Without considering the effect 
of the eyepiece, show, by drawing two parallel 
rays from a non-axial point on a distant 
object, how the telescope objective produces 
an inverted image. State the nature of the 
image. 

Giving reasons for your answer, state two 
advantages, apart from those involving 
aberrations, which a reflecting telescope has 
over a refracting telescope of similar 
magnifying power. 

G) Show how a concave spherical mirror 
produces spherical aberration in the image 
of a distant point object. Explain how 
spherical aberration may be eliminated in 
a reflecting telescope. 

Explain what is meant by chromatic 
aberration. State, with reasons, whether 
chromatic aberration occurs in the 
objective of a reflecting telescope. 


(ii) 


(JMB) 


8.25 

A compound microscope consisting of two thin 
converging lenses is set up by an observer to 
view a small object. 

(i) Show, by means of a labelled ray 
diagram, how the instrument forms an 
image at infinity. The diagram should 
show the paths through the microscope of 
two rays from a non-axial point on the 
object. 

Derive an expression for the magnifying 
power of the instrument as arranged in 
(i), in terms of the focal lengths of the 
two lenses, the distance of the 
intermediate image from the objective 
lens, and the least distance of distinct 
vision of the observer. 

An object placed 4.0 cm from the 
objective lens, of focal length 3.0 cm, 1s 
viewed by an observer whose least 
distance of distinct vision is 24.0 cm, and 
the microscope is adjusted to give the 
final image at infinity. The object is then 
viewed with the same instrument bya 
second observer whose least distance of 
distinct vision is 20.0 cm. The object is 
moved slightly closer to the objective lens 


(ii) 


(iii) 
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and the distance between the lenses 
adjusted until the final image is again at 
infinity. If the magnifying power is the 
same as that for the first observer, 
calculate by how much the distance 
between the lenses has been increased. 
(b) A compound microscope normally has the 
final image at the near point of the observer. 
Explain, without calculation or a ray diagram, 
how the instrument described in (i) above can 
be adjusted to achieve this, (JMB) 


Q 8.26 

(a) A parallel beam of light from an illuminated 
slit consists of one red wavelength and one 
blue wavelength. It is incident normally on a 
diffraction grating placed on a spectrometer 
turntable. 

(i) Explain why the spectrometer telescope 
must be adjusted to receive parallel light 
in order to view a pure spectrum of the 
source. 

(ii) If the telescope is set initially in the 
straight-through position and then turned 
in one direction only, give the colour 
sequence of the first and second spectral 
‘lines’ seen in the first order, and explain 
why this is so. 

(iii) Ata diffracting angle of 54.8° a blue 
‘line’ and a red ‘line’ coincide, If the 
grating has 600 rulings per mm and the 
blue wavelength is 454 nm, deduce the 
order numbers for both colours, and also 
the red wavelength. 

(b) The same diffraction grating is used to view a 
monochromatic light source placed 50.0 cm 
away from the grating. The observer holds the 
grating close to his eye, and observes an image 
on either side of the source. Explain, with the 
aid of a simple diagram, why this occurs and 
calculate the wavelength of the light if the 
images are 37.8 cm apart. (JMB) 


Q 8.27 r 
(a) Draw a diagram showing the path of three 
parallel light rays from an off-axial direction 
through a lens telescope in normal adjustment. 
Show on your diagram the ideal position for 
the observer's eye. , yd 
b) The objective lens of a sma elescope is a 
i plano-convex lens of focal length 100 mm and 
refractive index 1,60. 
(i) Calculate the radius of curvature of the 
curved face of this lens. 
(ii) With the aid of suitable diagrams, explain 
the optical advantage of using a plano- 


convex lens. 
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(c) Such a telescope with lenses of focal lengths 
100 mm and 20 mm forms parts of a 
diffraction grating spectrometer in which the 
grating, used at normal incidence, has 500 
lines per millimetre. The collimator slit is 
illuminated with a vapour lamp producing two 
close spectral lines of wavelengths 510 nm and 
517 nm. 

Calculate: 

(i) the number of pairs of spectral lines 
observed in the transmitted pattern on 
one side of the normal to the grating; 

(ii) the angular separation at the observer’s 
eye of the images of the lines in the 
second-order spectrum seen through the 
telescope. 

(d) Describe the changes in the appearance of the 
images as a consequence of each of the 
following separate actions: 

(i) observing an order higher than the 
second; 

(ii) widening the collimator slit; 

(iii) reducing the horizontal width of the 

illuminated portion of the grating. (O) 


Q 8.28 

(a) (i) An object is photographed several times 
with the same camera under conditions of 
constant illumination. If the f-number of 
the lens aperture is reduced for 
consecutive photographs explain why the 
exposure time must also be 
correspondingly reduced in order to allow 
the same amount of light to fall onto the 
film each time. 

(ii) If, in (i), the exposure time is 1/60 s at 
f/11, estimate what exposure time is 
required at f/2.8. 

(b) Explain what is meant, in photography, 

by (i) depth of field, (ii) depth of focus. By 

considering point objects on the axis of a 

converging lens, explain with the aid of two 

separate ray diagrams how each of these 
arises. 

With the aid of another diagram and an 
axial point object as above, show qualitatively 
how either the depth of field or the depth of 
focus changes as the lens aperture is changed. 

(JMB) 


Q 8.29 

A simple telephoto lens system consisting of a 
converging lens and a diverging lens is used in 
a camera to form on the film an image of a 
distant small object. By means of a diagram 
show how the telephoto lens produces an 
image. Hence explain why the image so 


= 


produced is larger than the image which would 

have been produced if only a single converging 

lens, placed at the position of the diverging 
lens, had been used. You may assume that the 
image size of a distant object is directly 
proportional to the focal length of the lens 
system producing the image. 

(b) The converging lens of the telephoto system 
described in (a) has a focal length of 72 mm 
and the diverging lens a focal length of 20 mm. 
The separation of the two lenses is 60 mm. 

(i) Calculate the distance of the film from the 
diverging lens, when the image of the 
distant object is in focus on the film 

(ii) By considering similar triangles in your 
diagram in (a), calculate the effective 
focal length of the combination of lenses. 

The telephoto combination is replaced by a 

single converging lens placed at the position of 

the diverging lens so that the image is still in 
focus. Calculate the ratio 


size of image with telephoto lens 
size of image with single lens 


(c) Describe the optical system of prism 
binoculars and state two advantages they 
might have over an astronomical telescope 
when used to view a distant object on the 
surface of the earth. (JMB) 


Cc 


Q 8.30 
The nearest star is 4 light years from the Earth, 
and has a diameter of about 1.5 x 10° m. 


(a) Show that an optical telescope of minimum 
aperture about 16m would be needed if the 
star were to be resolved as a disc. 

(b) Calculate the corresponding aperture for a 
radio telescope operating on a frequency of 
300 MHz. 

(c) Comment on the possibilities of constructing 
each of these telescopes. (O & C, Nuffield) 


Q 8.31 
The exit pupil of an astronomical telescope is the 
image of the objective formed by the eyepiece. 
Explain why this is the best position in which to 
place the eye. 

Prove for an astronomical telescope in normal 
adjustment that 


Diameter of objective 
Diameter of exit pupil 


If the focal length of the objective is 20.0 cm 
and that of the eyepiece 2.5 cm, and the diameter 


Magnifying power = 


of the pupil of the observer's eye 0.6 cm, what is 
the maximum diameter of objective aperture that 
can be usefully employed visually? 

Explain in what circumstances it would be 
desirable to increase the diameter of the objective 
above this value. (JMB) 


Q 8.32 

(a) Explain with the aid of diagrams the nature of 
longitudinal spherical aberration and 
longitudinal chromatic aberration of images 
formed by lenses. 

Sketch the layout of a telescope with a mirror 
objective, and show the paths of three rays 
from a distant off-axial point source passing 
through the instrument when in normal 
adjustment. 

Describe a method of measuring the 
magnifying power of a lens or a mirror 
telescope that cannot be dismantled into its 
component parts. 

(c) Accurate spectroscopic observations of the 
light originating from the Sun and reflected by 
the plant Jupiter show that when Sun, Earth 
and Jupiter are in alignment the solar helium 
spectral line of wavelength 587.56 nm is 
reflected from one equatorial edge of Jupiter 
with a wavelength of 578.61 nm and from the 
opposite edge with a wavelength of 587.51 nm. 
Given that the diameter of Jupiter is 

143x 10° km and that its axis of rotation is 
perpendicular to the line joining Jupiter and 
the Sun, estimate the rotational period of 
Jupiter about its axis. 

Details of planets become more apparent 
when viewed through large aperture telescopes 
than when viewed through small aperture 
telescopes of equal magnifying power. Explain 
why. (O) 


(b 


(d 


Q 8.33 
Distinguish between magnification and magnifying 
power for a microscope. 

Draw a diagram to show the rays through a 
compound microscope from an object point not on 
the axis when the image is coplanar with the 
object. 

It is desired to design such a microscope for fine 
construction work with the image in the same 
plane as the object at the distance of 25cm from 
the eyepiece. If the microscope is to have a A 
magnifying power of 12 and if the objective is to 
be 2.0 cm from the object, what focal length lenses 
should be used? (JMB) 
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Q 8.34 

(a) A telescope is focused on part of the moon 
and set in normal adjustment. Explain the 
separate actions of the objective lens and 
eyepiece in forming the final image. 

What is meant by the angular magnification 
of the telescope? 

(b) The limit of resolution of the human eye is 
about one minute of arc. Explain this 
statement. 

(c) Two strong lines in the mercury spectrum have 
wavelengths 579.0 nm and 577.0 nm 
respectively. A prism has refractive index 
1.5794 for the longer wavelength and its 
refractive index increases almost linearly by 
0.0016 for a decrease in wavelength of 20 nm. 
The refracting angle of the prism is 60.00", 

The diagram shows a narrow vertical slit $ 
of length 1 cm illuminated by light from a 
mercury lamp a few metres from a 
spectrometer table. The filter F absorbs all 
light except the two wavelengths noted above. 
The prism is set in the minimum deviation 
position for light of wavelength 579.0 nm and 
then the telescope is moved out of the way. 
Two images of the slit are seen, with the 
unaided eye, close together at Sie 


x 60.00" 


Ont 
Mercury 
lamp 


(i) Calculate the angle of deviation, Dyin. for 
light of wavelength 579.0 nm. 

(ii) Estimate the angular separation between 
the two images of the slit and state any 
assumption that you make. f 

Describe the visual appearance of the images 

at S' seen by the unaided eye. 

(d) The spectrometer telescope is swung round 
and focused on the images at S’. Its angular 
magnification in these circumstances is 1 5.0. 
Describe the visual appearance of the images 
at S' seen through the telescope and account 
for any changes in 

(i) brightness, 

(ii) clarity, 

(iii) separation. 
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The telescope is centred on one image and 
then moved sideways to centre on the second. 
‘Through what angle is the telescope moved? 
(e) Calculate the r separation of the two 
first order images of the slit if light from the 
slit, having passed through the filter F, arrives 
normally at a diffraction grating with 500 000 


lines per metre. 
Give two reasons for occasionally preferring 
a prism to a diffraction grating when 
examining the spectra of stars, (L) 
Q 835 


(a) Show that, for a plane diffraction grating of 
grating interval s, used at normal incidence, 
the angle of diffraction, @, is related to the 
wavelength, A, of the light by the equation 


ssin O= nA 


vo n is an integer. What is the significance 

of n 

(b) Assuming that you were provided with a 
spectrometer which had been adjusted 
correctly and on which a plane diffraction 


ensure that light falls normally on the grating. 
(c) A grating spectrometer is arranged so that 
light from the collimator falls normally on the 
grating. When the second order diffracted 
image of the slit due to a wavelength A is 
viewed pn the two sides of the normal to the 
grating, the readings on the telescope scale are 
respectively a and 2, The slit is first 
illuminat sodium light of wavelength 
589.3 nm the values of a and 8 
respectively are found to be 162° 37 and 
252* 39'. The sodium source is then replaced 
by a discharge tube con a mixture of 
gases and the values of a B (still second 
order) are recorded for three lines as follows: 


Line a 
1 171" $7" 
2 160° 48° 254° 28" 
3 158" 41" 259° 35° 


Identify the gases in the tube using the data in 
the table below which shows the wavelengths, 
in nm, of the lines emitted by various gases. 


p 
243" 19 


451 319 
483 4M 389 441 
520 486 447 521 
561 656 588 617 
608 668 


Show that, whatever the spacing of the grating 
used, the third order diffracted image of the 
shortest wavelength line in the spectrum of one 
of the gases identified will occur at a smaller 
diffracted angle than the second order image of 
the longest wavelength line in that gas’s 
spectrum. 


Q 8.36 å 
(a) It is claimed that a newly developed type of 
glass will be suitable for all of the following 
uses: (i) window glass, (ii) ovenware, 
(iii) electric lamps, (iv) cut glassware, and 
(v) achromatic lens construction. Í 
Discuss the properties desirable for a glass 
to be used for each of these purposes and 
indicate, with reasons, whether or not it is 
likely that any single glass type can have all of 
ias ; 


these properties, 

(b) A simple fixed lens box camera has an 
appreciable depth of focus, i.e. clear pictures 
of objects at a range of distances will be 
produced, Explain why this is so. Illustrate 
your explanation by considering the following 
example: 

Such a camera has a converging lens of focal 
length 4.0 cm with a shutter in front of it of 
aperture 0.25 cm. The film is placed in the 
focal plane of the lens and clear images on the 
film are formed of objects placed at all 
distances greater than 1.0 m from the on 


Q 8.37 
Describe briefly a pinhole camera. How would the 
image of a point source of light change as the 
pinhole is made (a) larger; and (b) smaller and 
smaller? What determines the optimum size of the 
pinhole? What are the advantages and 
disadvantages of replacing the pinhole by a lens? 
A simple camera consists of a lens of focal 
length 0.1 m and of diameter 0.02 m, 0.1 m in 
front of a photographic film. Calculate by how 
much the lens-to-film distance should be adjusted 
if a photographer wishes to use the camera to 
obtain a focused picture of a subject 1 m in front 
of the lens. hy 
Unfortunately the photographer finds it 
impossible to make this aoo? and instead 
to rely on reducing the diameter of the area of the 


object. Estimate the maximum diameter of the 
circular lens area that he can use. 


If the required exposure would have been yh s 
with the full diameter lens, what will it be with the 
reduced diameter? (Ox. School) 
Chapter 9 

A 


Q 96 

‘Observed differences in the speed of light in 
different media support the wave theory of light. 
Discuss this statement qualitatively by considering 
the deviation of a beam of light on passing from 
one medium to another, (L) 


Q 97 

A girl swims across a river from A to B a distance 
of 100 m. The water flows in all parts of the river 
at = speed of 0.5 ms”! in the direction shown, The 
girl can swim at an average speed of 10m5" in 
still water. 


(a) Draw a vector diagram to show the direction 
in which she should aim herself, 

(b) Determine the time it takes her to cross the 
river if she swims at her usual speed. 


Q 98 

The diagram shows Ae, in "S e 
from west to cast at L5 mE + 
leave a point O on the southern bank at the same 
instant. A cycles due cast along the bank at 
8.0ms 1. p, who is in a motor boat, has a 

resultant ‘motion due north across the river at 
6.0ms". 


Use labelled vector bo fared the 
speed and ab Saem 
(a) relative to A, 
(b) relative to the water i 


: 
i 
z 
H 
i 


ql 
i 
j 


4 
ł 
= 
È 
z 
i 


4 
i 
i 


et 
ji 
! 
? 
i 


i 
i 
i! 


350 Exercises 


Light SE 


ray C on reaching the glass-to-air surface 
at the circular arc. 

(ii) Show that the smallest value of R which 
will allow all the light to pass around the 
arc is given by 


_d(n+1) 
~ 2(n=1) 


(iii) Use this result to explain why glass fibres, 
rather than rods, are used to carry optical 
signals around sharp corners. 

(d) A glass fibre of refractive index 1.5 and 
diameter 0.50 mm is bent into a semi-circular 
arc of mean radius 4.0 mm, and a beam of 
light is shone along it. 

(i) Show that no light escapes from the sides 
of the fibre. 

(ii) Show by a suitable calculation that if the 
fibre is immersed in oil of refractive index 
1.4 some light will escape. 

(iii) Suggest an application for such a device. 

(O) 


Q 911 
Describe a terrestrial method for measuring the 
speed of light in air. 

If it were suggested that there might be a time 
delay between light falling on the distant mirror 
and being re-emitted (reflected), how would you 
demonstrate that this is not the case? 

Show how the refraction of light at a plane 
surface is explained by the wave theory of light, 
and derive a relation between refractive index and 
speed of light. (S) 


Q 912 

(a) Describe a terrestrial experiment to measure 
the speed of light in air. Your description 
should include an explanation of the principle 
of the experiment, details of the measurements 
required and an indication of how the speed of 
light is calculated. 


(b) Suggest how the speed of light in water could 
be measured, either by modification of your 
previous method or otherwise. 

In such an experiment it is found that the 
speed in water is 2.25x 10° ms_', whereas in 
air it is 3.00 10° ms‘. Calculate the 
refractive index at a water-air interface. 


Fringes 


(c) A parallel beam of monochromatic light 
(wavelength 600 nm) falls normally on an 
opaque sheet having two narrow parallel 
horizontal slits 0.5 mm apart, as shown in the 
diagram. Describe the pattern observed on a 
screen placed normal to the beam a distance 
2m from the slits. Calculate the spacing of the 
fringes. 

The upper slit is covered by a parallel sided 
film of water, initially 1 mm thick. It 
evaporates steadily so that its thickness 
decreases at a uniform rate of 0.5 mm per 
hour. In what direction do the fringes move on 
the screen, and at what speed? (O&C) 


Q 913 
(a) The basic components of the Michelson 
interferometer are shown in the diagram. S is 


M; 


To telescope 


an extended source of monochromatic light; B 

and C are identical glass plates with surface A 

of plate B being partially silvered; M, and M2 

are plane surface silvered mirrors. The virtual 
image of M, formed by reflection at A is very 
close to M, and almost parallel to the surface 

of M;. 

(i) State what an observer would see in the 
field of view of the telescope. 

(ii) Explain why plate B is at an angle of 45° 
to the initial direction of the light. 

(iii) Explain why the plates B and C are 
identical in size, made of the same 
material and placed parallel to each other. 

(iv) Describe how the interferometer can be 
used to measure very small distances in 
terms of the wavelength of the light used, 
and estimate the order of magnitude of 
the distances which can be measured. 

(b) Michelson used the interferometer in an 
attempt to detect the motion of the earth 
through a hypothetical ether. Indicate what 
measurements were made and what 
conclusions were deduced from the 
experiment. Comment on the importance of 
the result. (JMB) 


c 


Q 9.14 
Two alternative methods of establishing the path 
taken by a ray of light between two points are: 


(a) the wave theory, in which each point on a 
wave front is considered as a source of 
secondary wavelets; 

the principle of least time, which states that 
the path of a light ray between two fixed 
points A and B across a fixed boundary is such 
that the time taken is a minimum. 


(b 


Speed cz i 
Boundary 


Speed cz 


A 


Show that both of these approaches lead to the 
relationship 


sini _ 6 
sini, C2 


for a light ray passing from one medium into > 
another, where i, is the angle of incidence at the 
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boundary between the media and j, is the angle of 
refraction, c, and cz being the speeds of light in 
the two media respectively. 

Show also that the least time principle is 
consistent with the path taken being that which 
contains the least number of waves. (L) 


Q 915 
This question is concerned with optical effects 
which occur in the atmosphere. 


(i) The refractive index of air increases as the air 
density increases. The density of the 
atmosphere varies continuously with height 
but, as a simple model, we can assume that the 
atmosphere is stratified and consists of a series 
of layers, each layer having a constant density 
corresponding to the actual density at its mid- 
height. 

Ignoring the curvature of the earth, consider 
diagrammatically what happens to rays of light 
leaving a point above the earth’s surface when 
the density of the air (a) increases and 
(b) decreases with height. 

Explain fully the production of mirages. 

(ii) Parallel monochromatic light is incident on a 
spherical water drop, of refractive index 1,32 
for the incident light, The diagram shows a 
section containing a diameter and the path of 
a ray, internally reflected, which is typical of 
the type we want to study. You should confine 


your calculations to rays 1n the plane of the 
paper. 


Obtain an expression for the deviation D 
(see diagram) in terms of the angle of 
incidence. Determine the minimum angle of 
deviation and sketch the graph of D against 
the angle of incidence. Consider whether the 
internal reflection which takes place at 
minimum deviation is due to total internal 
reflection. i; 

Explain fully and clearly the origin and 
shape of rainbows. (W) 


Q 9.16 pa aes | 
Explain Huygens" Principle and use it to derive a 


relationship between the velocity of light ina 
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medium and the refractive index of the medium 
(defined by Snell’s Law). 

An electro-optical device is used to modulate 
the intensity of a continuous light beam. The 
transmission of the device is a square wave 
function of time with equal alternate periods of full 
and zero transmission of the incident light. The 
light, after reflection at a distant mirror, passes 
back through the device and its intensity is then 
measured. An extinction is obtained at a 
modulating frequency of 6 MHz, and if the 
frequency is increased the next one occurs at 
10 MHz. With the frequency set at 6 MHz, a glass 
sheet (n = 1.5) is inserted between the device and 
the mirror, and it is found that the extinction can 
be recovered by decreasing the frequency by 
1 kHz. Calculate the thickness of the glass sheet. 

(Cam. Schol.) 


Q 917 

The following is adapted from a letter written to a 
scientific journal by a physicist (R. C. Warren). ‘It 
has been proposed that the fundamental unit of 
length be redefined in such a way that the velocity 
of light becomes a numerical constant 

299 792 458 ms~'. But why choose such a 
cumbersome number? Why not make it a round 
3x10" or better still an even rounder 10°? 

‘If the velocity of light is redefined as 10° new 
units of length per second, the new unit of length 
becomes 0.299 792 458 metre. What should the new 
unit of length be called? I propose the name “‘foot”.’ 


Either, write a report for a scientific journal, 
supporting the use of this new unit, 

or, write a report for the same journal, 
suggesting why you consider the change to be 
undesirable. 


In either case give suitable numerical 
illustrations with your report to demonstrate the 
effect of the change on the layman as well as the 
scientist. Note that Dr. Warren considers the 
velocity of light should be 10° units s~! by 
adjusting the unit of length, However, you are free 
to consider, should you wish, a new unit of time 
(possibly called the blink), instead. 


(O & C, Nuffield) 


Q 9.18 

The following experiment is carried out on the flat 
deck of an aircraft-carrier. Two vertical walls 
which reflect sound according to the laws of 
reflection, are set up at right angles to each other 
and an observer is situated at a point equi-distant 
from them. The observer emits a very short pulse 
of sound and he finds that the two reflected pulses 


reach him at exactly the same moment when there 
is no wind and the ship is stationary. 

Calculate the difference in arrival times of the 
pulses if (a) the ship is stationary and a wind is 
blowing at constant speed v in a direction at right 
angles to one wall and (b) there is no wind and the 
ship travels with constant speed s in a direction at 
right angles to one wall. You may assume that v 
and s are both very much less than the velocity of 
sound in air. 

Describe the principles and results of a similar 
experiment carried out with light. (The Michelson- 
Morley experiment.) 

Write a concise account of the special theory of 
relativity. (w) 


Q 919 

Explain how it could be shown experimentally that 
the yellow light emitted by a sodium lamp has the 
following properties: 


(a) it is some form of wave. 

(b) the wave is transverse. 

(c) there are two components of wavelength 
589.0 nm and 589.6 nm. 

(d) it propagates at approximately 3 x 10" m s™' in 
air. 

(e) it propagates more slowly in an optically dense 
medium such as glass or water. (Ox. Schol) 


Chapter 10 


A 


Q 10.13 

Is it possible to polarize (a) sound waves, (b) radio 
waves? Explain briefly why it is or is not possible 
in each case. (C) 


Q 10.14 n 
When a sine-form voltage of frequency 1250 Hz is 
applied to the Y-plates of a cathode ray 
oscilloscope the trace on the tube is as shown in 
diagram (i). 

If a radar transmitter sends out short pulses, and 
at the same time gives a voltage to the Y-plates of 


the oscilloscope, with the time-base setting 
unchanged, the deflection A is produced as shown 
in diagram (ii). An object reflects the radar pulse 
which, when received at the transmitter and 
amplified, gives the deflection B. What is the 
distance of the object from the transmitter? (L) 


Q 10.15 

Two radio transmitters emit vertically polarized 
electromagnetic waves of frequency 9X 10” Hz. 
The speed of the waves is 3X 10° ms™'. 


(a) Calculate the internodal distance in the 
standing wave set up along the line joining the 
transmitters. 


A mobile receiver moves along the straight 
line joining the transmitters at a speed of 
6x10°ms™. 

(b) Calculate the rate at which nodes in this 
standing wave are passed by the moving 
receiver. (S) 


Q 10.16 
The work functions (in electronvolts) of the alkali 
metals are 


lithium sodium potassium rubidium caesium 
2.28 2.29 2.26 2.10 1.90 


Which of these elements could be used in a 
photoelectric cell that is required to respond to 
light of wavelength 589 nm? (C) 


Q 10.17 ae 
When light of frequency 8.22 * 10! Hz is incident 
on the surface of caesium metal, it is found that 
the maximum kinetic energy of the emitted 
electrons is 2.00102” J. Calculate the threshold 
frequency for photoelectric emission from caesium. 
In which region of the electromagnetic spectrum 
does the incident frequency lie? (C 


Q 10.18 A. 
The diagram shows a clean metal dise A, which is 
irradiated with ultra-violet light, and a 
photoelectron current-collecting ring, B. Cand D 
are terminals to which a d.c. source of emf. 4V is 
to be connected. E measures photoelectric current. 


Incident UV Radiation 
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(a) Assuming that the stopping potential is less 
than 4 V, explain whether terminal C should 
be connected to the positive terminal of the 
d.c. source or to its negative terminal if 
photoelectric current is to flow. 

(b) Explain why, with the d.c. source correctly 
connected, photoelectric current flows only if 
the frequency of the incident radiation is 
above a threshold value. (L) 


Q 10.19 

A clean metal surface is illuminated by a beam of 
monochromatic ultra-violet light and the electrons 
are collected by an electrode, The potential 
difference, V, between the electrode and the metal 
may be varied and the current, J, is measured. The 
unbroken line labelled A in the graph shows how 
the current J varies with the potential difference, 
V, across the cell. 


State and explain in each case, in what way the 
beam of ultra-violet light must be modified to 
achieve the photoelectric cell characteristics shown 
by 
(a) the broken line B, 

(b) the broken line C. 


Q 10.20 
Find the energy of a photon of electromagnetic 
radiation of wavelength 0.15 nm. In which region 


of the electromagnetic spectrum is this radiation? 
(C) 


Q 10.21 i 
With reference to the electromagnetic spectrum 
(a) mention two properties common to all 


radiations, y 
(b) place the radiations as usually classified in 


order of increasing wavelength [ignore 
overlapping regions), 
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(c) give some idea of the magnitude of the range 
of wavelengths which comprise the spectrum, 

(d) select two radiations, outside the visible 
spectrum, characterized by different physical 
behaviour and for each one indicate briefly the 
principles involved in its (i) production, (ii) 
detection, (iii) use in a given application. (L) 


Q 10.22 
Define wavelength, wave velocity and frequency. 
Deduce the connection between them. 

List the various regions of the electromagnetic 
spectrum, giving the order of magnitude of 
wavelength for each region. 

Describe how you would demonstrate an 
electromagnetic stationary wave, assuming you 
have a generator of 3 cm waves. The generator 
should not be described but you should mention 
the principle of the detector. 

Assuming that electromagnetic waves are 
efficiently launched from an aerial when a 
stationary wave is set up within it, estimate the 
shortest possible length of aerial to radiate 
electromagnetic waves 


(i) of 3 cm wavelength, in air; 
(ii) of frequency 50 Hz, in air; 
(iii) of frequency 2 x 10* Hz, from an aerial where 
the effective wave velocity is 2x 108 ms". 
(C) 


Q 10.23 
Most people do not realize that the space around 
us is filled witht electromagnetic vibrations of a 
very wide range of frequencies, just a little of 
which we notice as ‘heat’ and ‘light’. 
Write a short essay about electromagnetic 
radiation, including 
—evidence to show the common properties of this 
wide range of frequencies 
—why the radiation is called electromagnetic 
—some important applications of electromagnetic 
radiation of different frequencies. 
(O & C, Nuffield) 


Q 10.24 
The Einstein equation for the photoelectric 
emission of electrons from a metal surface can be 
written 3mv? = hf — hfo where fy is the threshold 
frequency. Explain the physical process described 
by this equation, and the meaning of each term in 
the equation. 

Describe an experiment to determine the value 
of the Planck constant h. 

A monochromatic source emits a narrow, 
parallel beam of light of wavelength 546 nm, the 
power in the beam being 0.08 W. How many 


photons leave the source per second? If this beam 
falls on the cathode of a photocell, what is the 
photocell current, assuming that 15% of the 
photons incident on the cathode liberate electrons? 
(S) 


Q 10.25 

(a) (i) State Einstein’s equation for the 
photoelectric effect, and explain the 
significance of each of its terms 

(ii) Describe a method for the measurement 
of the Planck constant h, using the 
photoelectric effect. 

(iii) Describe briefly a device that utilizes the 
photoelectric effect. 

The memory of a computer element can be 

erased by exposing it to ultraviolet radiation of 

wavelength 360 nm for a period of 20 minutes. 

The memory is contained in an insulated 

silicon film of exposed area 1.5 X 107° m*, and 

the intensity of the ultraviolet light is 

20 W m”. 

Calculate: 

(i) the number of photons incident on the 
film in 1 second; 

(ii) the charge acquired by the film in a 20 
minute exposure, if 1% of the incident 
photons cause photoemission of electrons. 

Explain why erasure would be slower if the 

memory were exposed to sunlight of the same 

total intensity. (0) 


(b 


Q 10.26 

What are the dimensions of (i) energy, 

(ii) momentum, (iii) the Planck constant, h? 
It can be shown that the total energy E of a 

particle is related to its momentum p and its 

mass mp when at rest, by the equation 


E?=p?c?+mic* 


a 


where c is the speed of electromagnetic 

radiation in vacuo. Show this equation to be 

dimensionally correct. 
(b) Given that mo is zero for a photon, use the 
above equation to derive an expression for the 
momentum of a photon in terms of its 
wavelength. i 
Estimate the potential difference across which 
an electron should be accelerated if it is to 
have the same energy as a photon of 
ultraviolet radiation. Support your estimate 
with a calculation, by choosing a suitable value 
for the wavelength of the electromagnetic 
radiation. You may assume that the value of 
the product he is 2.0x 10-75 J m. (JMB) 


(c 


Q 10.27 

In answering part (a) of this question you will 

need to estimate various quantities and then 

combine them in order to obtain the required 
answer. 

Show clearly your estimates and all the steps in 
the calculation. Remember to include the units in 
estimates as well as in the answer, and to work 
throughout to an appropriate number of significant 
figures. 

(a) A person is sitting at a table reading a book 
which is illuminated only by a conventional 
filament lamp. 

Calculate roughly how many photons of light 
will fall, per square metre, per second, onto 
the book. 

(b) Would your answer be significantly different if 
the filament lamp were replaced by a 
fluorescent tube lamp of the same rated 
electrical power? Give your reasoning. 

(O & C, Nuffield) 


Q 10.28 
Write short answers of a few lines only to each 
section of this question. Where appropriate give 
simple labelled diagrams. Equations may be quoted 
without proof. 

Give brief accounts of experimental evidence in 
support of the following statements: 


(a) light travels in straight lines; 

(b) light does not travel in straight lines; 

(c) light is a transverse wave; 

(d) red light has a greater wavelength than blue 
light; 

(e) light has a particle-like nature; 

(f) the energy of a quantum of blue light is 


greater than the energy of a quantum of re 
light. (AEB, 1975) 


c 


Q 10.29 


(a) Ina fibre-optical communication system, data 


is transmitted through thin glass fibres 1n the 
10% s) light pulses, as 


form of nanosecond ( 
shown in the diagram. 


10%s 107s 
ey 
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The light is nearly monochromatic and its 
mean wavelength in the glass is 586.6 nm. The 
glass has a refractive index for this mean 
wavelength of 1.452, and it absorbs the light 
slightly so that its intensity diminishes by a 
factor 0.020 per kilometre of distance 
travelled. 

(i) What class of electromagnetic radiation is 
being used? 

(ii) Calculate the mean frequency of the 
radiation contained in the pulses. 

Gii) How far will the light travel before its 
intensity is reduced to one-half of the 
original intensity? 

In practice the radiation has a small but 

significant bandwidth (wavelength range). 

(i) Draw sketches to show how the 
waveforms of the original pulses will 
change as they travel through the fibre. 
Explain your answer. 

(ii) Given that the rate of change of refractive 
index n with wavelength A has a value 


dn __4.5x10'm™ 
dà 


(b 


estimate how far data can be transmitted 
before it becomes unintelligible, if the 
bandwidth of the radiation is 0.10 nm. 
(c) Discuss the advantages of using glass fibres for 
data-transmission compared with using copper 
cable and electrical pulses. (0) 


Q 10.30 : 
Write an article on “The Electromagnetic 


Spectrum’ for a magazine which presents science 
seriously to the layman. Aim to convey as much 
information as you can as clearly as possible. 
Explain the meaning and significance ofany 
equations you use. (O & C, Nuffield) 


Q 10.31 
Discuss how the photoelectric effect supports the 


photon model of light. 

Light of frequency f shines on a metal surface of 
threshold frequency fo. Obtain an expression for 
the maximum speed of emission of liberated 
electrons of mass mM. 

The metal is incorporated in a photocell. The 

tential required to stop emission of the electron: 
is called the stopping potential and has a value V, 
Obtain an equation relating V, and f, and sketch í 
graph showing the relationship. 

A spectrometer is set up to look at a source of 
light whose spectrum contains only wavelengths o 
434 nm, 486 nm and 656 nm. A diffraction grating 
with 700 lines per mm is placed on the 
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spectrometer turntable at right angles to the 
collimated light beam. The eyepiece of the 
telescope is replaced by a photocell of threshold 
frequency 5.00 x 10'* Hz. Find the angles at which 
the photocell detects a diffracted beam. Calculate 


the corresponding stopping potentials V,. 
(O&C) 


Q 10.32 
In an experiment, using the circuit below, to 
investigate the photoelectric effect, 
I is the photoelectric current, 
P is the light intensity and f is its frequency, 
V is the potential difference between the 
photocathode and the anode, and 
Vo is the stopping potential. 


de: 
j supply 


(a) Sketch the following graphs: 

(i) I against time, t, with P, V and f 
constant and V < Vo; 

(ii) I against P with f and V constant and 
V< Va; 

(iii) Vo against f; 

(iv) I against V, with f and P constant, with 
V taking both positive and negative 
values. Indicate the value of Vo on your 
graph. On the same axes sketch the graph 
which would be obtained if light of a 
shorter wavelength were used. 

(b) Which of the graphs cannot be explained by 
the classical theory of light? Explain why. 

(c) Explain the hypothesis put forward by Einstein 
to overcome the problems in (b), and give the 
relevant equations. In particular, use these 
ideas to explain the shape of graph (iii). 

(d) Experiment shows that when a particular 
photocathode is illuminated with the anode at 
a positive potential, a current flows only if the 
wavelength of the light is less than 560 nm. 
When 1.30 mW of light of wavelength 430 nm 
falls on this photocathode a current of 50 pA 
flows in the cell. What is the maximum kinetic 
energy of the emitted electrons and what 
fraction of the incident quanta cause electrons 
to be emitted? (L) 


ò- Variable 


Q 10.33 

It is possible to demonstrate the photoelectric 
effect in a school laboratory by directing a beam of 
ultra-violet radiation onto a magnesium electrode, 
as shown in the diagram. 


ultra-violet 


copper 
gauze 


magnesium 
electrode 


| Ah 


(In practice the current which flows is very small 
and is detected by an electrometer.) 


(a) It is usual to explain the resulting current in 
terms of the ejection of photoelectrons from 
the magnesium, and their subsequent 
attraction towards the copper gauze. But 
alternative explanations might be considered; 
for example, the current might be caused by 
the ionization of the air by the ultra-violet 
radiation. 

(i) Describe how this explanation may be 
rejected experimentally. 

(ii) Suggest two more possible explanations, 
and show how they too may be rejected 
experimentally. 

(b) Explain how this and similar experiments 
provide evidence for the particulate nature of 
light. 

(c) When an ultra-violet lamp rated at 25 W is 
placed 20 cm from the magnesium electrode, a 
current of 1077 A flows; this is much less than 
one would expect if all the energy of the lamp 
were converted into electrical energy. Discuss 
in detail the factors responsible for this low 
value of current. Wherever possible make your 
discussion quantitative, making realistic 
estimates of any quantities you need which are 


not printed on the front of the question paper. 
(O & C, Nuffield) 


Q 10.34 

What evidence does the photoelectric effect 
provide for the existence of the photon? What 
other evidence is there? 

Monochromatic radiation of wavelength 300 nm 
and intensity 2.0 W m™° is incident normally on the 
surface of a metal whose work function is 4.0 V. 
The metal reflects 80% of the incident radiation 
and the photoelectric current density is 


2,0x 10°* A m 2. Determine the pressure on the 
metal’s surface due to the photons, and show that 
the pressure due to the photoelectrons is only a 
few per cent of this value. 

[The momentum of a photon of wavelength A is 
given by h/A.] (Cam. Schol.) 


Q 10.35 
The retina of the human eye can easily detect 

„y arriving at a rate of about 10°'? W. If light 
avelength 600 nm arrives at the eye at the rate 
of 107"? W, calculate the number of photons per 
second received at the retina and the average 
distance between the photons. 


Chapter 11 


A 


Q ilii 

State how you would produce (a) a line spectrum 
and (b) a continuous spectrum in the laboratory. 
Describe the appearance of each spectrum when 
viewed through a grating spectrometer. (C) 


Q 11.12 
Explain, referring to the energy levels of atoms, 
the difference between a continuous and a line 
spectrum. 

Why are a number of dark lines seen in the 
spectrum of light from the sun? (S) 


Q 1113 

Light from a tungsten filament lamp passes 
through a Bunsen flame containing common salt 
and it is then viewed in a spectroscope- The two 
sodium yellow lines appear bright. The current to 
the lamp is increased and the lines become dark. 
Explain the physical mechanism of the panska 


Q 11.14 . 
The three lowest energy levels of the electron in 
the hydrogen atom have energies 


E,=-21.8x10°7J 
E,=-5.45x10775 
£,=-2.43%10°7 5. 


The zero of energy is taken to be when the 
electron is at rest at a great distance from the | 
nucleus, What is the wavelength of the Ha line n 
the hydrogen spectrum, which arises from 


transitions between the levels E; and E2? 
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Through what potential difference must an 
electron be accelerated if it is to be capable of 
(a) ionizing a hydrogen atom, (b) causing the 
emission of H, radiation from a normal hydrogen 
atom? (S) 
Q 1115 
A hydrogen atom emits light of wavelength 
121.5 nm and 102.5 nm when it returns to its 
ground state from its first and second excited states 
respectively. 

Calculate 


(a) the corresponding photon energies, and 

(b) the wavelength of light emitted when the atom 
passes from the second excited state to the 
first. 


(Speed of light, c= 3.00% 10'ms'. 
Planck’s constant, h = 6.63 x 10°“ Js.) (L) 
Q 11.16 


The energy levels of the hydrogen atom are given 
by the expression 


F,=-2.16% 107'*/n? J 
where n is an integer. 


(a) What is the ionization energy of the atom? 

(b) What is the wavelength of the H, line, which 
arises from transitions between 7 =3 and n=2 
levels? (S) 


Q 1117 ‘ . 
The difference in the energy levels En+1 ~ En of 
the hydrogen atom is given by 


E, En = 2.18% 107!8(1/n?=1/(n+1)?) J 


where n is an integer. What is the first excitation 
potential, and the wavelength of the radiation 


emitted? (S) 
Q 11.18 f 

Electron diffraction experiments show that the 
wavelength associated with a certain electron beam 
is 0.15 nm. Find the momentum of an electron in 
the beam. Through what potential difference 


should the electrons be accelerated from rest en 


acquire this momentum? 


11.19 
“The electron in the hydrogen atom has Cae, 
de Broglie wavelength of about 10 10 m, Explain 


i i ant by this statement. 
nial ll $ (O&C, Nuffield) 


B 


11.20 L 
An element in the vapour or gaseous state may be 
caused to emit a characteristic line spectrum. It 
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may also yield a line absorption spectrum which is 
related to, but not identical with, the line emission 
spectrum. 


(a) Explain the terms ‘line spectrum’, 
‘characteristic’ and ‘line absorption spectrum’. 
(b) Describe, in outline, the experiments you 
would make 
(i) to test whether the source of an unwanted 
line in the spectrum of a mercury arc lamp 
is a particular impurity; 
(ii) to demonstrate a line absorption spectrum. 
(c) Explain, qualitatively and in outline only, how 
line emission and line absorption spectra are 
interpreted in terms of atomic structure. 
Formulae may be quoted without proof. 
(O & C, Nuffield) 


Q 1121 

Cars are parked in a street which is lit at night by 
sodium lamps which emit monochromatic yellow 
light. 


(a) What colour would (i) a white, (ii) a green, 
(iii) a yellow car appear to be? 

(b) Explain these apparent colours in terms of 
atomic concepts of emission and absorption of 
light. (w) 


Q 1122 
This question is about the ionization of xenon 
atoms when bombarded by electrons which have 
been accelerated in a glass tube filled with xenon 
gas, as shown in the diagram. The line OABC, in 
the graph, shows the variation of the anode current 
with the potential difference between the cathode 
and the anode. 

The line OABD shows the results obtained with 
a similar tube containing no gas. 


(a) Using information taken from the graph, 
calculate the energy, in joules, required to 
ionize an atom of xenon. 

(b) When the potential difference is 15 V, read off 
and record the current flowing in 
(i) the xenon filled tube, in mA 


10 


Current/mA 


0 5 10 
Potential difference/V 


(ii) the evacuated filled tube, in mA 

Hence show that the number of atoms being 
ionized per second is 5X 10'°. You may 
assume that each atom becomes a singly- 
charged ion. 

(c) (i) Use your answer to (a) and information 
supplied in (b) to calculate the energy 
required, per second, to ionize the xenon 
atoms when the potential difference is 


15 volts. 
(ii) The rate of supply of energy from the 
battery to the tube is greater than this. 


Give one possible reason for the 
difference in energy. (O & C, Nuffield) 


Q 11.23 

The diagram shows the results of a Franck—Hertz 
experiment. Draw a circuit diagram of the 
apparatus which gives these results. 


d 


ae 


Anode I b 
current 


a 


+ 


Grid voltage V, —> 


The current J varies with V, as shown in the 
diagram, where J is the current collected at the 
anode and V, is the potential difference between 
grid and cathode. 

Account for the shape of the curve, paying 
particular regard to 


(i) the value of V, at a; 

(ii) the increase ab in T; 
(iii) the peak at b leading to the decrease be; 
(iv) the second peak at d. 


When the experiment is done on sodium vapour 
the difference in V, between b and d is 2.10 V. 
Calculate one wavelength which will occur in the 
spectrum of hot sodium vapour. (W) 


Q 11.24 
(a) Explain briefly what is meant by an emission 
spectrum. Describe a suitable source for use in 
observing the emission spectrum of hydrogen. 
(b) The diagram, which is to scale, shows some of 
the possible energy levels of the hydrogen 
atom. 
(i) Explain briefly how such a diagram can 
be used to account for the emission 
spectrum of hydrogen. 


Energy/eV 


13.6 


Gi) When the hydrogen atom is in its ground 
state, 13.6 eV of energy are needed to 
ionize it, Calculate the highest possible 
frequency in the line spectrum of 
hydrogen. In what region of the 
electromagnetic spectrum does it lie? 

(The frequency range of the visible 
spectrum is from 4% 10'* Hz to 
7.5x10'* Hz.) 

(iii) A number of transitions are marked on 
the energy level diagram. Identify which 
of these transitions corresponds to the 
lowest frequency that would be visible. 

(c) The wavelengths of the lines in the emission 
spectrum of hydrogen can be measured using @ 
spectrometer and a diffraction grating. 


nax 
n=5 
n=4 
n=3 


n=? 


nel 
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If the grating has 5000 lines per cm, through 
what angle would light of frequency 4.6 * 
10'* Hz be diffracted in the first order 
spectrum? (L) 


Q 11.25 

What is a photon? Show that the energy E of a 
on and its wavelength A are related by EA = 

1,99 107^ J nm. 

The diagram represents part of the emission 
spectrum of atomic hydrogen. It contains a series 
of lines, the wavelengths of some of which are 
marked. There are no lines in the series with 
wavelengths less than 91.2 nm. 


91.2 950 973 J 121.6 Asam 


(a) In which region of the electromagnetic 

rum are these lines? 

(b) Using the relation between E and A given 
above, find the photon energies equivalent to 
all the wavelengths marked. 

(c) Use this information to map a partial energy 
level diagram for hydrogen. Show, and label 
clearly, the electron transitions ible for 
the emission lines labelled in the m. 

(d) Another line in the hydrogen spectrum occurs 
at a wavelength of 434.1 nm. Identity and 
label on your diagram the transition 
responsible for this line. 


Emission spectra are often produced in the 
laboratory using a discharge lamp containing the 
gas to be investigated, Explain the physical 
processes occurring within such a lamp which lead 
to the excitation of the gas and the emission of a 


light. 


Q 11.26 
This question is about the evidence for energy: 


levels in atoms. 

The passage below presents three statements 
about the evidence for electron energy levels in 
atoms, For each of the statements (i) to (iii) you 


should write out as full an explanation as you can 
the statements. Your 


made, 
Be " 
(i) When an electron collides with an atom, we 
would expect the electron to Jose very little 
energy if the collision were like that of a little 


angers, 
(i) Hew 

+ alates 
(ht San EA mene to ie 


Draw a labelled diagram of an apparatus which 
to demonstrate the phenomenon of 


Sketch a typical diffraction pattern obtained ia 
explain qualitatively «hy i 


ł 
z 
i 


oy a Eee 

parallel to cach other in an evacuated tube. One 
(the collector) is at a positive potential with 

respect to the other (the emitter). Starting from 

parsley dy a beefing hades 

tag: emg no to the plates towards 
edema ch clear labelled grapin 

ities depend on 

the distance x from the emitter i 


(a) the electric potential energy E, of the 


tial is 150 V, fied the 
with the electron as it 
teaches the collector. «© 


gannas 
a aaia yig Ae a iem 
duality, 
Physicists cisim both that things commonly 
regarded as parties can behave like waves and 


ees prid = wore ene 

(a) Outline evades shah wpporte 
the cisim Particles can behave Whe wiet 

(b) Outline evidence whach upporte 


(4) Amewer a critic who object: that thew Mea 
are atward became something cansat he both 


Q u» 
(a) "X-rays are mend to invesigan the atomi 
serwctare of wide” 


Q 


the 


What can yuu conchade (jue thi saiamasi 
siout the wavelength of the X-rays und? 


) ‘Sometimes, as for in the oase 


De Uroghe wavelength of 0.11 am 
wuh that of the electrons awad ia part 


hos ho amot 
Son Oe ee 


n3 


\ question h about the idea and evidence W 


wave theory of stoms 


The passage tehe comit of eeminered 
statements (I) to (v). For oach of these yow are 
asiad to give arguments what sipássn omi mpy 


Ihe arguments that you wae may be of maty 
Leah sad you shoukd band bey ore 
for example theories, models, 
evademce, ote 
Pornage 


th 


| can be chow that electroas have eve 
properties, a wavelength A reied te 
iheir momemom by me = A/A 


DHe wave- Hike electron is contend ia a tua’ of 


sise 10°" m, Hes momentos oont be hens sere 
a certain sing, pad so ite kinech omengy har * 


tigger the kinetic od tag ten Sree 


) Comaderanon of te apectram saras Sui t 


ates - 
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speculative work resting on very dubious 

theories. The situation is far worse than he 

says. 

In about 1600, Galileo proved that for a 

pendulum, the time of swing does not depend 

on the size or amplitude of the swing. For 
vibrating bodies, the energy is proportional to 
the square of the amplitude. Hence the period 
is independent of the energy. 

Light is a kind of vibration, yet Planck put 

forward his equation: energy of a light wave 

equals h (Planck’s constant) times frequency, a 

blatant contradiction of Galileo’s irrefutable 

experiment which anyone can repeat. 

(d) Furthermore, a photograph of the spectrum 
of, say, iron in an arc is found to consist of 
lines of colour, separated by gaps. Each line 
was allocated a particular value of energy, a 
procedure fully justified by electron 
bombardment experiments. Since the energy 
value is defined as the square of the amplitude, 
the position of the lines in the spectrum can be 
allocated this value of amplitude squared. 

(e) Yet, for reasons beyond understanding, the 
frequency of a wave was used to specify the 
line’s position. But a wave of particular 
frequency could have a dozen different 
amplitudes, and therefore a dozen different 
energies, and so have a dozen different 
positions in the spectrum, and all would have 
to be allocated the same frequency. This 
nonsense and confusion was added to by the 
allocation of a different frequency to every line 
position. 

Yours etc.” 


(b 


2 


(O & C, Nuffield) 


Q 11.34 

The spectrum from a laboratory gas discharge 
lamp shows a number of lines. Explain the 
transformations of energy taking place in the lamp 
which lead to this emission spectrum. 

The spectrum of light from a lithium discharge 
lamp is examined using a spectrometer fitted with 
a diffraction grating ruled with 7000 lines per 
centimetre. When used at normal incidence in the 
second order, one series of lines in the spectrum is 
found to give maxima at diffraction angles of 
69:90°:26 01257] 21:029 20:280, aut. 


(a) Find the wavelengths corresponding to these 
diffraction angles. 

(b) Explain the practical advantage of taking 
measurements on the second-order spectrum, 
rather than on the first. 

(c) A theory suggests that the wavelengths A of 
the lines in this series are given by the 


equation 
1 1 1 
—=R a + 
A ae <5) 


where n=2,3,4,5,...,R is 1.097 10’ m"', 
and s and p are constants. It is known that 
p=—0.041. 

By plotting a suitable graph, or otherwise, 
investigate how well the experimental results 
fit the theory. Deduce the value of the 
constant s. 

(d) Use your results to map to scale on 
paper a partial energy level diagram for 
lithium. Indicate on your diagram the 
transitions responsible for the emission of the 
various wavelengths. (Cam. Step) 


ph 


Q 11.35 
State the assumptions upon which the Bohr model 
of the hydrogen atom is based. 

Positronium consists of a negative electron and a 
positive electron (positron) of the same mass in a 
bound state of relative motion. Using the Bohr 
postulates, obtain expressions for the energy levels 
and radii of the orbits of this system. Hence 
calculate the ionization energy and the radius of 
the ground state orbit of positronium. 

Obtain an expression for the frequency of the 
photon emitted when positronium undergoes a 
transition from the state n = n’ to the state 
n=n'—1 and show that, when n is large, this 
frequency is equal to the frequency of revolution 
of the system in the quantum state n. Comment on 
this result. (W) 


Q 11.36 
Outline briefly the ideas involved in Bohr’s 
explanation of the spectrum of a hydrogen atom. 
A very massive star has 3 planets rotating about 
it in circular orbits. The masses of the planets are 
m, m and 10m, while their angular momenta about 
the star are L, 2.5L and L respectively. Find the 
ratio of 


(i) the radii of their orbits, 
(ii) their speeds, ; 
(iii) their total energies (i.e. kinetic plus potential). 


Why is quantization not used in the treatment of 
planetary orbits? 

[You may quote without proof the fact that the 
potential energy of a mass m at a distance d from 
a mass M due to gravitational effects is —GMm/d, 


where G is the gravitational constant. | 
(Ox. Schol) 


Q 11.37 

Explain why electron microscopes can be used to 
study objects which are too small to be resolved by 
ordinary optical microscopes. 

Indicate how Planck’s constant h can be 
determined from measurements made on the 
behaviour of electrons. 

In a bubble chamber an electron is observed to 
move in an approximately circular path. Would 
you expect the wave properties of the electron to 
affect the appearance of the bubble chamber 
track? (Cam. Schol.) 


Q 11.38 

The graph shows the experimental results produced 
when a beam of 420 MeV electrons is scattered 

by the nuclei of '3C. 


P = probability that 
electron will be 
scattered atangle 0 


\ 
O 25° 50° 75° A 


(a) Calculate the de Broglie wavelength of 
420 MeV electrons, assuming that relativistic 
effects may be neglected. 

(b) Assuming that the scattering of these electrons 
is analogous to the diffraction of light waves 
by spherical objects, we may use the equation: 


on 9 te22k 20.614 
sin Spe ane 


Here, A is the wavelength of the electrons and 
R the radius of a carbon nucleus. Calculate 
the value of R. 

Comment on the assumption in (a) that 

relativistic effects are negligible. Explain how 

these effects would affect your calculated value 
for R. : 

(d) Nuclear radii may also be measured in alpha- 
scattering experiments. Calculate the closest 
possible approach of 5 MeV alpha particles to 
carbon nuclei. 

(e) Alpha-scattering experiments W 
unsatisfactory in practice. Sugge 
this. 


(c 


ith carbon are 
st reasons for 
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(f) Why do the results of alpha-scattering 
experiments not show minima in a similar way 
to those from electron-scattering experiments? 

(O & C, Nuffield) 


Q 11.39 

Some polymer molecules are long and thin, like a 

length of string. It is possible for an electron to be 
trapped in the molecule as a whole, as if in a long 
flat bottomed box. The electron waves are spread 

out along the whole length of the box, with a 


—_ te Long polymer molecu! 
Equivalent long ‘box’ 
ee Oe trapping electrons 


wavelength the same at all places inside the box. 
Explain how standing wave ideas could be used 
to show that, if such a molecule is long enough, 
these electrons can absorb energy in the visible 
region of the spectrum (so that such molecules are 
useful in paints and dyes). (O & C, Nuffield) 


Q 11.40 
Write an essay entitled ‘Particles, waves, energy 


levels and the nature of atoms’, which 


(a) brings out the experimental evidence for the 
ideas you give, 

(b) shows how theoretical arguments help explain 
the phenomena you mention, 


(Indicate experiments in outline, with a diagram 


where appropriate, without giving practical 
details.) (O & C, Nuffield) 


Q 1141 d 
“Physics is essentially the process of modelling 


natural phenomena in terms of everyday experience 
and does not pretend to produce absolute 
explanations. Hence there is no contradiction in 
using different models to illustrate different aspects of 
the same phenomenon.” 

Discuss this statement, Illustrate you answer by 
reference to suitable examples such as those listed 
below or other examples of your own choice: 


behaviour of light, 

atomic structure, 

nuclear structure, 

structure matter. (L) 


Solutions to exercises 


Answers are given to all numerical questions set in the text, and to the odd-numbered questions 
from the Questions section. 
Answers are generally given to the correct number of significant figures although occasionally a 
further figure is given to enable students to check their arithmetic. 
The answers given are the responsibility of the author and not of the examining board concerned. 


Chapter 1 


33 


41 


(a)1Hz (b) 10Hz (c) 0.1 Hz 
(d)0.02Hz (e)1s (f) 5s 

(g) 0.04s (h) 0.02 s 

(a) s=10cos at (b) v=—107 sin at 
(c)a=-107* cos mt (d) a=—7’s 
(a) 54cems"'! (b) 63cms"! 

(c) 140cms™? (d) 49cems? 
(a) 38s! (b)3.1s7" (c) 3 Hz; 0.33s 
2s; 0.5 Hz; 3.28! 

9.0s 

0.5 Hz; 0.35 m s™'; increase 

Potential energy 0.0 J, 0.1 J, 0.4 J; 
Kinetic energy 0.4 J, 0.3 J, 0.0 J 

0.51; 3.7% 10° 4 cm 

(b) 5.08; 2.0s (c) 16cms~ 
(b) VŽ T; T/v2 

0.63 mm 

(b) 0.12) 

(b) (ii) 27° mA2/T? 

(c)(i) 31ms! (ii) 4.9% 105 ms? 

(iii) 6.0 W 

A=6.7mkg'; m=0.90 kg; [A]=LM7' 
(c)(i) 3.8mm_ (ii) 7.6x 10-3 kg 

(iii) 0.28 ms! 


1 


2nt 


(c)(i) 12.5+2.5 cos 12.5 


(ii) - 2 sin 2 
125 aS 
(iii) 3h 7m, 9h 22m after high water 
(iv) 1.1% 10° ms 
(d) 270 kW 
(6) —-0.2em (c)1 
Resonance occurs at 1 Hz 
(b)(i) 0.45s (ii) 4.4mJ (iii) 31 mJ 
(c) 2.4 cm, 1.9 cm, 1.6 cm, 1.2 cm, 0.98 cm 


43 


(c)(i) 0.2 s 
(ii) resonance at 533 revolutions per minute 


45 (e) 7.3 Hz; 1.1x10°Nm'! 
Chapter 2 
2 (a)3.15MHz (b)0.375m (c) 4% 10'* Hz 
(d) 3x10'*Hz (e) 5.1m; 0.5 
4 (a)1.7ms'! (6) 1.8ms! 
5 7x10!°Nm? 
6 4250ms'! 
7 1,06 10°’ kg; 23.7 N m~'; 1.6:1 
9 2.1ms';3.3kgm™'; 2.1 ms™ 
10 (a) 4.8ms";2.8ms'; 2.2ms! 
(b) 24m, 14m, 11m 
11 (a)0.1m (6) 0.0m (ce) -0.1m 
(d)0.06m (e)0.0m (f) —0.1m 
(g) 0.0m (h) 0.1m (i) 0.0m (j) -0.1m 
(kK) 0.0m (1) 0.07m 
12 (a) 7/2,2m (b) 70m 
(c) 1.257, -1.41m (d) 1.57,-2m 
(e) m, 0m (f) 0.77, 1.62m 
(g) 27,0m_ (h) 0.757, 1.41m 
13 0.42ms™' 
17 1.88ms 
21 (a)(i) 400 us (ii) 3000ms! 
23 (b) slope =—}; equation (iii) is correct; 


27 


29 


C=2.5 


kLAL-Lo), __ [k 
wey ig NM 


(i) time is unchanged 
(b) Mg/2k 
(a) 0.32 m s~’; 64 Hz 


Chapter 3 


45° 

(a) 341 Hz (b) 268Hz (c) 336Hz 
(d) 264 Hz 

3.2x10°ms! 

(a) +200Hz (b) —400 Hz 

(i) 426 Hz, 532 Hz (ii) 376 Hz, 470 Hz 
The nebula is receding at 3.18 x 10° ms” 
(a)(i) 80m (ii) 28° 

(ii) 2.4210? ms"! 

(iii) 2.3 10'? m 

(iv) 1.7% 10'7 m 

(iii) 85 m s~}; 7.57 rads” 
A note with amplitude varying at 40 Hz 


1 


1 


Chapter 4 


2 
19 
21 
23 


29 


(a) 0.0m (b)—0.1m = (c) 0.0m 
(d) 0.1m (e) 0.0m (f) 0.07m 
(c)(i) SON (ii) 42mm 

(c)(i) 2000 r.p.m. 

(a) 0.34m (6) 0.315m 

(c) 1080 (d) 160 Hz 

(a)5ms (b)40Hz (c) 200 Hz and 
(200 +40) Hz 


Chapter 5 


33m 

384 Hz; 768 Hz; 1.5 
1.7x10-*kgm"! 

(a) 16.5m (b) 16.5mm 
(a) 330ms ' (b) 991ms 
(c) 1 octave and 1 fifth 
333 m s™' 

328 ms '; lem 

1000 Hz 

By a factor of 2 

100 dB, 120 dB 

43 phons 


(c) 1.65mm 
1 


(i) 4.5x10-° Wm (ii) 45x105 W m’, 


(iii) 4.5x 1074 W m”? 

600 m s™' 

The man hears a maximum every 0.758 
(c) 198Hz (d) +0.4%; 0.2% lower 
(a) 150mm (c) 2mm 

60°; 221°C 

1/290 

(c)(ii) closed; 0.4 m 


31 
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10:1 
cåt 


33 sin @=—- 
sin a 


35 2x10 m 


Chapter 6 


ne 


18 


20 
21 
22 
23 
24 
25 
27 
29 
31 
33 
35 
37 
39 
41 
45 
49 
53 


10°° rad; 0.2 second 

(a) 0.01%, 1%, 10%, 27% 

(b) 0.006%, 0.5%, 5%, 14% 

(a) 0.060 m, virtual (b) 62.5 mm, real 
(c) 0.67 m, real (d) 105mm, real 

(e) 16.7 mm, concave (f) 62.5 mm, convex 
15cm 

(a) 19°28' (b) 22°05" (c) 26°19" 

(d) 22°05' 

15 cm below the surface; 4.5 cm above the 
surface 

(i)(a) 41°49" (b) 48°45' ` (c) 62°27 
2.45; +1.5% 


1.49 

(a) 0.2 m; real (b) 0.038 m; virtual 
(c) 100 mm; real (d) 100 mm; virtual 
(e) 46.7 mm; converging 

(f) 90 mm; diverging 

(a) 2dioptre, converging 

(b) 1 dioptre, diverging 

(a) 0.12m (b) 0.47m 

20 cm 

30 cm 

57 mm 

75 mm 

1.6 

1.9x 10° ms 3 

1.5 

38 cm above the lens; 30 mm in diameter 
0.15m 

(b) 1.50 

32.77°; 41.05° 

20 cm 

(a) 25 cm from the card (b) 20cm 
Vred = 357 cM; Viive = 208 cm 

Ipar = N2V 28; 8.6° 

30m 


Chapter 7 


1 
2 


610°; 6% 10° 
(a) 5x10“ rad 
(c) 2.5% 10-* rad 
(e) 0.25 mm (f) 2.5mm ( 
(h) 0.875 mm 


(b) $x 10"? rad 
(d) 1.75% 10°? rad 
g) 0.125 mm 
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(6.06+0.16) x 10-7 m 
Second order red coincides with third order 


(a) 0.5m (b) 1.6mm 

(c) 2.5m (d) 3.210 rad 

1.1x10 7m 

(a) 10° rad 

0.05 mm 

5.0x10 7m 

36°52'; 5.7x 107° degree 

(a) 573 (b) 53°4' 

E Ea E a a 

t iF i 

(ii) 1.2mm (vi) 60 um 

(c) It detects one maximum per second; 

133 Hz 

5.8x10°-7m 

(c)(iii) 2.11m (iv) 4.33 mm 

(b)(i) She would hear maxima every 5.0 m 
(ii) Beats of frequency 1 Hz 

(a) 56° 

45° 

4.2x 10° Pa 

(a) 350 nm 

b) Brightest flash now lasts 2 X 1074s 

b)(iii) 2.3 MHz 


(b) 10-3 rad (c) 107° rad 


Chapter 8 


4.1x10* rad~'; 2.4x 1075 rad 

1.5X 1074 rad; 6.6 X 10° rad"! 

2.3x 105; 1.4km 

4; im 

8 

21 mm; 1.25 mm 

166 

(a) 3.5 (b) 2.5 

(a) 61,21.3mm (b) 58, 21.7 mm 

(i) 42mm to 50mm (ii) 5 to 6 

E m; 0.002 m; concave lens, focal length 
Om 

(b)(ii) ~10”m 

(b) œ is halved (d) 6m? 

0.015 rad; 225 mm 

1.8 cm 

(b)(i) 60 mm 

(c)(i) 3 pairs 

(b)(i) 30 mm 

4.8 cm 

1.7 cm, 22.2 cm 


(ii) 0.035 rad 
(ii) 180 mm; 6 


29 (a)(ii) 3.5* 10'* Hz 


35 hydrogen, carbon dioxide 
37 Increased by 0.01 m; 5mm; about 1/6s 


Chapter 9 


1 (a) 38.4cm (6) 1.28ns 
(c) 39.4cm (d) 1.31 ns 
3.2X107°s 

6X 10* km (nearly twice the earth’s 
circumference); 0.067 s 
(2.5+0.7) 108 ms! 

1.33 hour; 1.15 hour 

(b) 115s 

From about A/2 upwards 
D=180-—4r+2i 

where sin r=n/sin i; 136° 


neuve 


= = 


Chapter 10 


104S x10" 

107.5 cm 

30 cm 

4.8m 

3.3 x 10° m s™ 

10° km; 3.3 s 

(a) 4.8x107'°J (b) 1.03 10° ms! 
6.6 10 Js; 3.7x10°'°J 

(a) 6eV; 9.610719 J 

(b) 2.33 eV; 3.73 10719 J 


CeOIAAMhWne 


10 119kW; about 60 

11 300km 

12 8.3x10° photons m~? s™'; 300 W m~? 
15 (a)1.7m (b) 360 per second 

17 5.19x10'* Hz; visible light 

25 (b)(i) 5.5x10'° per second 


(ii) 1.1*10°7C 
Gii) 34km 
(b)(i) about 200 km 


31 434 nm at 17.7°, 37.4°, 65.7°; 


486 nm at 19.9°, 42.9°; 

656 nm is not detected; 

stopping potentials are 0.79 V for 434 nm, 
0.48 V for 486 nm 


35 3x10° photons per second; 99 m 


Chapter 11 


2 3.27892 101° J; 2.04664 eV 
3.1 


.65X107'8 J; 1.9 10°ms7!; yes 


a 


aaou 


oo 


10 
15 
17 
23 


1.5 10? Hz; y-ray; 

1.310! atoms; 4x107" kg 

—2.6 eV to —4.9 eV 

about 2x 107° m 

(a) 3.2x10°ms™*; 8.9x107" ]; 
5.5x10-2eV_ (b) About 6.6% 10° m 
(depending on the assumptions made) 

4.0 107° kg 

(d) 2.1X10°'°m (e) Four times 

(f) —1.1%107'8 J 

(g) 5.5% wT (h) SSIR 

(i) one quarter as negative (j) 1.2% 107m 
(a)10 ms (b) 106 ms 

(a) 1.64x 1078 J, 1.94 X 10783 (b) 663 nm 
10.2 V; 121 nm 

589 nm 
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25 (b)2.18x10™™*J, 2.09x107"J, 
2.04% 10718 J, 1.94x107*J, 
1.66107!" J 

27 (b)(v) 2.18x107™*J 
(vi) 1.1% 107 m="! 

35 1.1x107'*J; 6.8eV 


Appendices 


QA (a) 37/2 (b) 7/4 (c) 7/6 
(d) 60° (e) 45° (f) 90° 
QA.3 (N-2) 
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Index 


A new theory about light and colour (Newton 


I. in Phil. Trans. Roy. Soc, 1672) 240 
Abbe’s equation 225 
Aberrations 
astigmatism 159 
caustic curve 159 
chromatic 160 
curvature of the field 159 
distortion 160 
plane of least confusion 158 
Schmidt corrector 159, 217 
self-conjugate points 158 
spherical 158 
Absorption spectrum 15, 66, 272 
Absorptive power 102 
Achromatic doublet 160, 213 
Accommodation, of eye 152 
Acoustic resonance 104 
Acoustics of halls 102 
Aether 243, 250 
Young modulus of 248 
Aircraft wings, crack propagation in 203 
Alhazen (c. 965-1038) 128, 236 
Amplitude 1, 33 
division of, in interference 164 
Amplitude modulation 98 
Analogue recording 111 
Anechoic chamber 104 
Angers suspension bridge 24 
Angström A. J. (1814-1874) 281 
Angular frequency 11, 51 
Angular fringe width 187 
Angular magnification 
definition of 205 
entrance and exit pupils 213 
of astronomical refracting telescope 211 
of compound microscope 223 
of magnifying glass 220 
of reflecting telescope 217 
Angular resolution 207 
Annalen der Physik (Einstein A, 1905, 
tr. ter Haar) 263 
Ante-natal scanning by ultrasound 113 
Antinodal line 82 
Aperture 228 
numerical 225 


Cambridge radio interferometer 
Camera 


Aperture (Contd.) 

relative 228 
Apollonius’ theorem 176 
Aristotle (384 B.C.-322 B.C.) 235, 238 
Astigmatism 152, 159 
Astronomical refracting telescope 211 
Atomic clocks 4 
Atomic model for sound waves in a solid 43 
Atomic oscillations 15, 26 


Balmer J. J. (1825-1898) 281 
Balmer series 281 
Band spectra 272 
Bandwidth 99 
Barrel distortion 160 
Bartholinus E. (1625-1698) 240 
Barton's pendulum 24 
and damping 25 
Beats 96 
mathematics of 98 
to measure frequency changes 72 
use to tune instruments 107 
Biconcave and biconvex lenses 147 
Binoculars, prism 141 
Blackburn's pendulum 27 
Blooming of lenses 179 
Blue sky, colour of 202 
Bohr, Niels (1885-1962) 284 
Bohr’s theory of the atom 283 
and wave mechanics 293 
Boundaries, reflection at 85 
Boundary conditions 92 
Bow waves 72 
Boy's method 157 
Brewster's angle 200 
Brewster's law 200 
Bridges 
Anp suspension bridge 23 
observations of stress in 203 
Tacoma Narrows bridge 24 
Brightness of the image 206 


210 


and optical instruments 210 
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Camera (Contd.) 
aperture 228 
depth of field 231 
depth of focus 231 
exposure time 229 
focal plane shutter 229 
focussing 230 
J-number 228 
relative aperture 228 
single lens reflex (SLR) 231 
stop 228 
telephoto lens 231 
Zeiss ‘Tessar’ system 228 
Canada balsam 160, 198 
Capacitor transducer 109 
Car headlights 
reduction of glare 200 
resolution of 207 
Cassegrain system for reflecting 
telescopes 217 
Caustic curve 159 
Cavitation 113 
Centre of curvature 
of lens surfaces 154 
of curved mirrors 130 
Cerenkov radiation 74 
Chief ray 215 
Chladni's plate 95 
Chromatic aberration 160, 213 
Cleaning by ultrasound 113 
Clocks 
and navigation 4 
atomic 4 
quartz crystal 4, 113 
Rugby School 4 
Coefficients of absorption of 
sound 102 
Coherent light 163, 173 
Colladon and Sturm’'s experiment 117 
Collimator 226 
Colour 240 
in insect wings 178 
sunset 202 
Compact discs 110 
Compound microscope 221 
far-point adjustment of 223 
normal (near) point adjustment of 222 
Compression waves 34, 35 
Concave lenses 147 
extended images in 151 
measurement of focal length 157 
Concave mirrors, see curved mirrors 
Condenser lens 225 


Constructive and destructive interference 78, 
81, 84, 166, 172 
Constructive and destructive 
superposition 76, 78, 80 
Continuous spectra 272 
Convex lenses 147 
extended images in 150 
measurement of focal length 155 
Convex mirrors, see curved mirrors 
Corpuscular theory of light 242 
Coupling 112 
Crack propagation in an aircraft wing 203 
Critical angle 140 
Critical damping 22 
Crystal microphone 110 
Curvature of lenses 
centre of curvature 154 
measurement 157, 177 
radius of curvature 154 
real-is-positive sign convention 149 
Curvature of mirrors 
centre of curvature 130 
measurement 136 
radius of curvature 130 
real-is-positive sign convention 131 
Curvature of the field 159 
Curved mirrors 
concave and convex 129 
curvature of, see curvature of mirrors 
distortions in 160 
driving and shaving 129 
formation of images in 132, 133 
formula for 130 
magnification in 136 
measurement of focal length 136 
pole of 129 
principal axis and focus of 129 
Sign convention 131 
Cut off 49 


Damping 
and Barton's pendulum 25 
and forced oscillations 25 
artificial 21 
critical 22 
exponential decay in oscillations 22 
heavy 22 
light 22 
natural 21 
Davisson and Germer’s experiment 287 
de Broglie’s equation 286 
and Bohr’s theory 293 
de Broglie, Louis ( 1892-1987) 286 


Index IM 


Decca navigator 32 Dispersive power 146, 195 
Decibel 120 Distortion in lenses 160 
Defects of vision 152 pin-cushion effect 160 
accommodation 152 Division of amplitude 164 
astigmatism 152, 159 Division of wavefront 164, 169 
far-point 152 Dollond J, (1706-1761) 161 
least distance of distinct vision 152, 223 Doppler C. J, (1803-1853) 66 
long-sight (hypermetropia) 152 Doppler effect 
near-point 152 absorption lines in 66 
presbyopia 152 for electromagnetic waves 71 
short-sight (myopia) 152 for sound 66 
Depth of field 206, 231 Fraunhofer lines 66 
Depth of focus 206, 231 i ie a Te n 
Descartes, René (1596-1650) A 
Destructive interference 78, 81, 84, 166, ‘red ‘nln of lieht from gh 9 n 
172 use in ante-natal > ni 
Destet superposition 78, 80, 163 Doobie aeaoe 1 Brim 
Diffraction gratings Double serap 
definition of 193 Driver frequency 19 
dispersion by 191, Ee Driving mirrors 
dispersive power of 19. 
manufacture of 192 Ear, frequency =a i 
production of spectra by 191 a ee 
projected size of 193 Eclipses 2 
reflection gratings al Have 
replica gratings 1 galvanometer 21 
sharpness, of maxima 192 in movigo panse 263, 296 
spectrometer 191, 226 canar theory of 22 
theory of 188 Einstein's theory of special relativity 3 
transmission gratings 192 Electrical lines 
Diffraction of electrons 288 removal of reflection in 179 
Diffraction of light aa Electric Waves (Hertz H., eo m 
and angular resolution spectrum 
and wave-particle debate 240, 245, 247 peee ar ea and uses of 
at a double slit 165, 187 radiation 260 
at a single slit 59, 182, 184 Electromagnetic waves 195, 282, 2% 
by diffraction gratings 188 Doppler effect n 
by umbrella 188 measuring the velocity of 25 
Fraunhofer 182, 184, 187 measuring the an a 
Fresnel 182 stationary waves 
Poisson's spot vt aol ultra-violet and ny 288 
Diffraction of soun s Electron microscope 
Diffraction of water waves 57 Electron orbits and modet oe an m 
Diffuse reflection 128 Electron, The (Millikan R. A~ ! 
Digital recording 111 Electron-volt %5 
Dioptre 152 Electron 
Direct vision spectroscope 226, 273 diftraction 258 
Discours de la Methode (Descartes R- inelastic collisions with atoms ns 
1637) 236 probability of arrival 29 
i i 256, 294 
Dispersion 49 wave nature of am 
by gratings 191, 195 wave properties R 
in lenses 160 Electrostriction 1 


in prisms 145, 146 


372 Index 


Emission spectrum 272 
Energy 
of ions in a crystal 20 
of oscillations 19 
of photons 260, 266 
of waves 31, 77 
zero-point 21, 295 
Energy levels 274 
and Bohr’s theory 284 
and the hydrogen spectrum 282 
and the mercury spectrum 278 
evidence for from inelastic electron 
collisions 275 
Entrance pupil 213 
Envelope 97 
Epoch 52 
Equivalent loudness 121 
Euclid (c. 330 B.C.-260 B.C.) 128, 235 
Excess pressure amplitude 121 
Exit pupil 206 
and eye ring 215 
in refracting telescope 213 
Exponential decay in oscillations 23 
Exposure time 229 
Extraordinary ray 197 
Eye 
near point of 152 
size of image on retina of 205 
Eye pupil 
resolution of 209 
Eye ring 215 


Fabry-Perot fringes 178 
Far-point adjustment 
of compound microscope 223 
of magnifying glass 221 
Far-point of eye 152 
Fermat P. de (1601-1665) 237 
Fermat's least-time Principle 236 
Fibre optics 141 
Field of view 206 
Fizeau A. H. L. (1819-1896) 247, 248 
Fizeau’s measurement of velocity of light 248 
Fluorescence 258 
J-number 228 
Focal length 
of converging lens, measurement of 155 
of curved mirrors 129 
of curved mirrors, measurement of 136 
of diverging lens, measurement of 157 
of thin lenses 148 
pole of curved mirror 129 
Focal plane shutter 229 


Focal point 129 
of curved mirrors 129 
of thin lenses 148 
principal focus 129 
Focussing a camera 229 
Fogg Art Museum, Harvard 102 
Forced oscillations 23 
Foucault J. B. L. (1819-1868) 247, 248 
Foucault’s measurement of velocity of 
light 248 
Fourier synthesis 28, 50 
Franck, J. (1882-1964) 274 
Frank-Hertz experiment 274 
Fraunhofer diffraction 182 
at a double slit 165, 187 
at a single slit 184 
Fraunhofer J. von (1787-1826) 182, 
192, 272 
Fraunhofer lines 66, 272 
Frequency 
and pulstance 11 
angular 11, 51 
definition of 1 
driver 23 
natural 23 
threshold, in photo-electric effect 261, 264 
Frequency of sound 
and pitch 104 
measurement of 119 
Frequency range 
infrasonic 106 
ofear 107 
of musical instruments 106 
ultrasonic 106, 111 
Fresnel A. J. (1788-1827) 182, 247 
Fresnel diffraction 182 
Fresnel’s biprism 170 
Fringes 
angular width 187 
Fabry-Perot 178 
Haidinger’s 178, 181 
in insect wings 178 
in soap film 178 
in wedge-shaped film 173 
localized 173 
missing orders 187 
Newton’s rings 176 
non-localized 166, 173 
of equal inclination 178 
of equal thickness 174 
white-light 167 


Galilean telescope 215 


Galileo, Galilei (1564-1642) 
238 
Galloping stays 92 
Galvanometer, moving-coil 18 
eddy currents in 21 
Gas discharge tube 228 
Geiger and Marsden’s experiment 283 
Gramophone record 110 
Grating diffraction, see diffraction grating 
Grating spectrometers 191, 226 
Greenwich mean time 4 
Grimaldi F. M. (1618-1663) 240 


1, 105, 


Haidinger’s fringes 178, 181 
Half-life 23 
Hariot T. (1560-1621) 236 
Harmonic series 87, 92 
Harmonic spectrum 
of musical instruments 108 
Harmonic synthesis 50, 99 
Harrison, John (1693-1776) 4 
Heavy damping 22 
Heisenberg’s uncertainty principle 294 
Helium, discovery of 273 
Hero of Alexandria (b. about 20 A.D.) 237 
Herschel, William (1738-1822) 272 
Hertz 1 
Hertz’s experiment 252 
and the photo-electric effect 259 
and the velocity of electromagnetic 
waves 256 
Hertz, G. (1887-1975) 274 
Hertz, H. (1857-1894) 252, 271 
Hollow cathode lamp 228 
Hologram 92 
Homogenizing of liquids by ultrasound 113 
Hooke, Robert (1635-1703) 240, 241, 243 
Hooke’s law 6, 40, 
Huygens, Christiaan 
244, 245, 271 
Huygens’ principle 56, 165, 182 
and diffraction 57 
and reflection 59 
and refraction 61 
and wave-particle debate 243 
Hydrogen spectrum 273, 281 
and energy levels 282 
Hypermetropia (long-sight) 152 


44 
(1629-1695) 56, 100, 243, 


Image on retina 
size of 205 
Images 
in concave mirrors 132 
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Images (Contd.) 
in convex mirrors 133 
in lenses 150 
real 126 
virtual 126 
Inelastic collisions, evidence for energy 
levels 275 
Infrared absorption 15 
Infrared radiation 258 
Infrasonic frequencies 106 
Insect wings 
colour of 178 
Intensity 
of a wave 77 
of sound 119 
Interference 
and ‘single photons’ 269 
by division of amplitude 164 
by division of wavefront 164, 169 
by Fresnel biprism 170 
by insects’ wings 178 
by Lloyd’s mirror 169 
by soap films 178 
by Young’s slits 165, 187 
constructive and destructive 78, 81, 84, 166, 
172 
Fabry-Perot fringes 178 
fringes of equal inclination 178 
Haidinger’s fringes 178, 181 
in a ripple tank 82 
Newton's rings 176 
of circular waves 82 
of sound 101 
thin film interference 171 
time-independent superposition 82,84, 101, 
163 
wedge-shaped films 173 
Interferometers 180 
Cambridge radio interferometer 210 
Michelson 180 
Rayleigh’s 180 
Interferometric measurements, using Doppler 
effect 72 
Ionic crystals 15 
energy of ions in a crystal 20 
Ionization and ionization energy 276 
Isaac Newton telescope, La Palma 219 
Isochronous oscillations 1 
Isotropic materials 198 
Isotropic medium 56, 59 


Jet engine turbine blades 92, 93, 94 
Jodrell Bank radio telescope, U.K. 209 


374 Index 
Jupiter, moons of 239 


Kerr cell 204 
Kerr J. (1824-1907) 204 
Kirchhoff G. V. (1824-1887) 273 


Land, E. H. (1909-1989) 197 
Laser light 
coherence of 164 
sources 164 
Law of reflection 59, 128, 235, 237, 242 
Law of refraction 67, 137, 236, 237, 243, 244 
Least distance of distinct vision 152, 223 
Least-time principle 236 
Left-handedness in structures 203 
Lenard P. E. A. (1862-1947) 259 
Lens(es) 
blooming 179 
Boys’ method for radius of curvature of 
converging lens 157 
concave and convex 147 
condenser 225 
curvature, see curvature of lenses 
dispersion in 160 
distortion in 160 
extended image in 150 
focal length 148 
formula for 149 
grinding 128 
manufacture of 217 
measurement of curvature of surface 177 
measurement of focal length of converging 
lens 155 
measurement of focal length of diverging 
lens 157 
optical centre of 147 
power of 152 
principal axis and focus of 148 
sign convention 149 
surface, curvature of 155 
telephoto 231 
Zeiss ‘Tessar’ system 228 
Lens makers’ equation 153 
Les Meteores (Descartes R., 1637) 236 
Light 
coherent 163, 173 
corpuscular theory of 242 
diffraction of 59, 182, 184 
electromagnetic wave nature of 252 
measurement of velocity of 204, 238, 248 
measurement of wavelengthof 166, 170, 177 
photon of 163, 263 


Light (Contd.) 
polarization of 195, 201 
quantization of 263 
rectilinear propagation of 56, 125 
refraction of 137, 235, 237, 243, 244 
reversibility of 238 
superposition of, and wave-particle 
debate 246 
velocity of light 
and Michelson-Morley experiment 250 
and refractive index 138 
and wave-particle debate 243, 245 
measurement by Foucault’s method 248 
measurement by Roemer’s method 238 
measurement of, using Kerr Cell 204 
wavelength measurement of 166, 170, 177 
wave nature of 201 
wave-particle debate 235, 240, 243-248 
wave-particle duality 268 
wave theory of 240, 243, 245 
wave theory of, and electromagnetic 
spectrum 259 
Lloyd’s mirror 169 
and the electromagnetic spectrum 254 
Logarithmic decrement 22, 25 
Localized fringes 173 
Longitudinal wave 33, 39, 89 
in continuous systems 42 
in sound 101 
lumped-mass model 35 
mathematics of reflection of 89 
measurement of velocity down line of 
trolleys 41 
measurement of velocity in rod 43 
reflection of 89 
stationary waves 90 
velocity in lumped-mass system 39 
Long-sight (hypermetropia) 152 
Loran Navigation System 32 
Loudness, of sound 104, 119 
equivalent loudness 121 
perceived noise level 121 
sensation level 120 
threshold of audibility 119 
threshold of feeling 119 
Loudspeakers 109, 119 
ultrasonic 112 
Lyman series 281 


Magnetic permeability and playback 
heads 111 
Magnetostrictive oscillators 112 


Magnification 
angular, see angular magnification 
linear 205 
Magnification in curved mirrors 136 
Magnifying glass 220 
Magnifying power, see angular magnification 
Malus’ law 200 
Marconi M. Gugliemo (1874-1937) 254 
Matter waves 286 
Maxwell, James Clerk (1831-1879) 252 
Measurement 
of focal length of a concave mirror 136 
of focal length of a converging lens 155 
of focal length of a convex mirror 137 
of focal length of a diverging lens 157 
of frequency of sound 119 
of Planck’s constant 265 
of radius of curvature of a curved mirror 
surface 136 
of radius of curvature of a lens surface 157, 
177 
of refractive index 142, 178 
of the velocity of a pulse down a line of 
trolleys 41 
of the velocity of electromagnetic waves 256 
of the velocity of light 204, 238, 248 
of the velocity of microwaves 256 
of the velocity of sound in a resonance 
tube 118 
of the velocity of sound in a rod 43 
of the velocity of sound in free air 117 
of the wavelength of electromagnetic 
waves 96 
of the wavelength of light 166, 170, 177 
Mercury spectrum 273, 276 
Mersenne’s laws 105 
Mersenne, Marin (1588-1648) 105 
Michelson, A. A. (1852-1931) 180, 259 
Michelson-Morley experiment 
Michelson’s interferometer 180 
Microphones 
capacitor and moving-coil 109 
crystal 110 
ultrasonic 112 
Microscopes 
compound 221 
electron 226 
oil-immersion objective 225 
resolving power of 224 
simple 220 
travelling 143 
ultraviolet 226 
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Microwaves, measurement of the velocity 
of 256 
Millikan R. A. (1868-1953) 271 
Minimum deviation in a prism 144 
Mirrors 
curved, see curved mirrors 
plane 128 
silvering 128 
Missing orders 187 
Modes of vibration 92, 95 
Modes of oscillation and electron orbits 294 
Molecular vibration spectra 26 
Méllenstadt’s experiment 288 
Momentum of photons 268 
Mormon Tabernacle, Salt Lake City 103 
Moving-coil galvanometer 18 
eddy currents in 21 
Moving-coil transducer 109 
Mt. Palomar telescope, USA 216 
Musical instrument waveforms 107 
Myopia (short-sight) 152 


Natural frequency 23 
Navigation 
Decca navigator 32 
Greenwich Mean Time 4 
importance of clocks in 4 
Loran Navigation System 2 
of bees 204 
solar compass 203 
Universal Time 4 
Near-point adjustment 205 
in compound microscope 223 
in magnifying glass 220 
Near-point, of eye 152 
Newtonian system for reflecting telescope 217 
Newton, Isaac (1642-1727) 165, 235, 240, 242, 
245, 246, 271 
Newton, Isaac, telescope at La Palma 219 
Newton's corpuscular theory 
and the wave-particle debate 242 
Newton's cradle 
wton's rin, 
pe the e particle debate 246 
Nicol prism 198 
Nitrogen spectrum 


Nodal lines 
Non-localized fringes 166, 173 


Normal adjustment 205 A 
in compound microscopes 222 
in telescopes 211, 217 

Numerical aperture 225 


273 
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Object, virtual 134 
Octave 105 
Oil-immersion objective 226 
Open window 102 
Optical 
activity 203 
centre of alens 147 


flat 175 
flour 128 
path 168 


Optical Thesaurus (Alhazen, 12th century) 236 
Optic axis, of a crystal 198 
Opticks (Newton I. 1704) 242, 243, 245 
Ordinary ray 197 
Organ pipes 90 
Oscillating hydrometer 15 
Oscillators 

energy of 19 

magnetostrictive 112 

piezoelectric 112 

quartz crystal 112 
Oscillations 

atomic 15 

energy of 19 

exponential decay 22 

forced 23 

hydrometer 15 

in moving-coil galvanometer 18 

in top-pan balance 22 

isochronous 1 

of the earth 96 

SHM, see simple harmonic oscillation 
Overtones 88, 92 


Parallax 127 
Paraxial rays 129 
Paschen series 281 
Path difference 84 
Pendulum 
Barton's 24 
Blackburn’s 27 
simple 7, 10, 16 
torsional 17 
Perceived noise level 121 
Period 1, 33 
Phase 11 
Phase angle 12, 51 
Phase change on reflection 
Phase difference 52 
Phase epoch 52 
Phase relationships 51 
Phasor 12 


169, 172, 174, 177 


Philosophical Transactions of the Royal 
Society 240, 247, 252 
Phon 121 
Photo cell 261 
Photo-elasticity 203 
Photo-electric effect 259 
Einstein’s theory of 262 
threshold frequency 261, 264 
work function 265 
Photons 
energy of 260, 266 
momentum of 268 
of light 163, 263 
probability of arrival 269 
Physico—mathesis de lumine, coloribus et iride 
(Grimaldi F. M. 1665) 240 
Piezoelectric oscillator 112 
Pin-cushion distortion 160 
Pitch and frequency 104 
Planck’s constant 263 
measurement of 265 
Plane of least confusion 158 
Plane of polarization 195 
Plano-convex lens 147 
Planre mirrors 128 
Playback heads 
magnetic permeability 111 
reluctance 111 
Poisson S. D. (1781-1840) 247 
Poisson’s spot 247 
Polariscope 201 
Polarization 195 
and optical activity 203 
and photo-elasticity 203 
and the Kerr cell 204 
by double refraction 
by reflection 198 
by scattering 202 
by selective absorption 196 
in a Nicol prism 198 
linear 195 
Malus’ Law 200 
photo-elasticity 203 
plane of polarization 195 
Polaroid 195, 197 
Pole of a curved mirror 129 
Power of alens 152 
Presbyopia 152 
Principal axis and focus 
of a curved mirror 129 
ofalens 148 
Principle of superposition 75, 85, 163, 244 


197, 204, 240 


Prism binoculars 141 
Prisms 
dispersion in 145 


formation of spectrum by 146 
minimum deviation in 144 
refracting angle of 144 
small-angle 145 

Prism spectrometers 226 

Probability 
and photon theory of light 269 
and wave nature of electrons 291 

Ptolemy (2nd Century A.D.) 235 

Pulsatance 11 

Pulse 32 

Pulses in cables, velocity of 49 

Pythagoras (c. 580 B.C.-c. 500 B.C.) 104 


Quality factor, Q 25 

Quantum of light 263 

Quartz clock 4, 113 

Quartz crystal oscillator 112 
Quartz crystals, vibrations of 4 


Radar speed trap 72 
Radian measure 126 
Radio and radar waves 195 
Radio interferometer 210 
Radio telescopes 209 
Radio waves, transmission of by Marconi 254 
Radius of curvature 
of a lens surface 
of a mirror surface 
Rainbow 236 
Rarefaction 34, 37 
Rayleigh’s criterion 207 
Rayleigh’s interferometer 180 
Rayleigh, Lord (1842-1919) 180, 207 
Real and apparent depth 139 
Real image 126 j 
Real-is-positive sign convention 
for curved mirrors 131 
for lenses 149 
Recording 
analogue and digital 111 
record, tape and Compact disc (CD) 
Rectilinear propagation of light 56, 125 
Red shift 66, 71 
Reference circle for SHM 8 
Reflecting telescopes 216 
Cassegrain system 217 
exit pupil 216 
Newtonian system 217 


154 
130 


110 


Index 


Reflecting telescopes (Contd,) 
Schmidt corrector 159, 217 
Reflection 
diffuse 128 
grating 191 
Huygens’ principle 59 
law of 59, 128, 235, 237, 242 
of electromagnetic waves in transmission 
lines 179 
of longitudinal waves 89 
of sound 102 
of transverse waves 84 
of water waves 59 
phase change on 169, 172, 174, 177 
polarization by 198 
prevention by blooming in lenses 
specular 128 
total internal 63, 140 
Reflectoscope 113 
Refracting angle of a prism 144 
Refracting telescopes 211 
exit pupil 206 
resolving power of 213 
Refraction 
double 197, wag) i 
Hu ni 
aerate 63, 137, 235, 237, 243, 244 
of light 137, 235, 237, 243, 244 
of sound 101 
of water waves 61 
Refractive index 137 
and velocity of light 138 
measurement of 142, 178 
typical values of 139 
Relative aperture 228 
Relativity 251 
Reluctance and playback heads m 
Replica gratings 192 
Resolution, angular 207 


179 


of a refracting telescope 23 
Resonance 23, 24 
acoustic 104 
in atomic oscillations 
in everyday life 26 
in quartz crystal oscillations 112 
quality factor 25 
Retina, size of image on 205 


15, 26 
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Reverberation time 102 
Reversibility of light 238 
Ripple tanks and 

diffraction 58 

Doppler effect 68 

reflection 59 

reflections in a hall 103 

refraction 64 

two-source interference 82 
Roemer, O. (1644-1710) 238 
Roemer's measurement of velocity of light 238 
Rowland, H. A. (1848-1901) 192 
Royal Albert Hall, London 102 
Rutherford scattering 283 
Rydberg constant 281 


Sabine, Wallace (1868-1919) 102 
Sawtooth waveforms 35 
Scattering, polarisation by 202 
Schmidt corrector 159, 217 
Schrödinger, E. (1887-1961) 294 
Second 4 
Seismographs 65 
Selective absorption, polarization by 196 
Self-conjugate points 158 
Sensation level, of sound 120 
Shadows 125 
Shaving mirrors 129 
Shear waves 32, 65 
Short-sight (Myopia) 152 
Sidebands 99 
Sign convention 
curved mirrors 131 
lenses 149 
Silvering on mirrors 128 
Simple harmonic motion (SHM) 5, 6 
atomic oscillations 15, 26 
moving-coil galvanometer 18 
oscillating hydrometer 15 
reference circle 8 
simple pendulum 7, 10, 16 
tethered mass 6, 14 
torsional pendulum 17 
Simple pendulum 7, 10, 16 
Sine waveform 35 
Single lens reflex (SLR) camera 231 
‘Single-photon’ interference pattern 269 
Single slit diffraction 59, 182, 184 
Small angle prisms 145 
Snell's law 63, 137, 236, 243, 244 
exceptions to 197 
Snell, Willebrord (1591-1626) 236 


Soap film fringes 178 
Sodium D lines 175 
Solar compass 203 
Sonar transducers 112 
Sonic boom 72 
Sonometer 105 
Sound, sound waves 
atomic model for sound waves in solid 43 
coefficients of absorption of 102 
diffraction of 59, 101 
Doppler effect 66 
equivalent loudness of 121 
frequency and pitch 104 
frequency measurement 119 
intensity of 119 
interference of 101 
longitudinal wave nature of 101 
loudness of 104, 119 
perceived noise level of 121 
reflection of 102 
refraction of 101 
sensation level 120 
superposition of 104 
velocity of 101 
velocity in a liquid 116 
velocity in a resonance tube, measurement 
of 118 
velocity in a rod, measurement of 43 
velocity in free air, measurement of 117 
velocity in gases 49, 115 
wavelength of 101 
wave nature of 101 
Speaking tube in ships 95 
Special theory of relativity 251 
Spectra, spectrum 
absorption 15, 66, 272 
band 272 
continuous 272 
Doppler effect (‘red shift’) 66, 71 
electromagnetic 254 
emission 272 
evidence for energy levels 274 
formation by grating 191 
formation by prism 146 
Fraunhofer lines 66, 272 
line 272 { 
molecular vibration 26 
of hydrogen 273, 281 
of mercury 273, 276 
of nitrogen 273 
production of 191, 228, 260 
uses in spectroscopy 280 


Spectrograph 226 
Spectrometers 

grating 191, 226 

prism 226 
Spectroscope, direct vision 226, 273 
Spectroscopy, applications 280 
Specular reflection 128 
Spherical aberration 158 
Spring, stiffness of 6 
Square waveform 35 
Stationary waves 

in electromagnetic waves 96 

longitudinal 90 

transverse 86 
Stop 228 
Stress 

in aircraft wings 203 

in bridges 203 
Structure of rocks, study of 65 
Structure of the earth, study of 66 
Sunset, colour of 202 
Superposition 

and division of amplitude 164 

and division of wavefront 164 

and interference 82, 163 

constructive 78, 80, 163 

destructive 78, 80, 163 

mathematics of 79 

of light 

and wave-particle debate 246 

of plane waves 80 

of sound waves 104 

of wave trains 77 

principle of 75, 85, 163, 244 
Suspension bridges 

Angers 24 

Tacoma Narrows 24 
Synthesis 

Fourier 28, 50 

harmonic 50, 99 


Tacoma Narrows suspension bridge 24 
Tape recorder 110 
Telephoto lens 231 
Telescopes 
astronomical pae 211 
Galilean 21 
Isaac Newton telescope, La Palma = 
Jodrell Bank radio UK 
Mt. Palomar telescope, USA 216 
radio 209 
reflecting 216 
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Telescopes (Contd.) 

Yerkes Observatory telescope, USA 213 
Television and radio aerials 195 
Tethered mass oscillations 15 
Thermionic emission 275 
Thin film interference 171 
Thomson, J, J, (1856-1940) 289 
Threshold frequency in 


effect 261, 264 


Top-pan balance, in 2 
Torricelli, E, (1608-1647) 238, 24 
Torsional pendulum 17 


n 
Turbine blades 92, 4 
(Galileo 
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Ultrasound (Contd.) 
use for cleaning 113 
welding by 113 
Ultraviolet microscopy 226 
Ultraviolet radiation 258 
Umbrella, diffraction by 188 
Uncertainty principle 294 
Underground nuclear tests, detection of 65 
Universal time 4 
Unpolarized light 195 


Velocity 
of a pulse down a line of trolleys, 
measurement of 41 
of a wave 33 
of a wave on a rope 48 
of electromagnetic waves, measurement 
of 256 
of longitudinal waves in a lumped-mass 
system 39 
of microwaves, measurement of 256 
of pulses in a cable 49 
of transverse waves in a lumped-mass 
system 46 
of transverse waves in the aether 248 
of water waves 49 
Velocity of light 
and Michelson-Morley experiment 250 
and refractive index 138 
and wave-particle debate 243, 245 
measurement by Foucault’s method 248 
measurement by Roemer’s method 238 
measurement using a Kerr cell 204 
Velocity of sound 101 
in gases 49, 115 
in liquids 116 
measurement in a resonance tube 118 
measurement in a rod 43 
measurement in free air 117 
Vibration 
mode of 92, 95 
Virtual image 126 
Virtual object 134 
Vortices 92 


Water waves 
bow waves 72 
diffraction of 57 
reflection of 59 
refraction of 61 
velocity of 49 


Wave(s) 
compression 34, 35 
diffraction of 57 
Doppler effect 66 
earthquake 65, 95 
electromagnetic 195, 252, 256 
energy of 31,77 
equation 53 
intensity of 77 
longitudinal, see longitudinal wave 
mathematics of 50 
organ pipes 90 
reflection of 59 
refraction of 61 
shear 32, 65 
simple harmonic 34, 35 
sinusoidal 34 
stationary, see stationary waves 
superposition, see superposition of waves 
torsional 33 
transverse, see transverse waves 
velocity of, see velocity 
Waveform 
and harmonic synthesis 50, 99 
of musical instruments 107 
sawtooth 35 
sine 35 
square 35 
Wavefront 55, 244 
division of 164, 169 
Wavefunction 265 
Waveguides 179 
Wavelength 34 
of electromagnetic waves, measurement 
of 96 
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